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ON THE TRANSFORMATION OF PLANE CURVES. 


[JFrom the Proceedwya of the fAmdon Mathematical Society, vol. i. (1865 — 1866), No. iii. 

pp. 1 — 11. Read Oct 16, 186oJ 

1, The expression a "double point/* or, as I shall for shortness call it, a "dp/* 

is to be throug*hout understood to include a cusp : thus, if a curve has S nodes (or 
doxible points hi the restricted sense of the expression) and k cusps, it is here regarded 
as having S 4- /c dps. 

2, It was remarked by Cramer, in his "Tlidorie des Lignes Courbes’* (1760), 

tliOrti a curve of the order n has at moat |■(?^ - l)(w~ 2), == I* (n® — 3n) 4 1, dps. 

3, For several years past it has further been known that a curve such that the 

coordinates i y \ z) of any point thereof arc as rational and integral functions of 
tho order n of a variable parameter 6, is a curve of the order n having this maximum 
nrirnber l)(?i— 2) of dps. 

4 The convene theorem is also true, viz, : in a curve of the order n, with 

— l)(?i — 2) dps, the coordinates {co \ y \ z) of any point are as rational and integral 
functions of the order of a variable parameter Q — or, somewhat less jjreciselv. tlie 
coordinates are expressible rationally in terms of a parameter 5. 
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series of curves of the order 


giyen by an equation = a, 

itiaiy ixnameter B] any such curve intersects the given curve in the dns eoel 
amting as two points, in the 2a-3 points, and in one other point; Iionoo as’ th(>r< 
^ only one vamble ponit of inteisection, the coordinates of this point, vi.., the oo„“u 
ites of an arbitrary point on the given curve, are expressible rationally in ti'rins o 
le paiaraeter The demonstration may also be effected in a Hi.nihJ manner’ In 

cans of curves of the order «- 2 . 'imiinei ()_j 

D: Ik togoing tkorcm i, ih. ‘fo, i,™ Ulf „ 'T “ 

tamed b, girins to tk pMnmeta- it, diiferent iwil ' ml„r '’L.r’t T I "'h"'' 

ive may be termed a tiuiGursal curve. ' to oo , |Ji(» 

i,S“£,trsob;::r:; •» >*« ,„.t i„ 

ib... p.ta.™n, .opta CWife, 08Mrpr l” ir' 1’'““'"" I?''“r 

^ Abelsohen Fimctionen,” GrelU, t. uv. (IS-Jf) 1 

I be: b If. llo loo, vk, tlio (Miunciation 

msed L folbwsT ^ deficiency J), tlm coonlinatcs 

rationally in tenns of the^^m^ietera (f 

the form ( 1 , ^)( 1 , eonnoctod by an equation of 

"■» ~ «. .,) =o..nocto„ „„„ation of 

■0 = 1, the equation is (1, n fj 

>» nm «.« thing) 

the equation is ( 1 , fc)«n n,. / i . 

n is the squai-e root of a sextie funetiw of 
">2, viz,: 

B odd, = 2 /t- 3 j the equation is fi ev/i ^ 

that treating (k n) ns Onr-L ■ ’ besides sucli 

^ represented has (/- 2 ). dpr ’ curve tlioro’ 

that treating (f «)' °^ Oa^J’ iwid is besides sue 

■■=(«.»« I J („ 1 1) “oriinotes, tlio curve there] 

't 7 ™-bg Of thi, Ti., f , . , 


may bo 
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(^> V> D. connected by an equation of the form (f, f/y-O. Such an equation, 

treating therein (^, f) as coordinates, belongs to a curve of the order 2/i, with a 
/i-tuple point at (^ = 0, f=0), a /i-tuple point at (i; = 0, ^=0), ami which has besides 
(p, — 2y or (p~ !)(/* — 3) dps, uceoi’ding as D = 2/i — 3, or 2ya — 2. The coordinates {x:y: s) 
of a point of the given curve are exjn'essiblo rationally in terms of the coordinates 
- V '• 0 cf a point on the new curve ; and we may say that the oi'iginal curve is 
by means of the equations Avhicli give (iv \ y \ z) in terms of (f : transformed 

into the new curve. 


1.1. A curve of the order 2/a may have J ('2/it — 1) ( 2 /l 4 — 2), —2;x“ — 3/4 + 1 dps; 
hence in tlio new curve, observing that the / 4 - tuple points each count for dps, 

we have 


In the case jD = 2/t ~ 3, 

Deficiency = 2ij? -3/4+1 

-/ 4 “+ fl 

— p? + 4/4 — 4 

= 1/4 ”8, =i) 


III tho case D = 2/4—2, 
Deficiency = 2/4'“ — 3/4 + 1 

-/ 4 =+ /4 

— / 4 '“ + 4/4 — 3 


Moreover for i) = 0, tho transformed curve is a conic, with 0 dps, and tlierefore wibli 
deficiency =0; in the case D — 1, it is a quartio with 2 dps, and therefore deficiency 
==2; in the case 7:) = 2 it is a quintic with a triple point =3, and a double point 
= 1, together 4 dps, and therefore deficiency = 2. Hence in every case the new curve 
has tho samo deficiency as tho original curve. 


12. The thooreni thus is that the given curve of tho order n, with deficiency D, 
may be rationally transformed into a curve of an order depending only on the 
deficiency, and having the same deficiency witli the given curve, viz.: I> = 0, tho new 
curve is of the order 2(=D+2); 71 = 1, it is of the order 4(=Z> + 3); J) = 2, it is 
of tlie order 5 (= il + 3) ; and i) > 2, it is for D odd, of the order D + 3 ; and 
even, of the order D + 2. It will presently appear that those are not the low—*- • 
which it is possible to give to tho order of tho now curve, Riemaiin’’' 
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^ ^ wnveuieM to considev the toans- 

ta„LaS„'r “ r; °r/rf ’’■fni »“ « ''j- «-<> 

of cn.« ^ 7 h (where P, Q, R are given functions (®, w, zf each 

ot the same order i) transformed into the curve T-fl „ n--n Tl,l / r i 
curve has ns wp Lup,,, i-k-> i o • U =0. ihe transformed 

uivo nas, as we Imow, the same deficiency B as the original curve 

hll^or jiih ‘;r:f?c™'=r 'rr 

fviti’the equL^n ?=7 tf ‘T «P + JQ + oii = 0, and combining^Lr 

give in syatems of valuj° of '(n”"' »"•'»)* 'h' T'^r ^ '* 

fhe 0*0^0 ot ‘nzt ^ 

17* If, howGVGr, tlic curvGs 0 d >n j? n i.* 

the curve 17 — n 'f • > e 0, j 2 — 0, meet iii au ordinary point of 

i: rri'MiT ^ 

= 2. More generally if the carves P = 0 0 = 0°"71 ff ~ ^l’ * reduction 

dps and yS ordinaiy points of the curve V-0 'then LTo^ ' 

fact the curve a> + 6O + cJ? = 0 717. h ’ In 

these are included the a dns eimh on E ^ P^^ds ; but among 

number of the remaining Ltersectionri”! f"" /3 points; the 

formed curve is equal to this number. 

I ^suniG that we have A < ?i : 

rttrurinr !t f- 

^oaZts »ir> :t“arr> K =->- 

ot the orfer .-1, 4oh pi ta«*™,ng outo P.o, «.o, fj.o 

through the dps. 

and through 2a + 2 )- 4 other points, 
together ^ 
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This being so, each of tlie three curves will meet the curve U=0 

in the dps, counting as — 3?!. — 2Z) + 2 points, 

in the 2n + D — i points, 

and in D + 2 other points, 

together vi’ ~ »i points ; 

whence the order of the transformed curve is sD + 2. 

20. In precisely the same manner, secondly, if k-n - 2, then we may assi 
that the transforming curves P = 0, Q = 0, P = 0, of the order n - 2, each pass 

through the \ (w’ — 3tt) — P + 1 dps, 

and thi’ough n +P — 4 other points, 

together ^ (»i“ -~n) — 3 points of the curve P = 0 ; 

and this being so, each of the three curves will meet the curve U = 0 

in the dps counting as — 3n — 2D + 2 points, 

in the »+ P — 4 points, 

and in P + 2 other points, 

together — 2n points ; 

whence the order of tlio transformed curve is also in this case = P + 2. 

21. I was under the impression that the order of the transformed curve & 
hot bo reduced below P + 2, but it was I’emarlced to me by Dr Olebsch, that in 
case P > 2, the order inight bo reduced to P + 1. In fact, considering, thirdly, 
case k = n — 3, wo sec that the tonsfonning curves P = 0, Q = 0, P = 0 of the o 
ji — 8 may be made to pass 

through the ^ (w^ — Sn) — P + 1 dps, 

and through P - 3 other points, 

together ^ («? - 8w) — 2 points of the curve U = Q\ 

and this being so, each of the three curves meets the curve U=Q, 
in the dps counting os (»” - 3tt) - 2P + 2 points, 
in the P-3 points, 

and in • P + 1 other points, 

together - 3n points ; 

whence the order of the transformed curve is in this case =P+1. 

22. The general theorem thus is that a curve of the order n with deficiency 
can be, by a transformation of the order w-1 or n-2, tmnsformed into a curv 
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the order D + 2; and if D>2, then the given curve can he by a transforination of 
the order n-3 transformed to a curve of tho order i) + l: the traimformud curve 
having in each case the same deficiency D as the original curve, 

23. In pai-ticiilar, if D = l, a curve of the oixlor n with deficiency 1 , or witli 
i(n““3«)dps, can be tmnsformed into a cubic curve with the same defieienoy, that 
is with Odps; or the given curve can he transformed into a cubic. This came is 
discussed by Olebsch iu the Memoir “Ueber diejenigon Ourven deren Coordinaten 
elliptische Functioiien eines Parameters sind,” Grelle, t. LXIV., pp. 210 — 2Y;i.. And lu> 
has there given in relation to it a theorem which I establi.Hh as follows : 


24. Using the transformation of the order n- 1 , if besides tho 2n -[■ .1) - 4i (— 2n — i]) 
points on the given curve U=0, we consider auothor point 0 on the curve, then wo 
may, through the -J- 3?i) dps, tlie 2 tt — 3 points and tho point 0 , di-nw a .series ol’ 
curves of the order n - 1 , viz., if P„, (3„, R^, are what tho functions F, Q, 11, bocomo 
on substituting therein for {as, y, z), the coordinates (*o, Zo) of tho given point 0, 

then the equation of any such curve will be uP + bQ + oli~0, with tho rolatinii* 
«Po + i(?o + cAo between the parameters a, b, c, or (what is the same thing) idiniinatin"- 
c, the equation will be aiPR,~PJi) + b{Qll,~Qdi)^0, which contains the single 
arbitrary parameter <i : b. In the cubic which is tho transformatioii of the givoii curv(- 
we have a point O' corresponding to 0 and if C„) bo tho coordinates of this 

point, then coiTespoiiding to the series of curves of the order n- l, wo have a series 
of lines through the point O' of the cubic, viz., the liuG.s -h bt) + ~ 0 with the 

relation afo + = 0 between the parametei-s ; or, what is tho sanio tiling, wo 

have the sen^ of lines « (f (To - ?^„) + 6 („Co - ?%) = 0 , eontaining tlie sainn Jingle 
parameter a b By determining this parameter, tho curves of the order w- l„ will 
be die dims of this order through the dps. the 2 a -3 points, and tho point 0 
which touch the pveii curve U= 0 ; and tlie lines will bo tho tangents to the oubi!’ 
rom the point 0 ; as the number of tangents to a cubic from a point on tho cubic; 

r; rs ? r x Tt 

point 0, the absolute invariant of tho oiiarhV ii. i'« . ! 

that is the absolute invariant P^P nf ft! ° ^ unaltorod ; 

e««h.f lhe’2«- 3 poiL tdtofc °Tn !" q^tion Imve fto ..mo roM.ti Ik, 

pendent of the position of each of £'” 21,-8 “‘I®- 

theorem, viz.: ^ ‘ tho following 


^ 0 . uotisidemig a curve of the order w w^th 
i(w^-3a) dps, and through any 2 a -2 points on the "i ’ thi'Ough tho 

curve, four curves of the order a ~ 1 • virjl to touch tho 

where the ratio a : 6 is ZvLll Cl aF^bQ'^0. 

thorm, the absolute invariant tlio'^^T (» 5 a. then 

w . j of the quartic function, is independent of tho 
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positions of the 2n — 2 points on the curve ?7 — 0, and it is consequently a functiou 
of only tliG coefficients of the curve - 0, being, as is obvious, an absolute in^wiant 
of the curve U=0. 

26. And, moreover, if tlie curve U=0 is by a transformation of the order « — 1, 
by means of 2n — 3 . points on the curve as above, transformed into a cubic, then the 
absolute invariant of the quartic equation which determines the tangents to 

the cubic from any point 0' on the cubic (or, what is the same thing, the absolute 
invariant -r- P of the cubic, taken with a proper numerical multiplier) is independent 
of the positions of the points on the curve ?7=0, being in fact equal to the 

above-mentioned absolute invariant of tlie curve ?7 = 0. The like results apply to the 
transformation of the order — 2. 

21, Suppose now that we have D>2, and consider a curve of the order n with 
the deficiency 1), that is with -J- (n^- 3n) -D + 1 dps, transformed by a transformation 
of the order — 3 into a curve of the order D-hl with deficiency i); then, assuming 
the truth of the subsidiary theorem to be presently mentioned, it may be shown by 
very similar reasoning to that above employed, that the absolute invariants of the 
transformed curve of the order i)4-l (the number of which is =4i)— C), will be 
independeiit of the positions of the X) — 3 points used in the transformation, and will 
be equal to absolute invarianta(^) of the given curve U=^0, 

28, The Hubsidiary theorem is as follows: consider a curve of the order JD + l* 
with deficiency 7), that is, with ^ J) (D — 1)-- D = ^ (i)^ - 37J) dps ; the number of 
tangents to the curve from any point O' on the curve is ~(D + 1) D- (i> - 3i)) — 2, 
= 47) ’"2, (this assumes however, that the dps are proper dps, not cusps,) the pencil of 
tangents has 47) — 6 absolute invariants, and of these all but one, that is, 40 — G, 
absolute invariants of the pencil are independent of the position of the point 0' on 
the curve, and are respectively equal to absolute invariants of the curve. 

29. To establish it, I observe that a curve of the order 7) 4- 1 with deficiency JJ, 

or with dps, contains i(0 + l)(0H-4)^n-D"-3-D), -40+2 arbitrary 

constants, and it may thorofove bo made to satisfy 40+2 conditions, Now imagine a 
given pencil of 40 - 2 lines, and let a curve of the form in question be determined 
so as to pass tlirough the centre of the pencil, and touch each of the 40-2 lines; 
the curve thus satisfies 40-1 conditions, and its equation will contain 40 + 2 - (40 - 1), - 
arbitrary constants. But if we have any particular curve satisfying the 40-1 conditu 
then by transforming tho whole figure homologously, baking the centre of the pencil 
as pole and any arbitrary lino as axis of homology, so as to leave the pencil of lines 
unaltered (analytically if at the centre of the pencil a?-0, y-O, then by writing 

in place of z) tho transformed curve still satisfies tho 47) -1 conditions, 
and wo have by tlie homologous transformation introduced into its equation 3 arbitrary 
constants, timt is, we have obtained the most general curve which satisfies the conditions 
in question. The absolute invariants of the general curve are independent of the 

1 It; is right to notice that tho absoUito invariants spoken of hero, and in wliat follows, aro not in gouoral 
rational ones. 
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3 arbitraiy constants introducerJ hv +K,. i i 
coDscquentlj. funclions of only the ^ooofflcionT” I “<1 Hiej' ore 

‘W being oo.U io oWioos f'"' «-2 lines; 

of H.e peneil of *iJ -2 nulX, of h'“ , f “l>»lnte invariants 

curve of the order D + l is + he absolute invariants of the general 

each of the dps, hence in the present case rl * ^ reduction =1, for 

= 4i)-6; and there are tbr4?TaLh 
equal to an absolute invariant of the pencil • 

of the pencil, there are 41) -6, each^f then/ ^ absolute invariants 

cnrve, and consequently independent of H>« absolute invariant of the 

gmnetry. If we iniagfne^ho oiigind curve belonging to solid 

hflPeient planes, then joining each point of the nri • as situate in 

point on the transformed curve we have °“S:i«al curve with the corresponding 
««.-fece): if the two curves //:’ fombig a soJ(S 
section by the plane of the original curve h " i-espectively, then the complete 
and of n' generating lines • and similn .i u ® of fcbe order 

tmnsfomied curve is made’ up of tlus’ curvr <^he 

b^s. Conversely, given a screll of Z X 1 

oing m general curves of the same order sections of this scrolf 

of he other; but for the ffenm^al scrolf of flL T ^^^'ansforinations the one 

scations breaking up as above + < «ot possible to Zd 



(IX TIIK (•IIKIIKS1'(»XI>KX(’K (iK TWo I'olNT.S ON A {UniVl-: 


Klir' ^ ♦NVi- voj, 1. ■ iHijir), 'No. ^*|^. 

i'l* 1 V. ii^l A|»l!it Ui, Isttfi } 

1. n tsiM'i'usvi.iji mi\»- ih^ (.1, ut .;iMy |Hiinr oT Mm* rau'Vo nvo 

uUikl luur?:ii>h'( t«5' ii v<*iji«1do jkuaiM-^rtor (K ir 

? iiM ill Sfc i»ivrM ki( Mm" 

?la 5* » •'rNo?|M.nil -I |>'»nho>ofe mJ Clg«! |l•^*ll^^!, irimI |m u M (Jf>Mli‘iiii mI 

jHfUif ^!‘# oi dio iIh' tillNllfri mI wliloti i'mI'I «^ii||mMi| 

•» <irh l»i ilfficH 8''^ "I ■< "l', l"*MJ' I'-! lh»' piillt’ii liiiv lli'jt«'-|’ lifijlM-d Ity Uif'il" pUliMlM'! '“i 

fK ti f n^'3) llikni 1.H a i.| k.‘«»i sr''>| <•'(•( nl ft" ui unii 

j^*|VK'lli( V/l1'(trr mI I fl *i| J lii'IM'-'*® I hi’'- Si'lutloll hr-Nvrr-U 

m m 1 ih»' ^•ltll itK l runl wriui*^ (iH rmi If l liou hu' rli*’ jMiiutvi 

'kiihirh rim 1)^***^ 0 ul ll|o •irrl^tr ct | ; 

di*' oK -at \ 

2. (nr- H MMa*n»wi I’uirvi-' h^v«“ h. Miuihtr fhsit 

hij n hi4i."^ v,i.i?,, lh»‘' : 

H UsM ».«f n Midjrpiri^ij li'Mt'iiM nu i#* v 
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ox THE COHRESPOXDEXOB OF TWO POINTS ON A OUlU'’]?. 


‘■iiivi? H (the C'(|uatioii of the curve 0 will of course contain tho coordinates of ,/' 
us [.awiiif-teis, for otherwise the position of F' would not dopond upon tlnit of P), 
1 litiil that if the curve 0 has with the given curve }e intersections at tho point 
■hoii in the system of {P, P'), tlie number of united points is 

a = « + a' + 2/i;i), 

eheiice in particular, if the curve 0 does not pass through tlio point P, then tlio 

mmiber 01 umted points is =« + < as in a imicursal curve. 

4^ The foregoing theo^^^ k easily proved in the particular case whoro tho /• 

IHont at P faking U=^(x, y. zr^O as the equation of tho given curve f which 

‘ « Jt -) to be the coordinates of the point P and 't/ <y*\ t 

<'f the point P, write y zr U' = {^' 1/ ^ ^ coonlnuitoM 

■■vriting therein (.< /, /) in pLce of \<z, y, i);’and ’ ^ ^ "" 

V, ^)*(.< }/. z'Yi^z'-y'z, zx'^z\ coy'~a,'yf, 

’’-iz., 6 is a function of the order h in » t t 

the several powers and products of these “t-t- cooiKtnouta of 
2/. .*) and* of the order 7t (t / 1 ^ , T <>«>'»' iu 

»■! .f to,, ™,.i,h, ito Jiy / ‘I>"y .10 »„(. 

■'“‘ho «r to gL «„„e i, nJo’ if .f ,“™“‘ oooillioafoH, 

•'> the point p we have U=0, and similarly if f!' 

P>mt i we have V’^0. The equation 0-n ’ «>oi'dinatoH of the 

'animates of the given Dnini- p /! i ‘^o'^sidoring therein „„ h,,. 

mul (p y y) 33 coordinate, iTill^be^^ 

have thus the case above supposed and Vw’"' 

but ~uch t^7■f ;■ 

fouicule with the noint P j . ^ ^“tupl® point at P if. nf ii, • 

to Mmlcr .f "■"“"‘"S »to 2 c\[w‘'ullT, 

ir' p»-‘« Tto 

IS - 1 )^. and wo have 

TofilH. + + 

P^nJon 0 Ob. d t^at upon writing , 

“l““» ®-0 »«m.n to t,."* 

i'- ‘)'(W. 8 , 4 , W- 0 , 
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ON THE CORRESPONDENCE OF TWO POINTS ON A OURVJD, 


__ _ vy^j.vTjy« 1^385 

tangents from F to the curve, that is, u-n-2. Hence the nninber of inflexions is 
= {m — 2) + (« — 2) + = ?n. + m — 4< + 2 (ji — 2m + 2), = 3 (n — m), whicli is right. 

8. For the purpose of the next example it is necessary to present the fundamental 
equation a = a + a'+2*i) under a more general form. The curve ® may intersect the 
given curve in a system of points F each p times, a .system of points Q' each 
fj times, &c., in such manner that the points (P, F), tlie points (P, Q'), &c., are pairs 
of points corresponding to each other according to distinct laws; and wo shall then 
have the numbers (a. a, a'), (b, /3. ^ &c., belonging to these pairs respectively; vi.. 
{1,1) are points having an (a, a') correspondence, and the number of united points 
IS -a; similarly (P, Q') are points having a (/3. /3') correspondence, and the number 
ol united points is =b; and so on. The theorem then is 

the T tangents :~Take F. an intersection with 

a angent drawn from P to the curve (or what is the same thing, P P' 
cotangentials of any point of the curve); the united points are liere the point^of 

tonlel fch T or if r be the number of double 

angents then the number of united points is =2r. The curve @ is the system of 

2(a-a-.«') + 2T-/3-/3'=2(tt-2)P. 

teZr »'»-«-«■ to .uid tho tl,„s 

2T-^-^ = 2(n-fi)P; 

but tan .b.,n it nppea., thnt „e huve /S 2 , s), 

2T=2(«-2)(m-3) + 2(n-6)P, 

= 2 (« - 2) (m - 3) + (w _ 6) (,i - 2m + 2), 

= — lOn + 8 ??l 



ox rwi) ('OIMtlCHPONniWoK iW TWO roiNTM ON A OIMtVR 




VA 


Ih‘1hus ir (j-it if) nT Uio HyHl;oni iif <?oin(?M (4/), hho nnnibiM’ of thu 

Irlirough ,P in 'fi\ v.iwh oT Uu'S(< Uwh wiUi llm (Mirvn I iuUimHiUou u(/ 

/\ 1111(1 (n»nHiu{iinii(ity /iJis/t, Munuivnr, (um4i nT t.hi^ (ninii^M nuH>tH Uu) (iumi in 

(2//^— I) pninlH, niid iunnunjunnlly a * ' «' = • /i (2v/;, - I). Ilnncj^ Min ronnulii i(\yvM iilin 
iunnl)(M' nf nniliMl piiiniH 

' 2/t (2 /m - I ) *1' /t (i/ - 2//^ h 2), 

1 ! fc (n I 2//0 ; 

nr, UM Mils may Ik^ wi'iMnn, 

• ^ fui i* ;'///- T m r). 

Ilul> Mn^ Hynlnm nf nnninM (4-^) nnniaiuH (2/a-r) |>(>inl-iniirH (imvincs wjininwut (tplaiinfi), 
fjin4i nT wliin.h, o^wdcd as a pair nf rnimaditntr liiicK, im'olK Min f;ivnn imrvn in at, 
paivH nf (^oimadniil, pninl.M; Mial» in, Mm pnint-jiair in i-n lii^ t*niisid(aiMl an a (»nniu 

hufrJilifi/ f'lu^ ({ivi’ii (au’vn in m polnfM; and Mmrc in (ui Mum annnunt a nnliuM-inu 
;ya(2/i‘ 'a) in Mni nninlMa* nl’ Mm unilintl pnialH; whiniiMi, Ihmlly, (fim nninlinr nf Mn^ 
rnnicH {[Z) (I) \h i^f(,n \ vni. It in hardly niMU'MHary t;u rninark lhal. it in asHuiimd 

tJial. Mm (aanliliinm am (rniuUliuiiM haviM)< uu njinrial n4aMnn In Mm ).(ivnn mrvi\ 

11, Ah a linal i*xiimpl(‘p HiippnHi' that tlm pnint P m a Jipvnu nnrvo of tliii nrdnr 

m, and tlm pnint. Q nn a K^mi mirvn nf Mm nrdnr vi!, havn an {a, a') anrmHpnndnuim, 
and Int it. hn mipiimd In lind tlm nhmM nf tin* niirvn navnlnpinl hy llu* liiK^ l*Q* 

Taki^ an mhitiary pnint 0, jniu tXJ, and Int Muh hum^. Mm nnivn in in /*', limn 

(/k /^') am pnintH nn Mn* mirvn nt, havinif a »</>«') ttnrmspnmlmaMi ; in limt, tn a 

f{ivnn p(»sitinn nt P Mmm luirrnMpnnd c( pnsilinuH ol' and tn iMudi iti tlii'Mn vt 
pnHitinnK nl' J*\ that in, tn nm^h pnsitinn nf P Mmn» nnrn*Hpi»nd ma* pnaitinnH nl /*'; 
and similarly In nmdi )inHitinn nf P' timn* (?nrn‘Mptmd vifrx pnsitinnH nT P, Tlm (uirvn 

H \H tin* MyHi(*ni nf tlm liims drawn lVi»ni »*anh nf thi^ C(* pnHitinnH nf (j) tn Mn^ 

|inint 0^ Inami^ tlm lanvn W dnnM imt panH llirnn){h and wn liavn linntsn tlm 

nuinlmr nl' tlni nnittal pnintn {/\ P*)t that in, Mm luunhta* ni tlm linuH P(^ whi(4i pawH 
thnmfjh tlm pnint 0, in i-f yaV I- ?a'<x, **r thin in tlm nluns nf Mm nnrvi! mivnlnpml by PQ, 

12, It may bn vnnuirknd. that if Mm two nnrvM^s arn nurvoM in npann (plaim nr nt 

dniibln «*urvatur('h timn Mm likn rnaaoning hIiowh that tin? nunihor nf tli 

whmh nmut a )fc(ivnn linn 0 in met' d* /a'a» that is, Mm nrdnr of Mm nmi 

by Mm Ibm PQ \h ?act' -P m'«, 



ON TPIE .LOGAUi,'l’:iri\|S 

[Prom the PmeediwjH of tho limUm 

1 ) 1 ). ))(»..• .fi-l.. 


OK IM.'U.'INauV 


MiAXtlTIl.s 


MHiheiiuauid Suyirh), 
Kiwi Dir. I:!, D,tir.| 




repJrwIr’’ "'' "'' 'I .., ,. 

'•"■■li.mto ■' ' 

hi »• .my *, ,p„,.k „r L ^ ...II 

Writing tluiH 
and similarly 

J‘ ..ii u: t if , 

we have of coimso 

tv', 



an imaginary quantity 
of wiiich are {X, Yy 


+ nml tlm ))ni„| ■/’ ..mi , 

l‘.‘ tU. s),.. 


We have 


coH 0 *R» * /I it 

»d moreover ^ ^ 

“ «»od ^ ^ « W-.w.« Ih. ^ 

a*. «« llittt \v(. liavo 
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ON THE LOGARITHMS OE IMAGINARY QUANTITIES. 


(ind similarly 
and 

Hence 


logP' = + 

l0gp = logp + i(^. 


log P - log F = log p + i (0 -O'- cf,), 

so that, by what precedes, logP-logP'. if the chord P'P, cnshlored n.s drawn from 
P' to P, cuts the negative part of the axis of a- upwards, is = l„g .p 2f,r ; if tlu, 

chord cuts the negative part of the axis of a- downwards, it is ,i,„i 

in every other case it is = log — . 

n. • 1 


Consider the integral 


/; 


Z * 


^ as it passes from the limit ^^=P' to the 11,^^** - viii-iablo 

path of the vai-iable ^r; in order to dvo the ,m( r""^’ flcpond on the 

U.erefo« fix He path of the vMiabi? a- I ,”", 1 “ ‘™*’ 'V» mi»t 

,00. .J 1 ? = ^ ...x; a.. 

fu,p Tt”', ” " 

. >» . i. alon, the 

coordinates whereof are ® = i o,_f> M . P\ 

1 , ji_0, to the point pV 

We have thus 

- ^ Ji u ‘ 

the lath in each case being a ridit Hn^ i 

1 p indeBnito integral /'^‘=logw 

and as u passes from 1 to — ii, • J u ^ ’ 

P- «™ » no dUoontinuity in the va|„o „f |„g„, Ho 


ON THE LOGARITHMS OF IMAGINARY QUANTITIES. 
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386] 


It is to be observed that 0 has always a determinate unique value, except in 

the single case y = 0, a? negative, where we have indeterminately ^ = ± tt. 

It is further to be remarked that, taking A for the origin of coordinates, we have 

0 = angle wAP, considered as positive or as negative according as P lies above or 

below the axis of 


Starting from the equation, 
we have similarly 
and 

P 

Avhere is derived from p? in the 
Consequently 


p-po-*. 

same way as 0 from Py or 6* from P\ 




and therefore 0 — - (jf) a multiple of 27r, say 

0 ^ ^ 2m7r, 

and in this equation the value of m is determined by the limiting conditions abovo 
imposed on the values of 6y 0\ </>. To see how this is, suppose in the first instance 
that the finite line or chord P'P, considered as drawn from P' to P, cuts the negative 
part of the axis of m upwards; P is then above, P' below, the axis of tliat is, 
6, — & are each positive ; and drawing the figure, it at once appears that the sum 
0 + (— 0'), that is 0 — 0', is a positive quantity greater than tt. And in this case the 

angle </) will be equal to 27r (0 — 0') taken negatively, that is, { 27 r — (0 ~ 0')}, 

or 0 — 0' — (;f>=:27r. But, in like manner, if P'P cut the negative part of the axis of 

X downwards, P will be below, P' above, the axis of ; — 0 and & are here each 

positive, and the figure sliows that the sum — 0 -f 0^ is greater than tt ; and in this 
case the angle 0 is = 27r — 0 + 0') ; that is, wo have 0 — 0^ - <^ = - 27 r, In m 

other case, (that is, if the chord PP either does not meet the axis of or 

meets the positive part of the axis of a?,) 0—0' and (j) are each in absolut' 
less than tt, and we have 0 — 0" — (^=0. So that w ' i? -* 



LOGARITHMS OF IMAGINARY QUANTITIES. 

and siniiJarly 
and 


[38G 


logP'==::logr' ^i0\ 


Hence 


jj* ^ iog + I 


log P - log P' = log^ + { (d-0'- 


.0 .hat, by what logP-lo^P-, if ,He chord p-p, ocsidored .a d™,„ f„,„ 

J> t. i., cla ,ho negative .r fc aai. of . op^da, i. =.I„g^+2.V; if 

chert cnt. the negative pa,, of the aria of . donnwarte, it ia =,og|-2», „,„i 
in every other case it ia = log — . 

Of from below to above negativ, »!«’ „r M 

tile loganlhm ohangea from +?, to -iw or f'* *’ '‘"“*'"“7 P“''‘ 

»pcctive,y. And we a. thn, led t. ««r\„lror,»Iti‘; ttle^ntier 


Consider tlie integral 


/: 


pj z ' 


path of the variable a ; iu oixler to cive * f depend on tlio 

- - ,«.of 

-e ngbt bne Avyo, ,,,, 

grvea n.y, and it is easy to « tbat, tlr. pat,. „f a being aleng the night line 

^ to P, that of If is along tlie right line l fro. /ti a • 

S gftt line 1 to p j^fchat is, from the point the 

coordinatea ^yhel■eof are a! = l, jf = o. to the point p). 


We have thus 


Jjp' z ~Ji 


^'du 
u • 


the pa* in ..oh ease being . nigh, Ihm „ above. The mdeiinile inttgrnl 

m.d an „ pa.ea fmm . to ^ , the. i no di„ntin„ity in the valne „, llg,., the 
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value of the right-hand side is thus =logp. As regards the left-hand side, the 


indofinito integral is in like manner =log^; but here, if the chord P'P cuts the 
negative part of the axis of », there is a discontinuity in the value of log via,, 
if the chord P'P, considered as dr-awn from P' to P, cuts the negative part of the 
axis of X upwards, there is an abrupt change in the value of log z from - 27 r to •+ iV ; 
and similarly, if the chord cut the negative part of the axis of x downwards, there 
is an abrupt change from -1- iir to — w ; in the former case, by takiirg the definite 
integral to be log P — log P', we take its value too large by 2i’rr, in the latter case 
we take it too small by 2i7r; that is, the true value of the definite integral is in the 
former case — log P — log P' — 2w, in the latter case it is =logP~ logP'+2rV. Bub 
if the chord PJ.^ does not cub the negative pai-b of the axis of x, then there is not 
any discontinuity, and the true value of the definite integral is =logP — logP'. We. 
have thus in the three cases respectively 


P 


log P - log P' = log p -i- 2tV, 
= logp-2w. 



which agrees with the previous results. 


It may bo remarked, that it is merelj' in consequence of the pai-ticular definition 
adopted that there is in the value of log P a discontinuity at the passage over the 
negative part of the axis of as; with a diffei-ent definition, of the logarithm, there 
would bo a discontinuity at the passage over some other line from the origin ; but a 
disoontinuiby soinewhoro there must be. For if, as above, the chord PP meet the 
negative part of the axis of x, then forming a closed quadrilateral by joining by right 

lines tlio points 1 to P, P to P', P' to p , and — to 1 j the only side meeting the 

negative part of the axis of x is the side P'P ; the integral J — , taken through the 
closed civeuib in question, or say the integi-al 


(f+r+r 

\Jp J P' Jp-rP' ^ ^ 


lias, by what precedes, a value in consequence of the discontinuity in passing from 
P' to P 5 viz., this is = - 2 t 7 r or = 2i7r, according as the chord P'P, considered as 
drawn from P' to P, cuts the negative part of the axis of x upwards or downwards ; 
but this value - 2w or +2m must be altogether independent of the definition of 
the logarithm ; whereas if, by any alteration in the definition, the discontinuity could 
bo avoided, the value of the integral, instead of being as above, would be = 0. The 
foregoing value - 2w or -1- 2 t 7 r is in fact that of the integral taken along (in the one 

0. VI. ^ 
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ov the other direction) any closed curve surrounding the point 0 = 0 for which the 

function - under the integral sign becomes infinite: but in obtaining the value as 
z 

above, no use is made of the principles relating to the integration of functions wlricli 
thus become infinite. 


The equation 


gives 


or say 


log P = log T + i 6 


pm -- P ^ QmO^ 


(« + iyY'’ = ?•’" e'""’, 


where, m being any real quantity whatever, denotes the positive real value of 
We have thus a definition of the value of (« + ii/)’«, and the value so defined may 
be called the selected value. And similarly, for an imaginary exponent vi ~ p + qi, we 
have 


(x q- =: e liogJ*+r^) 

— (|>0+</logr) 




which is the selected value of q- 

It may be remarked, in illustration of the advantage (or rather the necessity) of 

having a selected value, that in an integml jzdz, taken between given limits along 

a given path it is necessary that we know, for the real or imaginary value of a 
corresp ndmg to each point of the path, the value of the function and consequently! 
if Z IS a function involving log0 or . the indeterminateness which presents itself 
u. those symbols (considered as belonging to a single value of 0) i, Tt s^al, 

indefinitely multiplied, and jzcb is really an unmeaning combination of symbols, unless 

by selecting as above or otherwise, a unique value of log0 or 0>« we render iha 
function to be integrated a determinate function of the variable. ’ ^ ^ 
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NOTICES OF COMMUNICATIONS TO TI-IE LONDON MATHE- 
MATICAL SOCIETY. 

[From the Proceedings of the London Mathematical Society, vol. ii. (1866 — 1869), 
pp. C— 7, 25—26, 29, 61—63, 103—104, 123—125.] 

December 13, 1866. pp. 6 — 7. 

PttOP. Cayley exhibited and explained some geometrical drawings. Thinking that 
the information might be . convenient for persons wishing to make similar drawings, he 
noticed that the paper used was a tinted drawing paper, made in continuous lengths 
up to 24 yards, and of the breadth of about 66 inches (*); the half-breadth being 
therefore sufRcient for ordinary figures, and the paper being of a good quality and 
taking colour very readily. Among the drawings was one of the conics through four 
points forming a convex quadrangle. The plane is hero divided into regions by the 
lines joining each of the - six pairs of points, and by the two parabolas through the 
four points; and the regions being distinguished by different colours, the general form 
of the conics of the system is very clearly seen. (Prof. Cayley remarked that it would 
be interesting to make the figures of other systems of conics satisfying four conditions; 
and in particular for the remaining elementary systems of conics, whore the conics pass 
through a number 3, 2, 1 or 0 of points and tor ’ ’ • ■■ " ” 



NOTICES OF C0.AO1UNICATI0NS TO THE 


[38/ 


algrbraiciil sum of the distances of a point thereof from three given foci is === 0 (this 
S'-lvot«jd for facility of construction, by the intersections of circles and confocal 
<'uuie.s). The ijuartic consists of two equal and symmetrically situated pear-shaped 
c! lives, exteiior to each other, and including the one of them two of tlie three given 
t'uci, the other of them the third given focus, and a fourth focus lying in a circle 
with the given foci: by inversion in regard to a circle having its centre at a focus 
the two pear-shaped curves became respectively the exterior and the interior ovals of 
a (.^arte'^ian. There was also a figure of the two circular cubics, having for foci four 
given points on a circle; and a figure (coloured in regions) in preparation for the 
oeiistruetion of the analogous sextic curve derived from four given points not in a circle, 




PjofcsHor Cayley mentioned a theorem included in Prof. Sylvester’s theory of 
donvation of the points of a cubic curve. Writing down the series of immbors 
. *. 0. 7, 8, 10, 11, 13, 14, 16, 17, &c., viz., all the numbers not divisible hy 3 

then (repetitions of the same number being permissible) taking any two numbers of 
he K>no.s, we have in the series a thii-d number, which is the sum or else the 
ifiorence o the two miinbom (for e.xaniple, 2, 2 give their sum 4, but 2, 7 give their 
ftt-ience o), and we have thus a series of triads, hi each of which one inimber is 
u. smn of the other two. The theorem is, that it is possible on a cubic curve to 
rh^ denoting them by the above numbers respectively, 

itrits ii( triads fa 112, 22i, «5, 257 MS**!? '5,^'! *■“ 

vubic, then (by the theorem) the triad \l9 \ ’ o point on the 

221 sh... tU 4 fa r:4 i, 2 i 

2.17 that 7 fa the thW point ef 2 1,.^ si t . , r"‘ ‘‘■ 

meiclj., starting from the point 1 conslmotcd h» ‘koorem; ive have 

2i 4 . 5. and 7. But goiim a sten fiirthT i 
-S 5. the thiid point Tl J 7 tt self 

have here the theorem that the third noiiit 0 ?”^! toiigontial of 4. 

of 4. Similarly, 10, 11, 13 are each of thenJ (like 8\ rl ^ hingoiitial 

H, 16, 17, 19, each of them by three constml hy two constructions; 

stnictions increasing fay unity for each m-oun of T 

that these constructions, 2, 3, or more as the And the theorem is, 

■wmo point. Prof Cayley mentioned that on a 1 «'l^vays one and the 

fa aoroAno. >ri.h «g0« of o„hfa . fa had. 


V f n 1 P 29. 

Voim of the 

moves on a straight line. ’ Axed, while the eighth 
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Maroh 26, 1868. pp. 61 — 63. 

Prof, Cayley made some remarks on a mode of generation of a sibi-reciprocal 
surface, that is, a surface the reciprocal of which is of the same order and has the 
same singularities as the original surface, 

If a surface be considered as the envelope of a plane varying according to given 
conditions, this is a mode of generation which is essentially not sibi-reciprocal; the 
reciprocal surface is given as the locus of a foint varying according to the reciprocal 
conditions. But if a surface be considered as the envelope of a quaclrio surfcioe 

varying according to given conditions, then the reciprocal surface is given as the 
envelope of a quadric surface varying according to the reciprocal conditions; and if 
the conditions be sibi-reciprocal, it follows that the surface is a sibi-reciprocal surface, 
For instance, considering the surface which is the envelope of a quadric surface 

touching each of 8 given lines; the reciprocal surface is here the envelope of a quadric 
surface touching each of 8 given lines ; that is, the surface is sibi-reciprocal. So 
again, when a quadric surface is subjected to the condition that 4 given points shall 
be in regard thereto a conjugate system, this is equivalent to tlie condition that 4 

given planes shall be in regard thereto a conjugate system — or the condition is sibi- 

rcciprocal; analytically the quadric surface -h 4- rfw- = 0 is a quadric surface 

subjected to a sibi-reciprocal system of six conditions. Impose on the quadric surface 
two more sibi-reciprocal conditions, — for instance, that it shall pass through a given 
point and touch a given plane, — the envelope of the quadric will be a sibi-rcciprocal 
surface. It was noticed that in this case the envelope was a surface of the order 
(= class) 12, and having (besides other singularities) the singularities of a conical point 
with a tangent cone of tlio class 3, and of a curve of plane contact of the order 3. 
In the foregoing instances the number of conditions imposed upon the quadric surface 
is 8; but it may bo 7, or even a smaller number. An instance was given of tlie 
case of 7 . conditions, viz., — the quadric surface is taken to be ano'^ + hy'^ -1- oz '^ .+ == 0 

(6 conditions) with a relation of the form 

Aho + Boa + Oah + Fad + Ghd Hcd = 0 

between the coefficients (1 condition); this last condition is at once seen to be sibi- 
reciprocal ; and the envelope is consequently a sibi-reciprocal surface— viz,, it is a 
surface of the order (= class) 4, with 16 conical points and 16 conics of plane contact. 
It is the surface called by Prof, Cayley the " tetrahedroid,** (see his paper Sur la 
surface des ondes,'' JAoav, tom. xi. (1846), pp. 291—296 [47]), being in fact a homo- 
graphic transformation of Fresnefs Wave Surface, 

{Prof. Cayley adds an observation which has since occurred to him. If the quadric 
surface 4- — 0, bo subjected to touch a given line, this imposes on 

the coefficients a, ft, o, d, a relation of the above form, viz., the relation is 

A^ho 4- B^^ca 4- G'^ab 4- F^ad 4* O^hd + IFcd = 0 ; 

where A, B^ C, F^ (?, li are the "six coordinates” of the given line, and satisfy 
therefore the relation AF-\-BQ^OH It is easy to see that there are 8 lines for 
which the squared coordinates have the same values A\ B\ 0\ F\ these 

8 lines are symmetrically situate in regard to the tetrahedron of coordinates, and 
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NOl’IOKS ()|.’ (rOMiMUN'ICArKKN'S TO TIIK 


I ;isr 

moreover they Ho in ii hyporholoitl. Tlio i|utiilri(! insii'inl >.r lii.int;' ileliiirtl 

above, may, it ig clear, bo (toliind by tlio oi|uiviilent nl' (mn-liiiu/ eiioti i.f tln- 

S given Hnos : that ia, wo have tins oiivi;le|io nf a i|im<lriii Muilinv Inneliing ,’j 

8 given lines; tlieso linuM not being urliitrury Hiioh, but being ii HVerein n very 

form. By what procedoH, the envoh.po is n (|imrl.nt Niirliiee. li. 'upiM.ni < Imwever 1 1 "*i 

ill virtue of the relation ybA’+ W -I- fW -M), this to„g„r n |n..,n-r‘.,imrtie ,nu., 

but that it resolves itself into tlio si liy|ierhii|..iil i,iKen twice 'I'l* * 

i.s, restoring the original yl, //, foe,, in ,,lu A\ >. ' ,.r ,7 

+ + whore o. h, d vary t,. .he (it,, I’' 

ylbG + Jka + OUy'MUm (whieh is in ml a lelmln .|i..i,|). is wj,..,, 

yi, Ji, U,l<, (},J[ are the H(|uaroil coonlinates of n line (or, wlnil U (Ijj, 

when Vyli--+y'yi(M.V(<y/^()) Uyu.vhnhn 

passing through the given lino and through the Hynimetrieully ,,ii„m.. ,.,,.,,.0 oilier Ii 

Nimmboi' 12. 18(18. pp. net. ni.|.. 

Professor Cayley gave an aoenunt to the Meeting of n ,M,.ot..ii- be Horr ll.ai 
f ''f «'»>>■ »»>>I>l«xo odor Verallgon.einernng des K.der'sehen Sn,.es vou j;;"' 

i. 

d the number of spaces, and eortaiu supplmnoulary .pmntities v 

tiuis, m a cloHud box. ({“-->8, &k 12, c..;.. ,1.... . ' « 

and the infinito space outside, the box): 'if the bo.v In' .Relied '',1 "'m h'’'T 
d==.l; if the lid be taken away, (f»8, o-, ,/-i. •, 1* ' ’ 

If Uie bottom be also lal J away, a . 8 “ V M /mc 

supplementary .putnlities omnes in «''«! and ,h ' , * ’ 

supplementary (piuutitios «. v', w. ' ' " "* 

Decmbm' .10, 1808, im ■|‘>n lo-. i . . 

11. Appended to Paper by Mr T. CoKorill 

^''‘>*<'si*<>nil()n(!(i ot Points ole." 

Ob-sorvations by Profe,H.sor Caylov and Mr W K' t'lnv 1 1 

tr.n.r«m.ao„ u™.,,,,.'. j 1 ulr 

c;™ro::si '"vr v’ 

are cpiartic curves, each having the tloublo p«iL i i, 7 « Id ih ^ I> 0. - O 

4, o, 6, wo have a transformation «(, : 1/. ■ 1 « V ' v y ’ **"“*"■ 

syatom r • ?/» • « A, : 1 , i eoiivurwf 

'•'i : : F, : 


double points 4, 6. 0. ami the simple points P. 2^8” ’ 


arid 

thi» 
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Analytically, Cremona’s transformation is obtained by assuming the reciprocals of 
■'■a. 1 /a) -Sa ^0 propoi’tioual to linear functions of the reciprocals of a’,, y,, — (of course, 

this being so, the reciprocals of a’l, //,, will be proportional to linear functions of 
tho reciprocals of .as, j/.j, z.^. Solving this under the theory as above explained, write 

1 

■ i/a 
1 


\ = 


li + t + l] 


^ Pi 

(Vj yi 





:Q. 

y\ ! 




tiiA 

^'1 Vx , 

) 


if 


Hence 


+ hz^x^ + ca',?/,, 

Qi = dyiZ^ + ez,x, 

= (tyiZ-i + 

y, : z, = qjix : JAP, : P,Q,. 


QiJA=Oi 01 ’ generally aQ,Pi + ^JAPi + 7PiQi-0 i® quai’t'iC) Im’^i’^g 

throe double points (y.-O, .., = 0 ), (^, = 0 . a'. = 0 ), (*, = 0 , 2 /. = 0 ). and having besides the 
throe points wliich are the remaining points of intersection of the conics (y, 0 , iA U;, 
_ 0 ^ Pj c= 0 ), {Pi = 0 , Qi = 0 ) respectively ; viz., these last are the points 

;k . 1 = ei - hf \ fa - id : dh - ye, &c. &o. 

rti, Vx 

’fhe double and simple points are fixed points (that is, independent of «, /3, <y), and the 
formula! come under Cremona’s theory. It is, however, nece^ary to show tha if the 
points 4', 5', 6 ' are in a lino, the points 1', 2, 3 are also in a line. This cy 

(lone os follows : 

Lot there bo throe planes A, P, C, and let the points of the Hmt two correspond 
by ordinary triangular inUion in respect of the triangle «, on the plane A. and A 
I the plane 11 Lot also the planes P, P correspond 

in respect of the triangle Pa on the plane P, anc ya ^mnts 123 forming the 

spondonco between A and G is tho one considered, the points , , 3 , 

that 4, 5, U snail no n inscribed in the same conic, 

condition, namely, that the n ng J x Cremona’s other transformations, and 

B i. “p ‘elS«'r‘rrelpoi>a^“ Mween 

equrfon of a poml-p«i.-, the oooi-d.o»te» m the piMe aie Men y 
but ill the present Paper inversely proportional to A, Ji, . 
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NOTE ON THE COMPOSITION OF INFINITESIMAL EOTATIONS. 

[Jroin the qmirtevly Journal of Pure and Applied Mathematics, vol. viil 0807) 

pp. 7—10,] ^ 

by me in the hst Smith'.. 
to-V m„y be 

»i Srre,,jiL\::;'^,tr ‘h” i-" c- v.. a 

« = cos«, /=y(,eo8 7-^„co.s/3, 

J=cos/3, i/ = ^oeos«-(p,eos 7 , 
c=cos7, A=«oeos/3-2/,cos«. 

U-ins*,, ' ‘'™' '“‘“'on to denote «n Mnitesirani i-otntioni this 

(. p«i„t 

Sa! = a,( , Gy~hz+f\ 

% = w(-CiB . -i-az+g), 

Lbmju = hic-ay , +h). 

situate in the line 

‘he po.„t in the clu-eotiou !>f the .tt the di^placemtlt 

= ^^ + ^+C^l+fp+gg + h,,^ 
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where I, m, n, ]), q, r are constants depending on the infinitesimal motion of the solid 
body. 

Hence, firsts for a system of rotations 

0)1 about the line (aj, 6i, Ci, /i, (/i, hi), 

0)2 ,, ,, ^3> ^3^ [1^} ^^ 2)1 

L^C, 

the displacements of the point (a?, y, z), are 

800 — * yScQ) — zXbco + S/o), 

By — -- ic2c(0 . -P z^ao) *+• 2(/o), 

Bz = £oXbo) -h ySao) , -P 2/io) ; 

and when the rotations are in equilibrium, the displacements (Sir, Sy, 8^) of any point 
(«j, y, z) whatever must each of them vanish ; that is, we must have 

2coa = 0, 'Zcob = 0, 2ci)C — 0 , So)/ = 0 , Xcoy = 0 , Scu/i — 0, 

which are therefore the conditions for the equilibrium of the rotations wi, co^y &c. 

SeGondhjy for a system of forces 

along the line (cq, hu fu gu 

Pn » » ’{^h> bn Ca, y^, ^2, /ia), 

&c. 

the condition of equilibrium as given by the principle of virtual velocities is 

XP {al + hvi + c?i 4- + hr) = 0 ; 

or, what is the same thing, we must have 

2Pa = 0, tPb = Qy 2Pc-0, SP/-0, 2P^-0, 2PA-0, 

which are therefore the conditions for the equilibrium of the forces Pi, Pq, &c, 

Comparing the two results we see that the conditions for the equilibrium of the 
rotations coi, (o^ &c* the same as those for the equilibrium of the forces Pi, Pg, &e. ; 
and since, for rotations and forces respectively, we pass at onco from the theory of 
equilibrium to that of composition; the rules of composition are the same in each case, 

Demonstration of Lemma 1 . 

Assuming for a moment that the axis of rotation passes through the origin, then 
for the point P, coordinates (ir, y, z), the square of the perpendicular distance from 
the axis is 

= ( . - ;y cos 7 + < 2 ? cos 

4( i2?COS7 . — ;SfCOS«)^ 

4 (— «?cos/3 + y cos a . y, 


0. VI, 


4 
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InHH 

at:-l fho expressions which enter into this formula donoto ns follnwH; vii^. ij' Miroindi 
th.' ^ «t right angles to the plane through P and tin, axk nC ru(iil,i,„i t,, 

. “im't “rO^’r'Trt"'" ^ I"'" 'll 

f-i-i'fiiMtia ot Q referred to P as origin are 

. -y cos«y+^cos/3, 
w cos y . _ ^ QOS a, 

— a’cos/8 + y cos a . ^ 

If-"'., S-S„ I-,,) in p|„, nf ", Hh' wi-il,, 

‘“"■"‘""'■"“("•S, «./,!/. A) il tatL» tat! !? I "''’’““"•'ll”"'" '•!' Ill" 
'"^■'.fion arc eipial to o, into the expressions 'l>«plaooiiR,iits prmluced hy ,,|i„ 

• -cij-^bz+f, 

Cl® . 

ivspectively. -&i® + ay . +/j, 

J)em„stratm of lemma 2 . 

a solid body, the ilisplnconmots .. 


^'Xes avo 
^(0 = 1 . 

• qx +PP 


I' Mil! 


Sz =:^ 


'“''“-III*, i. .. 

coordinates (a, h o f n 7\ - 



•wf wSta '’r “ ®*> “ 1 ' 1 “ 

® placements 3^2;“”'!** ‘”1" '-“Sin, "'»7 tafllitoil 
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ON A lOOUS DERIVED FROM TWO OONIOS. 


[From tlio Quarterly Journal of Pita'e aiul A 2 )pKed Mathematics, vol. vin, (1867), 

pp. 77— 8(l<.] 


Kbquikei) liliG 10011.8 of a point which is such that the pencil formed by the 
tangents througli it to two given conies has a given anharnionic ratio, 


Suppose, for a moment, that the equation of the tangents to the first conic is 
(a) — ay) (w ~ hy) = 0, and that of the tangents to tlio second conic is (a? — cy) (jo — dy) — 0, 
and write 

A = (a — b) (o — d), 

B =(a~o)(d~b), 

0 =(a-d)(b-o), 

so that 


write also 


A+B + 0=^0, 


h 


B ,0 
A‘ '^~A' 


then the anharmonie ratio of the pencil will have a given vali 


that is, if 


or, what is the same thing, if 




/? + /c + = 0, 


that is, if 


^«(2A+l)’ + 4i?Cf-ul» = 0; 
^>(2* + l)»- (B~Of =0, 



'28 


ON A Locns DERIVED PROM TWO CONICS. 


[389 


where 

A- = {a ~ by (c - dy, 

B-G= (a + b)(c + d)-2 (ab + ed), 

are each of them symmetrical in regard to a, b, and in regard to o, d, re 3 l)ectivel 3 ^ 

Let the e(inatiou.s of the two conics be 

U ={a, b, c,f, (j, /ij®, y, zy = Q, 
f7' = (a'. V, c',f, cj, AX®, y, zy^O, 

and let (a. <y) bo the coordinates of the variable point. Putting a.s usual 

{A, B, C, F, G, \ ca~f, ab~h\ yh~qf, hf~by,fy-ch}, 

K = abc ~ tip - If - cb? + 2/g/j, 

the equation of the tangents to the first conic is 

(A, B, G, F, Q, H^X, 7. Zy^O, 

where 

^ I' — — Z=^^{V’--ay, 

and therefore 

«X4-/3r-|-7^=;0. 

Eenco suMt.Uag f„ ^ &,■ IW e,urti„„ of t|,o 

to L l'‘». i» offMt. boon token 

1 : a + h : a6 = a ; -2h : bj 

and. m like manner, if the accented letters i-efer to the second conic 

1 •' c + d : ccl = &' : -.2h' ; b'. 

Substituting for a, li, b their values, and for a' b' W ihr. « r' 

• a 101 a, h, b the corresponding values, wo find 

I : a + b • nh 

1 ! c + d : cd 


i : £1 + 6 : ab 

~ Aif — 2<7<ya q. (J(fi 
: - 2 (Ef ~ Fay - Gffy + GaB) 
: By^-^FjSy + GB^. 


We then have 


(ft -- by — (a by ~ 4a6, 

— 4 {Hy^ — Fay — Gfiy q. Ga^y 

- 4 (47> - 2%a + Ga») {Bf - 2FBy + Gp), 

= -if(BG~F^,.. ,5«, E, y)\ 

= -47«/ir(r4, ... .y). 


= A'y^-2Q'yai-G'a^ 

: - 2 (7/y - Fay ~ q. 

: B'y^-2FBy-i-G'B\ 
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and similarly 

(c — d)’ = — ^'fK' (a', . . .Ja, )3, 7)^. 

Wg have, moreover, 

(a + &) (c + d) ~ 2 (ab + cfZ) 

= 4 ~ Fary - G0y + Ga^) (Jjy - F'ay - G'^y + C'a/9) 

- 2 (7V - 2F/3y + G^^ ) (yl V - 2G'yoi + G'c?) 

- 2 (Py “ 2i^'/3Y + - 2Qya + (?«*). 

= - 27=“ {BG' -vFQ- 2FF, . . .Ja, /3, 7)’, 

and substituting the foregoing values, we find 
i{2k+iyinG(a, ...ga, F 7)“(a'. A 7 )» - {(W + jS’G' - 2 W-”, ...ga, /3, 7)^ = 
or putting for shortness 

® = (BG' + B'O - 2FF, GIF + G'H ~ AF - A'F, .ga, F 7)“. 

the equation of the locus is 

4 (2/r + 1)" if/G'. f7 ?/'-©“ = 0, 

where (a, yS, 7) are current coordinates. The locus is thus a quartio curve havi 
quadruple contact with each of the conics 17 = 0, IF — O', viz. it touches them at th 
points of intersection with the conic 0 = 0, which is the Icons of the point such ti 
the four tangents form a haivionio pencil. 

The equation may bo written somewhat more elegantly under the form 

4(2/i! + l)«./Gt7.7i:'I/'-0’ = O; 
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so that 

A =2lp, ,,F= mr + nq, , . 

A':= 2 iy,..F = mV + nY,.. 

{EG -F, ,„) = -(»»> -nq , np -Ir , lij ~ mp y, 

{B'G’~F\ ...) = - (mV -n'q', n'p'-lV, I'q’- m'py, 

EC' -vEO-lW = 2 {{m'i^ -m'n){qr' -q'r)~{mr' - n</){i)ifr — n'f/}, 
and substituting these values the equation is 

(2*4-1)* a, Y » «, jS, y a_( a, ^ «, /J, Y - «, y a. /E , ry 

I, m, 71 I', vi', 7i' I, m, n q), q, ?• p ^ 

P.<l,r p'.q', 7 '\ |^/. ,/. r' | 

which, if A, B, 0 denote 

«. y «. /3. 7 . «. /3. 7 «, /s. , . a, /4. y «. . 

^ »«. » I', m', n' I, 7n, 71 p', [ 

P' ?. »' 1 ^', J'. »•' m' «' p, 5 , , ^ 

respectively, (^ + 54-0=0) is, in fact, the equation 

(2*+l)«/lJ~(7y_0)»«(), 

or, what is the same thing, 

.hatta (‘-3)(‘-S) = '’. 

7 . , 0 

* = or * = , 

A A ' 

o, 

^ Revel ting to the case of two conics thou ir ti 1 

jugate axes, the equations will bo ’ ^ **■ «*!' < 


we have K^abo, K' = a'b'o', 


atd‘-\-b7f+oe’>==0, 


«ud the equation of the quartie curve is 
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I suppose in particular that the two conics are 


a? -p irmf — 1=0, 
mx'‘+ — 1=0, 

tlio cfiuation of the quartic is 

4 (2/i; + 1)“ iH.“ (.-b’ + m'lf — 1) {niitP + 2 /= — 1) — {(^ja + m) -p y"^) — - Ij^ = 0 ; 

(vi + ] 

or putting X = . this is 

X + 2 /“ - - (»’ + imf ~ 1) {ma? + j/’ - 1) = 0. 

I’o II X the ideas, aiipposo that •ni is positive and > 1, so that each of the conics 

is an elUpso, tho major somi-axis being =1, and the minor semi-axis being . 

Ifor any real value of 1c tho coefficient X is positive, and it may accordingly be assumed 
that X is positive. 

Wo have t— ■-->.i-<l or the radius of the circle is intermediate between 

m {vi -P 1) m 

tho sciTii-axofl of tho ellipses, hence the points of contact on each ellipse are real points. 


Writing for shortness 

m’ + 1 

« = — s j 

7Ji** + m 

tho equation is 

(«’ -p my^ — 1) (pn«^ + j/’ — 1) - ^ ~ ~ 


For the points on tho axis of as, we have 

(«’ — 1) («W8^ - 1) — X (<B^ - a)® = 0, 

that is , , X 

(m - X) a'* -P {- (1 -P m) + 2Xa} a* -p (1 - Xa“) = 0, 

and thence 

(«i - A) «“ = K1 + m) - X« ± i V {(w - 1)® + (1 - «) (1 - rtia)] 

or, substituting for a its value, this is 

(w - X) i 0?^ -hi)-" m + l " 


Remarking that tho 


values 


w, are ir 

Ks) 
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I (m + 1)” 

and considering successive values of X ; first the value ^ ~ ~2 > = have 

r+i) 


, . w ». + i *‘”‘'^’(’*"5) 

(m - X) A'- =: i (?» + 1) r- + 




1 “ 
m 


R) 


or observiiw that 


this is 


(m + 1) (i)i + ^ - 2^ = (j?i + 1) i {m ~iy = l (vi - 1) (w= - 1) = (m - 1) (in - , 


(??i- X) £15^ ~ 0, or 


or, what is the same thing, 


, 1 
wi H — 
m 


(m - 1) (m^ + *“ 1) „ ^ 

j f y- ■ a!° = 0, or 

( Wl + — ) 

V mj 


(»-i)(™-i) 


m 


, =; 0, or 




m 


jtt" + 2?tt° — i 


The next critical value is \~m. The curve here is 

(a;« + mf - 1) {mx^ + _ i) _ .,,1 («,» + j,3 _ 

ill (ic* + 1/*} + (1 + m^) (oY - (m 4- 1) (x^ + + 1 

- w(a4+3/')- 2m xy+ 2ma _ „ias _ 0, 

(m- iyii^f-i-(2ma-m-l)(x^+f)+i-ma‘ = 0, 

or, substituting for o its value, 

2?na - OT - 1 = + 

+ J- ?ft + l ’ 


that is 

that is 


the equation is 


m- 


l_TOa2 = i _ (w- Y(m°+w + l’) 

ill (m + 1)’ w (m + 1)" ’ 

ny 4- — + ys) _ + _ Q 

TO + 1> m(m+l)» 


or, as this may also be written, 

m+i) = 0, 
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wliich hiiH a jiair of imaginary asymptotes parallel to the axis of m, and a like pair 
parallel to tho axis of y, or what is tho same thing, the curve has two isolated points 
at inlinity, one on each axis. 


Tho noxt critical value i.s \ = + Hie curve here reduces itself to the four 

lines 

and it is to bo observed that when \ exceeds this value, or say \ > 4- {in + 1)®, the 

curve has no real point on either axis ; but when X. = oo , the curve reduces itself to 

(# -I- 1 /® — a)“ = 0, i.o. to tho circle w® + y® — a = 0 twico repeated, having in this special 
case real points on tho two axes, 

It is now easy to trace tho curve for the different values of The curve lies 

in every case within the unshaded regions of the figure (except in the limiting coses 
aftcr-inuntioned); and it also touches tho two ellipses and tho four lines at tho eight 
points h, at which points it also cuts tiro circle ; but it does not cut or touch the 



four lines, tho two ellipses, or tho circle, except at the points k Oonsidoriug X as 
varying by successive steps from 0 to oo; 

X=3 0, tho curve is the two ellipses, 

V <• , the curve consists of two ovals, an exterior sinuous oval lying in the 

(m +--) 

\ ml 

four vogions a and tho four regions h ; and an interior oval lying in the region c. 

C. VI. 5 
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(» + iy ‘ ■>''‘‘1 “B «bove, but the interior oval l.„ 

clwiiiclled to a conjugate point at the centre. 

“I* 

‘ ^ ; there is no interior oval, but only a 

SdTof The squi'krte 

form, but the curve has for this value of X twT’ change in the general 

at infinity. ««“J«gate points, one on each axis 

^ - i (m + l)s the curve becomes the four lines. 

^ ^ curve lies wholly in tliA ftMu. 

consisting thereof of four detached sinuous Lais A^TT “ 

+ each oval approaches more nearlv to th’p U R u 
and infinite line-portions which bound the regions a ^"l^l^eral formed by the side 
And as X departs from the limit ^ i which the oval belong, s. 

approaches more nearly to the circulL LLImaE appi'oaches to =o, each sinuous oval 
contains the sinuous oval. ^ ^ separates the two regions d, e, which 


Finally, X-0, the curve is the circle tivice repeated. 
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THEOllEM RELATING TO THE FOUR CONICS WHICH TOUCH 
THE SAME TWO LINES AND PASS THROUGH THE SAME 
FOUR POINTS. 


[From the Quarterly Jmirnal of Ihire and A 2 ^)lied Mathematics, vol. viii. (1867), 

pp. 162— 1G7.] 

The Hidc.s of the triangle formed by the giverr points meet one of the given lines 
in three points, say P, Q, ii; and on this same lino we have four points of contact, 
Htiy Ai, Aa, As, Ai\ any two paira, say Ai, A^', Aa, A 4 , form with a properly selected 
pair, say Q, Ji, out of the above-mentioned three iM>int3, an involution; and we have 
tinia the three involutions 

(Aj, Aj ; As, Ai^, Q, Ji), 

(Ai> As j As, A®; Ji, P). 

(Ai, A4; Aq, As; P , Qy 

To prove this, lot a! = 0 , y = 0 be the equations of the given lines, and take for 
tho equations of the sides of the triangle formed by the given points 

b tv + a y — a b —0, 

V to + a' y — a' &' = 0, 
b"ce+a/'y-a"b"=-0: 

the equation of any one of the four conics may bo written 

Lab . L'a'b' . L'W _ 
bto + ay — ab Veo -f a'y — a'b' Vco + al'y — a"b'' ’ 

and if this touches the axis of to, say at the point a, then we must have 

La L'a' L"a" -ILjio-a)^ 

to-a'^ w — a" (« — a) («-«') 

5—2 



THEOREM RBLxVTING TO THE EOUR CONICS WHICH TOUCH TH.13 j MIJO 
or, iw-iiiiiiiiig as wo may do, K=-{a' - a"){a'' - a){a~a‘), this gives 

L a =(ft -ay {a' - a"), 

L' a' - {a' - ay {a"- « ), 

ZV =(«"-«)» (a -a' ). 

Lb ^{b -^y{b' -h"),' 

L'b' ^{b' ~0)^{b'‘-b ), 

L'T^{b"-^y{b -b’)- 

h{a~ay{a'~a") , h’ {a' -ay{a" -a) h" {a" - ay {a ~ a') 

^a{b-^y{b'-b") : a'{b'-^y{b"-b) : a" (b" ~ ^y (b ~ b'). 


arifl thence 


Patting 


we have 
.P 


P == a b (a' -a")(b' -b"), 
P' =a'b' (a''-a)(b"~b), 
P"^c(fT(a -a')(b -b'), 


and thence ^ ^ 

"hich gitcs * 

«nd wo have in like manner 

^he equation is ^ -a , jp^/ ^ 
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and by atbributing the signs + and — to the radicals, we have, corresponding to the 
four conics, the equations 

(a - a.) V (X) + (a' - a,) V (Z') + (a" - a,) V (Z") = 0, 

- ~ a,) V (Z) + (a' - a,) V (Z') + («" - a,) V (Z") = 0, 

(a - «,) V (Z) - (a' - a*) V (Z') 4- (a" - a,) V (Z") = 0, 

(a - «,) V (Z) + (a' - a,) V (Z') - (a" - «,) (Z") = 0, 

where Wa, Wj, a., are the values of « for the four conics respectively. 

Eliminating a" we obtain the system of three equations 

(2a - «! - Oa) a/ (Z') + (Oa - a,) V (Z^') + (oa - aj) a/ (Z") == 0, 

(«u-a.)V(Z)+ (2a'-«a-«3)V(Z0 + (a, - a,) V (Z") = 0, 

(«, + tta ~ - a.i) (Z) + (a, + flj - fla - «.,) a/ (Z') + (fli H- a 4 ~ (31a - “a) V (Z") = 0, 

and then eliminating the radicals we have 

2a-«j~aa , «3-ai j «3-«i =0, 

Ba-aj , 2a' -a, -(3(3 , « 3 -«i 

«i + aa“«3-«o «i + (3(3-(J(a-a4, a,H-«4-aa-«3 

Avhicli is in fact 

-4 1, a +a', aa' =0, 

1, tti + at, ata, 

1, aa + «3. «a«3 

as may bo verified by actual expansion; the transformation of the determinant is a 
peculiar one. 

The foregoing result was originally obtained as follows, viz. writing for a moment 

• aA/(Z) + a'V(Z') + a"V(Z") = ©, 

V(Z)+ V(Z')+ V(Z") = tI>, 

tho four equations are 

0 — a, <[) = 0, 

0 _ Og (I) = 2 (a - Bs) V (Z ), 

0-a3<P = 2(a'-(r3)V(Z'), 

0-a4(I> = 2(a"-(^,)V(Z"); 


these give 


(a, - (Ka) <E> = 2 (a - otj) V (Z ), 
(oi - Bj) <1> = 2 (a' - Bg) a/ (Z' ), 
(«,-,*4)‘I> = 2(a"-B4)V(Z"). 
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From tlie lost equation we have 

(a, - a,) <5 = 2 (0 - a V(Z) - V (Z')) - 20 ^ (<!> - V (X) - V (Z')} 
= 2 (a, - a,) <D - 2 {a - a,) V (X) - 2 (a! - «,) V (X ') ; 

that is 

(a, ~ a,) 4) - 2 (a - a,) V (Z) - 2 (a' - a^) (A") = 0 ; 
or siibstitiitiiig for V(X), V(X') their values in ternos of <[>, we find 

a, - a, - _ (»'-a, )(a i-a 3 ) _ 

a-a^ a' -a, 

which may he written 


that is 


that is 


«s + «. - a, - a, + . («»-a i)(g8-«4) _ . . 

a-a^ ^ a'_aj 


or fiuallj^ 


(gj - gj) (a - aj) (({' - flj) q. (a^ _ ^ 

which is a knoivn form of the relation 

1, a + a', aa' j = 0, 

gi + a4> «ia4 

1, a^+aj, Oja, 

'Vl.i.h giv., the invoktion cl the 
We have in like mamier 


and 


1 . a' + a", a! a" 
*1 + gj , a,a3 
“a + g^ , ct^ 


= 0 . 


1> ft" + a, a"aj=;0, 

1) gi +«3, aja, 

1» «j+a4, (i^a^ 

'olutions of the systems a', a"\ a^, 


®a> ®j. a4 and a", aj ai, ajj 


«a. 


[8i)0 
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It may be remarked that the equation of the conic passing through the three 
points and touching the axis of cg in the point ia 

( a^ay(cif^cnb . (a" -of (a -alb'' 

bx H- ay — ah b'x + a^y — a'b' b"(s -h a'^y — cff'V' 

and when this meets the axis of y we have 

-,ia’-ayia''-a) ^ (ft" -«)’(«- »') 

ft , « ju- ~0. 

y-h ^ y-V y-y 

Hence, if this touches the axis of y in the point y-^> the left-hand side must be 

(a - «)^ (ft' - ft") + (ft' - ft)’ (ft" - ft) + (ft" - «)' (ft - ft')] (2/ - /3)“ 

= “ (y-b){y~b'){y-in ^ ’’ 

and equating the coefficients of — j,, we have 

u 

t (a - ay (ft' - ft") -I- p (ft' - «)*■ (ft" - ft) + y (ft" - (ft - ft') 

^ (a - af (ft' - ft") + («' - «)^ (ft" - ft) + (ft" - ft)“ (ft - ft')] (^ + ^' + “ 2/9). 

or what is the same thing, 

^fe&^(,,_a)^(a'--ft'') + ^-M 

a ^ a 

= 2/3 (ft - ay (ft' - ft") -h (ft' - ay (ft" - ft) -h ^ (ft" - «)“ (« “ ft')] . 

which gives /8 in terms of a, that is A. A. A. A ift terms of a,, «„ a^, at respectively. 

GaMbridgey 30 Noveinhe7\ 1863* 
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SOLUTION OF A PROBLEM OF ELIMINATION. 


[From the Qxiarterhj Journal of Pure and Applied Mathematics, vol. viii. (1867), 

pp. 183—185.] 


It is required to eliminate w, y from the equations 


This system may be written 


if for shortness 
Or putting 

we have 



a^, 

®y. 

an/, 

f 

II 

p 

a , 

h , 

^ > 

d , 

e 


a' , 

V , 

G , 

d', 

e' 


a", 

b" , 

o" . 

d", 

e" 



= S\a, 
a^y = X\h, 
a:y= 2Xc, 
tsf^'StXd, 
y* = 2Xe; 

2Xa — \a *1* "f* 



2x(a + AJ) = 0, 
XK{b + ke) = 0, 
^X(o+M) = 0 , 
SX(d + /fce) = 0; 
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or, what is the same thing, 

\{ct + kb)+ (a' + kb') + X" («" + kb " ) = 0, 

X (5 + Ico) + V (6' + ke') + X" {b" + kc'') = 0, 

X (c + kd) + X' {o' + kd’) + X" (c" + kd") = 0, 

X ((? + ke) + X' id' + kd) + X" {d" + ke") - 0 ; 

and representing the columns 

a b, a' V, a" h", 

b c, b' o', b" c", 

c d, o' d', c" d", 

d 0, d' e', d" e", 

hy 

1, 2, 3, 4, 5, 6, 

each equation is of the type 

X(1 + /c2) + X' (3 + M) + X" (6 + kG) = 0. 

Multiplying the several equations by the minors of 135, each with its iwoper sign, 
and adding, the terms independent of k disappear, the equation divides by k, and 
we find 

X 2136 + X' 4135 + X" 6135 = 0 ; 

operating in a similar manner with the minora of 246, the terms in k disappear, and 

we find , 

X 1246 + X 3246 + X" 6246 = 0 ; 

again, operating with the minora of (146 + 236 + 246 +/c246), we find 

X {1236 + 1246 + k (2146 + 1246)} 

+ X' {3146 + 3245 + k (4236 + 3246)} 

+ X" {5146 + 6236 + k (6246 + 6246)} = 0, 

where the terms in k disappear, and this is 

X (1236 + 1245) + X' (3146 + 3245) +X" (5146 + 5236) = 0. 

We have thus three linear equations, which written in a slightly different foi 


X 1236 


+ X^ 34, 'll 


X (1236 + 1245) + X' (3462 + 3461) 
X 1246 +X' 3462 

and thence eliminating X, X', X", we have 

1235, 1236 + 1245, 
3461, 3462 + 3461, 
5613, 5614 + 6623, 


C. VI. 
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Avhich is the required result. It may be remarked that the second and third eolum»* 
•ire obtainetl from the fii-st by operating on it with A, if A = 2Si + Oi’ 
say tlie result is 

(1. A, ^A=) 1235 = 0. 

3451 

5613 

In like manner for the system 

a-* , afy, aHf, a>ij\ f = 0, 

» > & , c , d , e , / 

ft , 5 , c' , d , e' , /' 

ft", h", o" , d" , e" , f" 

a"', h'", o'\ d'\ e"' , /"' 

if the columns are 


a h, 

a' b', 

a" b", 

a'" b'", 

b c, 

V o', 

b" 0 ", 

b'" 4", 

c d, 

o'd', 

0 " d", 

0 " d'", 

d e, 

d' 4, 

d" e", 

d'" 4", 

ef, 

e'/', 

e"f\ 

4"f", 

= 1, 2. 

3, 4, 

5, 6. 

7, 8; 


then the result is 

(1, A, iA») 12357 = 0, 
84571 
66713 

, 78135 

where 

A = 23, + 48, -f 685 + 8\,, 
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ON THE CONICS WHICH PASS THROUGH TWO GIVEN POINTS 
AND TOUCH TWO GIVEN LINES. 

FFrom the Quarterly Journal of Pure and A^^idied Mathematics, vol. vin. (1867), 

'■ pp. 211—219.] 

Let rt! = 0 « = 0 be the equations of the given lines; 2 = 0 the equation of the 
line ioining the given points. We may, to fix the ideas, imagine the unplieit constants 
so determined that « + 2/4 2 = 0 shall bo the equation of the line infinity. 

Take (c~my = 0, w-ny^O as the equations of the lines which by theiv inter- 
section with 2 = 0 determine the given points. The equation of the conic is 

(V + V (»)} V («J/) = ft! 4 2/ V (mn) 4 y^, 
or, wliat is the same thing, 

{to — my) (® - ny) 4 2 4 2/ V («w)) ~ 

so that there are two distinct series of conics according as V (vm) is taken with the 
positive or the negative sign. 

The equation of the chord of contact is 

« 4 2/ V (mn) 4 72 = 0, 

which meets 2 = 0 in the point {<8 4 2/ V(w») = 0- ^ = 0} that is m one 
the involution formed by the lines (® = 0, y = 0), {«> -my ^0, co~ny~0). It is to be 
observed that the conic is only real when ww is positive, that is (the lines and points 
being each real) the two points must be situate in the same region or in opposite 
regions of the four regions formed by the two lines: there are however o^^her real 
cafes: e.g. if the lines «: = 0, 2/ = 0 are real, but the quantities m, a are conjugate 
imaginaries; included, in this we have the oimles which touch two real ^ 
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[3S2 

to the ideas I take m and n each positive and m« > 1 ; also I attend first 

MnUy, “have ‘ke conic meet, 

(v' (hi) + V (n)j V (a:y) = ic + y V (mn) -y{it} + y\ 
which gives two coincident points, that is the conic is a parabola, if 

that is - 7 } = i { V (m) + V (n)}^ 

or 7 “ - 7 {1 + V (HMi)} = i {V (m) - v' («)}^, 

7 = HI + V (vin) ± V 1(1 + m) (1 + n))], 
where it is to be noticed that 

7 = HI + V (mn) V {(1 + m) (1 + «)}] 
is a positive quantity greater than V(Hm), say 7 =^, 

7 = Hi + \/ (hwi) - V {(1 + Hi) (1 + m))] 

IS a negative quantity, say 7 = -g-, 5 being positive. 

The Older of the lines is as shown in fig. 1 , gee plate facing p. 52. 

7 = _ooto 7 = - 3 , curve is ellipse ; y^-q, parabola 

7 <? to p, curve is hyperbola; 7 parabola P„ 

^=p to 7 = 00 , ellipse, 

Resunning the equation 

the coefficients are ~ “ «i/) + 2 {« + y ^ (flWi)} 7 ^ + = q. 

(“* k 0 , f> g, h) = { 1 , mn, rf, 7 V(Hm), 7 , (m + 7 i)), 
and thence the inverse coefficients are 
(^I, B, 0, F, G, B) = 

[0, 0, -i 7 |v(,,)+v(»)|', -J./V(««)(V(..) + V(..)I’, i7MV(») + V(«)|-], 

^ = -i7MV(m) + V(H)h 

or, omitting a factor, the inverse coefficients are 

(A, B, G, F, G, H) = 1 ^ 0 . 0 . ^ y <„,) _ ^ ^ _ 1 

Considering the line J 

X® +/ty + vz — Q, 

the coordinates of the pole of this line are 

m , y , z= ~ 7 M + V (nvn) v 

= - 7 X + r 


■ ^ ^ ^ {v' («0 ~ V (»))“ V, 
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or (what is the same tiling) introducing the arbitrary coefficient k, we have 
/« + 7/i - r V 

% + 7\ — V == 0, 


kz-\\l (mn) -jjk—^y (m) — V («)]'* r = 0 ; 
the first two equations give 

Jc : 7 : — («» 0 l ! »' {y — •''<'1 : - W. 

that is 

_ f/t-XV(m?t)] _ -y{;y V(?>i-n)-fl!} 
"Koi-fiy ’ Xof-fiy ’ 

or, substituting this value of y in the third equation, 


+ 4- , KW-VC»l’ .o^ 

'KiG-fiy 2 


that is 


(Xa; - fiyf . H V (m) - V (»)}” + {« “ ^ V («m 0 ) 0 ^'^ - /‘J') ^ V 

+ if {* - 2/ V («»0) («Mi)} = 0, 


which is the equation of the curve, the locus of the pole of the line "Kte + (ly •{- vz ~ 0 
ill regard to the conic 

{<8 - my) {m -ny) + 2 [x + y^/ (mw)} yz + 7V = 0. 

In particular, if X — — 1 , then for the coordinates of the centre of the conic, 
we have ^ 

0} ; y : z = — y-k>J (mn) : — 7 + 1 i V (wwi) d" ^ "b ^ ~ ^ ’ 


and for the locus of the centre, 

(® - VY’ i W(m) - V(«))° + {® - y) (® - y V (^>0) {1 + V (»»«)} + ^ {® - 2/ V («*■«)} {1 - V 

so that the locus is a conic, and it is obvious that this conic is a hyperbola. Putting 
for greater simplicity 

=-'^» 

io-y>J(mn) = Y, 

z ~ Z, 

the equation of the curve of centres is 

i {V (m) - V («))“ + XY {1 +■ V (mn)] + YZ{ 1 ~^/ (»n»)} = 0, 

or, writing this under the form 

7[Z (1 + V (mn)} + ^ {1 - V (mn)}] + MV (w) - V («)}“ 
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the equation is 
wliere 




X^no-y, 
y = .(e - y -J {mn), 


2 

^ {V7m)-V(n)l“ (« - 2/) + (1 - V {mn)] z ] ; 

these values give 

a; - y = X, 

x-y V {mn) ^ Y, 

(1 - V (ran)} ^ = {V (ra) - V (n)j* Q + 2 {1 + V (win)) A^, 

or, what is the same tiling, 

O' 


whence also 


(1 “ V (mn)] w= ->y (}»n) X + Y, 

( 1 -V'(«im)} 2 /= -a + 3 ^, 

{1 - V (w«)) a = 2 (1 + V (m»Oj X + { y' (m) - V (m)}’’ <2, 


{1 VCmn)} (.r + y +^r)= (1 + y^(„w)) X + 2Y+ (y/(Hi) - («)j3 Q, 

or the equation of the line infinity is 

{1 + V (Win)} A" + 27 + {V (ra) - V («)}» Q = 0, 

“h '* *“ “’S “"Cl M™co the cont,,. 

7 (J + A 2 = 0 . 

In fact we have identically 

•spiploto of (he tto Imo mfiiiity, p„te j„ e,i(|„,n^ y 

« «. +j„_o. Heooe wting u . 

„„d .i- 1 “» ». II. 
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that is 

- 4/3 Y^•' (a“ + 4/37//) + yz) = - (2l3yh' + a®) yzY 

- (a» + 4/37^0 (2/97/tf'® - ayzY - 4/3Y/‘''" (««+ +7^)'. 

or, what is the aiine thing, 

- 4/3U'' («= + 4/37/0-') (/c'«'^ + yz) = {2«/3/! a- + 2/3Vtf'y - (2/37*' + a*) zY 

- (a" + 4/37/t') (2/3/ff'a - a;®)'’ - 4;SW^ (as + ^y + yz)\ 

which, when aa + /3i/ + 7^ = 0 is the equation of the line infinity, puts in evidence the 
asymptotes of the conic k'a^-\-yz-Q. 

Now writing X, 7, Q in the place of a, y, z] k =1, and ft {1 *1* 

7 = {V(wl)-^/(«)l^ 

- 16 [(1 + V {'mn)Y + 8 { V («0 - V («)!*] (.YQ + X=) 

= [4 (1 + V («Mi)) X + 8Y- (4 (V (in) - V («)}* + {1 + V (-»m01’) QY 

- [{1 + V {mn)P + 8 {V (m) - V (n))»] [4X - {1 + V («m)l <3]= 

- 16 [{1 + V (wn)} X + 2F + (V (w) - V (n)l® <33"- 
and tlie asymptotes are 

4 {1 + V (inn)} + 87 - [4 {V (m) - V («)]“ + {1 + V (w«)}’l Q 

= + V}! + V ()nn){“ + 8 Y (m) - V WY - {1 + V («in)) Q]. 

At the centre 

4 {1 + V («m 01 X + 8 7 - [4 tv (m) - V («))“ + {1 + V («»i)}’] (3 = 0, 

4uY-{l + V(w»)} Q = 0. 

but the first equation is 

|1 w|- ^ (7?m)) [4X Q {1 + V (wwi)}] 4- 8 F — 4 {V (wO V Q = 0> 

so that we have 

4A = {1 + V (mn)} Q, 2 7 = {V (m) - V Q, 

the first of these is 

2 {V (in) - V (w)]” (® - 2 /) - {1 + V 0nii)Y (« - 2 /) - (1 “ »»«) = 0. 

and the two together give 

2X tv (in> - V (w)}’ - {1 + V (ww)] S' = 0, 

so that we have 

2 tv (in) - V (’0}“ (« - 2 /) - 11 + V (wn)} {a - y V <ntn» = 0, 

[{1 + V (wn)}^ - 2 tv (m) - V (n)Y] (a - y) + (1 - mn) a = 0, 

to determine the coordinates of the centre. 
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OX THE CONICS 'WHICH PASS THEOUGH TWO GIVEN POINTS 


j ;Ui 

The equation of the chord of contact is 

(c + yh/ (mil) -I- iys = 0 , 

which for 7=1 is j^arallel to y -0 and for r^ = ^/(mn) is parallel to ftf = 0 . '11 n( iJi 

coordinates of the centre are 


X : y : z — 7 + ^ (mn) : - 7 + 1 : (mn) + 1 + ~ (y' (m) - ^ 
which for 'y = 1 give 

y^Q,x-.z = ~\ + ^ imn) ■. V (»t«) + 1 + ^ {V («0 - V («)}=, = - 2 + 2 V (mn) : 2 -|. m • I r. . 
and for y = »/(mn) give 


X = 0 , 


1 ^(mn ) ; VM + 1 (V(m)- = 2 - 2 V(«mO : 2 ^/(w«.)^- '' " 

^ V ( IJ ) 

‘o ‘h” I. 

® + 2 / + 7 ^ = 0 , 

•hope, .riliug for y. e ,l.e „f the cento, p,o have 

- 7 (1 + V (».)| + 2 ,/ (.„) + y (,„) + 1 + ^ ^ 


that is 


- 0 , 




1 + \/ (mn) + y (m) _ ^ 

-7fV(w) + v'6t')}a 


or, Avhat is the same thing, 

/ 

^ — <y s= j— • IT x-’-f ■ -y \fVti 

^”'^-^)J“+27(1+7(^ ■ 


and consequently only for 7 = 0. 

•ho o„„c of .ce ii 7™ »» the hypcpbola rtinh "i 

The lines OP,, OL. 0®, OP, OX nr nu 

are the corresponding positions of the clnti-e. is the curve of contvoi 
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AND TOUCH TWO GIVEN LINES, 
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Chord of Contact. 

OI\. 

OL (z = 0), 

08. 

OP,. 

OX {ffi + 2/ V (mv) = Oj, 

00 (pavallol to y = 0). 

OH (parallel to «? = 0) and so back to 
0.P,. 


Centre, 

Ps, at infinity on hyperbola, 

L, (0 = 0. a)-i/==0). 

0, the line joining this with 0 being always 
behind 00. 

Pi, at infinity on hyperbola, 

X (« = 0, y = 0). 

Q (on line y = 0). 

H (on line « = 0) and so on to 

Ps. 


T have treated separately the ease V(’an)=l, 


Gonaidor the conics which touch the lines y — ui — Q, y + a) — 0 and pass through 
the points 

(fl! = 1, y = V (1 - 0“)}, {« = 1, y = - V (1 - c=)). 

'!l.'lio Gcpiatioii is of the form 


2 /'“ — «’ + Je («! - a)” == 0, 


and to doterinino Ic, wo have 

1 — c''* - 1 + A (1 — «)“ = 0, and therefore k ~ 


& 

{I -ay 


Tluj ccpiation 
Unit is 


thus becomes 

(1 - of (?/= - «=) + c” (« - a)" = 0, 

(1 - «)“ if + (o“ - (1 - «)“} a? - 2c’aa! + = 0, 


oi- MS this may bo written 


(l-«)’2/’-|-{c^-(l-«)1 




c»-(l -«)’)■ c‘-(l-a)’ ' 


Honce the nature of the conic depends on the sign of c'‘-(l-a)S viz. if this be 
poaitivo, or « between the limits l + c, 1 -c, the curve is an ellipse, 


which is positive, 


®-coordinato of centre 




ft’-semi-axis 


± ca (1 - a) 
“c*-(l -«)•■>’ 


, . ca 

2 /-semi-axis = v {o'- - (1 -««• 

The coordinate of centre for a =: 1 + c is = + oo (the curve being in this case a pai 
Pi) and for a — 1 ^ c it is also - + oo (the curve being in this case a parabola P 3 ). 

coordinate has a minimum value corresponding to a=V (1 — c“), viz, this is - J (1 + V(f 

7 

a vii ' 
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ON THE CONICS WHICH PASS THROUGH TWO GIVEN POINTS, &0. ( IJII'J 

Hence ns («) pass&s from 1 + c to the coordiiiabe of tlio coutro imimsi's 

from 3C to its minimum value + V (1 - c’)) J in the passage we have a=| giving 
the coordinate = 1, the conic being in this case a pair of coincident linos (x ~ ;j )» : 0. 
And as (a) passes from the foregoing value >/(l-c^) to 1 - c, the coordinatis of flm' 
centre passes from the minimum value J (1 + ^(1 - o'*)} to oo . 

The curve is a hyperbola if a lies without the limits 1 + o, 1 — o, 


rc-cooixlinate of centre 
which has the sign of —a, 
a:-seini-axis 

2 /-semi-axi 8 


-c’a 

+ ca (1 — a) 
± ou 


semi- 


li-aperture of asymptotes =tan''' . /-Jl - 

VI {!-«)’ 


positively 

lines y’i=0)- asymptotes being in tliis case tin. pair 
a = + 00 , coordinate of centre is = 0, 

“ = l + c. 


= - CO , 


in the saleXcS^froiroTo ^ho contro moves constunl.ly 


“ « « = 0 , 
the hyperbola being in this case the pair of linas 

to a==-V(l-n thecoSlte^o/^^^^^^ as « pasaos from 

negative, the lines 2/’- a? =0 are toucLl to bo remarked that a Imiiig 

»gi«, th« i, ,k. j 
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ON THE CONICS WHICH TOUCH THREE GIVEN LINES AND 
PASS THROUGIi A GIVEN POINT. 


[From tlie QuaHerly Journal of Pure and Applied Mathematics, vol. viii, (1867), 

pp. 220—222.] 

Consider the triangles which touch three given lines; the three lines form a 
triangle, and the lines joining the angles of the triangle with the points of contact of 
the opposite sides respectively meet in a point S: conversely given the three lines and 
the point S, then joining this point with the angles of the triangle the joining lines 
meet the opposite sides respectively in three points which ai’e the points of contact 
with the throe given lines respectively of a conic; such conic is determinate and unique. 
Suppose now that the conic passes through a given point ; the point & is no longer 
arbitrary, but it must lie on a certain curve ; and this curve being known, then taking 
upon it any point whatever for the point S, and constructing as before the conic 
which corresponds to such point, the conic in question will pass through the given 
point, and will thus be a conic touching the three given lines and passing through 
the given point. And the series of such conics corresponds of course to the seri''" 
points on the curve. 
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the condition in order that the conic may pass through the given point is 
and we thus find for the curve, which is the locus of the point /Sf, the equation 

-^ + -L- + J_=o 

or, what is the same thing, 

V (f) + V («••») + V (a!'/) = 0, 

the rationalised form of which is 


(a; + y + i?) = 0, 

This is a quartic curve with three cusps, viz. each angle of the triangle in a ouhj> J 
and by considering for example the cusp (y = 0, ^ = 0) and writing the equation uiitlor 
the fonn 

^>3 (y -- zy - 2a? {yz^ + yh) + 2 ^ V = 0, 

we see that the tangent at the cusp in question is the line that is, t>!io 

tangents at the three cusps are the lines joining these points respectively with t>Ho 
given point (1, 1, 1). Each cuspidal tangent meets the curve in the cusp counting' tXH 
three points and in a fourth point of intersection, the coordinates whereof in the cuxfics 
of the tangent y-z = Q, are at once found to be a? : y : 1 : 4 ; 4, or say thia in 

the point (1, 4, 4); the point on the tangent z^x^Q is o^ course (<t, 1, 4), and tUiXi. 
on the tangent w-^y^O is (4. 4, 1), To find the tangents at these points respoctivoly, 
I remark that the general equation of the tangent is 




that 


IS 


W(^) 


= 0 , 


X ^ Y z , 

“b + - a + = 0, 

y^ 


equation of the tangent is SX+T+Z^O, or H.ty 
a + y+^ 0; that is, the tangent passes through the point .r = 0, ai+y + m^O, boirij? 
the point of intersection of the line « = 0 with the lino + Tvhich is Uit 

th! f ^ ’ i-^’ I’^^Pectively jiass through the points of intersectiiji-i 

of the harmonic line .-hy+. = o with the three given lines respecLly. 

of iS lies whoUv within th^p^ triangle, the curve the locus 
o lies Wholly within the triangle, and is of the form shown in fie, 3 in the nln#-rx 

tUrare however ''threo^•“ v'' T" elites ; 

Tin ^eTStp^retde^ I""" prodLo^ 

without much difficulty. produced, may be effeotecl 






ON A. LOCUS IN RELATION TO THE TRIANGLE. 


[From tEo Quarterly Journal of Fare and Applied Mathematics, vol. viii, (1867), 

pp. 204—277,] 


II)' from any point of a circle circumscribed about a triangle perpendiculars are 
lot fall upon the sidos, tho feet of the perpendiculars lie in a line; or, what is the 
Htime thing, the locus of a point, such that the perpendiculars let fall therefrom upon 
the sides of a given triangle have their foot in a line, is the circle circumscribed 
about tho triangle. 

In this well known theorem we may of eourae replace the circular points at 
infinity by any two points whatever ; or the Absolute being a point-pair, and the 
terms poi’pondicnlar and circle being understood accordingly, we have the more general 
theorem expressed in tho same words. 

But it is less easy to sec what the corresponding theorem is, when instead of 
being a point-pair, the Absolute is a proper conic; and the discussion of the question 
affords some intoresting lusults. 

Take {ce — 0, y = 0, 2 = 0) for the equations of the sides of the triangle, and let 
tho equation of tho Absolute bo 

{a,h, 0 , f, g,h'Tfi)o,y, = 


then any two linos which are harmonics iu regard to this conic (or, what is the 

same thing, which are such that the one of them passes through the pole of the 

other) are said to bo perpendicular to each other, and the question is: 

Find tlio locus of a point, such that tho perpendiculars let fall therefrom on the 

sides of tho triangle have their feet in a line. 

Supposing, as usual, that the invei-se coefficients ato {A B, 0, F G, S), and«ijiat 
K is the discriminant, tho coordinates of the poles o f lespec 
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ON A LOCUS IN EELATION TO THE TRIANGLE. 
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(A, H, G), (II, B, F), (6, F, O), Hence considering a point P, the coordinates of wliich 
are (sc, y, z), and taking (X, Z) for current coordinates, the equation of the perpoii.- 
dicutar from P on the side X = 0 is ^ 


y, Z 

A, H, G 

and writing in this equation A'=0, we find 

( ® > Ay — Hic, Az — Qx) 

for the .jiordnmto of the foot of the periJeKlioutar. For the other porpeiidioulaio, 
respectively, the coordinates are ^ 

{Bx-Hy, 0 ,Bz-Fy\ 

and 

(Gui-Gz, Gy-Fz , 0 ), 

and hence the condition in order that the three feet may lie in a Hue is 

0 > Ay-IIic, Az-Qm | = 0 ; 

Bx-IIy, 0 , Bz-Fy 

Gx ~ Gz , Oy -Fz, 0 

or, what is the same thing, 

(Ay - Hx) (Bz - Fy) (Cx - Gz) + (Az - Qx) (Bx - Ily) (Gy - Fz) = 0 , 

that is 

2 (ABG — FGII) xyz 

+ A( FH- BQ)yz'^^A(FQ - OH) fz 
AB( FG - GH) zx^ + B (GII - AF) z=x 

+ G( GII- AF)xif + O(IIF-BG)af‘y=.0. 

for'fm'Llnt therefore a cubic. Writing? 

( B,CA G, AB-IP, QH-AF, HF-BQ, FQ-OII) = (A', H, Q', F, Q\ H'y 

and K' for the discriminant fe, the equation is 

or as this may also be written 

Jf w ®lp'+irj + ^«y(l»+^7j = o. 
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394] 
that is 


~ FQII) jju^ o;yz+ q, zx + //') ~ 

and the cubic will therefore break up into a line and conic if only 

- F- - #• - F* - 


and it is easy to see that conversely this is the necessary and sufficient condition in 
order that the cubic may so break up. 

The condition is ' 

ft = {ABO - Foil) - AO'^H'^ - BH'^F^ - GF^Q’^ = 0, 

we have 

AA' + BB' + CO' = ^ABO -AF^- BO^ - GH\ = F + 2 {ABO- FOII), 

mid thence 

ft = FO'ir (A A' + BB' + GO' - K') ~ AQ'^H'^ - BIFF^ - GF^0'\ 

that is 

ft ^1 0'H' (O' IF - A'F) ~ BIFF (IFF - B'O') - GFO' {FO' - G'H’) - IFF O' IF, 

- ~ AQ'IFIC'F-BIFFK'O-OFQ'K'H-K'FQ'IF, 

= - K' {AFQ'IF + BQIFF + GHFQ' + FO'H'), 

so that the condition ft = 0 is satisfied if K' = 0, that is if the equation 


{A, B, 0, F, a, Ell, V. 0^ = 0. 

which is the line-equation of the Absolute breaks up into factora; that is,, if the 
Absolute be a point-pair. 

In the case in question we may write 

{A, B, G, F, 0, nil V, r)’' = 2(«l + /3»? + 7D(«'? + /3'’? + 'y'?)> 

(A, 11 G, F, f?, //) = (2«a', /37 +/3^ 7 ^ 

whence also, putting for shortness, 

_ / 3 ',y, - ya, a^' - a'j8) == {\ h v), 

{A', B', G', F, O', 


we have 


Z: = 0, 2{ABO-FOIi) = AA' + BB'+GO', =-2{a(/V+^^y + 'i/y'i>^)- 


and also 
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The original cubic equation is 

(aa'X- + 4* 77V) anjz -h aa'Xyz {y>y + vz) + (X® + vz) -f {\(o -h fxy) O , 

and this in fact is 

(aQ!\yz 4- ^^^fizx + ^y^vxy) (\x + jj^y -f vz) = 0, 

The equation Xx ‘i- fxy vz = 0 is that of the line through tho tAvo pointn whicdi 

constitute the Absolute; the other factor gives 

aa'Xyz -h ^^'y^zx -h y'y'vxy = 0, 

which is the equation of a conic through the angles of the trianglo (x - 0, y := (), z ~ 0), 
and which also passes through tlie two points of the Absolute; iii fact, writing («, >9, 7) 
for {cv, jf, z) the equation becomes ayjry («'x q- / 3 ';^ + :== 0, and so also writing (a', 7 ) 

for (rr, y, z) it becomes a'/ 9 V (ofX + / 3 /i 4- 71;) = 0, which relations arc identically HatiH(i<ul 

by the values of (X, /i, v). Hence we see that the Absolute being a poiut-pair, tho 

locus is the conic passing through the angles of the triangle, and (ihe two points of 

the Absolute; that is, it is the circle passing through the angles of tho triangle. 

But assuming that 1 C is not =0, or that tho Absolute is a proper conio,^ 
equation fl = 0 will be satisfied if 


Ai'WAL + MiH-r + CIIFG' + FG‘H' = 0 , 

we have F, G\E' = Kf,K(j, Kh respectively, or omitting the factor K\ tho cduation 
becomes ^ 

Jg + W = 0, 

fW ~ bafh^ - cah^p 4 ahfY + 2 ahofgh = 0, 

or, as it may also be written, 

ahcf^g^F f-4 ^ L + _ a 

Va6c a/o hg'^ c/i» “ "* 

th. Lr?/- T, 'T ^’<°r^OS-K<f,h-/ghy, .ubstltatiug ato fo, F. »■. Jf 
the values Kf, Kg^ ATA, the equation of the cubic curve is 

2 {^^o-fgh)xyz^Ayz{hy^gz)^Bz<,{hx+fy) + Oxy{gw^- fy) = 0, 

and the transformed form is 


we have 


\j9h "p /j«_ j 2/« + 1 ^ |.+ = 0 ; 


fgh - 1 - = a&c 

so that the foregoing condition 

J 2 

ap hg^ 


1 _i . 2 N 
Kabo af^ bg^ cli?'^fgh)‘ 
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• • ^ CO z 

"being satisfied, the cubio breaks up into the line + the 


come 


A B G 

— ZX^-y xy = 0. 
/ 9 


It is to be remarked that in general a triangle and the reciprocal triangle are 
in perspective; tlmt is, the lines joining corresponding angles meet in a point, and 
the points of intersections of opposite aides lie in a line; this is the case therefore 
ivith the triangle (^y = 0, y — 0, z — and the reciprocal triangle 

{ax H' hy = hx + by +fz = 0, c/x -\rfy *f = 0) ; 


and it is easy to see that the line through the points of intersection of corresponding 

sides is in fact the above mentioned line noticed also that 

f 9 


the coordinates of the point of intersection of the lines joining the corresponding 
angles are (F, <?, H), The conic 


A 

f 


B . G 

yz‘}‘~zx^j^xy 


0 


is of course a conic passing through the angles of the triangle (a? = 0, y — 0, 0 ~O); 
it is notf what it might have been expected to be, a conic having double contact with 
the Absolute {a, A o, /, gy li^Xy y^ z)\ 


I return to the condition 

±__I_l_l+A=o 

bills can bo shown to bo fclie condition in order that tho sides of tho triangle 
{(o=>0,y = Q, z = 0), and the sides of tho reciprocal triangle (a® + hy + g^ = 0, lum + hy +fz = 0, 
ym -Yfy ■{■oz — Gi) touch one and the same, conic; in fact, using line coordinates, the 
coordinates of the first blireo sides are (1, 0, 0), (0, 1, 0), (0, 0, 1) respectively, and 
those of the second throe sides are (a, h, g), (h, b. /), ((/,/, c) resioeotively ; the etiuation 
of a conic touching tho fii’Sb three lines is 



M F 
V 


= 0, 


and hence making tho conic touch the second three sides, 
equations from which eliminating L, M, N, we find 


111 
h' h' f 


111 

y r ~o 


we have three linear 


which is the equation in question, 
C. VI. 
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We know that if the sides of two triangles touch one and the same conic (ilnnr 
angles must lie in and on the same conic. The coordinates of the angles are (1 * O, 0), 

(0, 1, 0), (0, 0, 1) and (A, H, G), (if, B, F), (Q, F, G) respectively, and the angloH ^^’ill 
be situate in a conic if only 

1 1 1 


A ’ H' G 

111 

H‘ B’ F 

1 1 1 
(?' F' G 


= 0 . 


an equation which must be equivalent to the last preceding one; this is easily verifn-ii. 
In fact, writing for shortness 


shortness 
V = 


we have 


1 

a ’ 

1 

h' 

1 

a 

, □= 

1 

A ’ 

1 

H' 

1 

G 

1 

1 

i 


1 

1 

1 

h> 


7 


H’ 

B ’ 

F 

1 

1 

1 


1 

1 

1 

a' 

7 ' 

c 


G ’ 

F' 

G 




ABGF^ - OH) + (IIF~BG), 


K 


ABGF^G^H^ + hABFG + gGAHF), 

and the second factor is 


But 


- aGH {AF + Kf) + AFhBQ + AFgOH, 

= AF{aGH + hBG + gGS) + Ka/GH. 

aGH+hBG+gGH=^ 0 (all + hB)+gGH=. G-gF+gGH, 
= O-gF+gGH, 

= -g{FG-GH), 

= -ghK, 

so that the second factor is 

which is ~ (^fOH — gJiAF), 

= H(/yh? - byh- - cahy^ - ai/Y + 2abofgh), 

= KahofYh’‘(~ ?: L 1 . 2\ 


= Kabo/Yk^v, 
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.SO that we have identically 

- □ = K-ahcfyh-V , 

and the conditions V =0, 0=0 are consequently equivalent. 


The condition 


A_A_i_l + l-.o 

abc ap hf c/t= fgh ’ 


is tlio condition in order that the function 

/I 1 11 1 !• 


S’ I' 7’ ^ ‘"'Y 


may break uj) into linear factors; the function in question is 

bo ca ah 


Avlhch is 


/ , ho ca abY V 

p 7 ’ (f’ h X ’ ) ' 

= (a, b, 0, f g, hlw, y, zf + 2 ( j F + 1 + 1 ’ 

so that the condition is, that the conic 

(a, i., C.f.t. y. + + + 

(which is . cci-tcin conic pcscing thmngh the inlereeclionc^ot the Abcolutc 

(«, s, 0, /. a. /‘S'*. V. ‘y-0’ “<> 7S*+ “ 

pnir of litios. Writing the equation of the conic in question under the form 

(», M, 7 f . 

the invereo cooffloients il', F, C. F. ff, B' of this conic, arc 

, Alo if). 

, 1 . V> . O' > W = F ' G : S. Hence, if in regara lo una u«„ ... 

so that wo have A . ir • . q ^ = 0) and loin the corresponding 

form the reciprocnl of the ti»ngle ; I, „hi„h j, the «n,c 

anglea of the two iriu„gle ojd its reciprocal in regard 

ttYdrnot ;.Sr;ur.e part of the .her. 


It is to be noticed that the conic 

7^' ■’5 


A B 0 
^yz + -za! + j;;‘^y--^> 


8—2 
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contains the angles of tlie reciprocal triangle, and is thus in fact the conic in whicli 
are situate the angles of the two triangles. For the coordinates of one of the an£rlo.s 
of the reciprocal triangle are (A, H, (?); we should therefore have 


which is 




{QHgh + BQhf+ QHfg) = 0. 


or attending only to the second factor and writing 


the condition is 


QH=Kf-\-AF, 


Kfgh + AFgh + BQlif+ OHfg = 0, 

or substituting for K, A, B, G, F, G, H their values and reducing, this is 


— abof^gVi^ f-j ^ — ^ + ^ — n 

\al)c a/« bg’’ c¥ ^ fgh) ~ 


hi^questLn^**^^^^^ ' angles of the reciprocal triangle lie on the conic 

is foi-egoirig results, we .see in the case where the Absolute 

on the sides n"f^ fL T ^ perpendiculars from it 

on the sides of the tmngle have their feet in a line, is in general a cuhio curve 

passing through the augles of the triangle : if, however, the condii 

_i L_JL_jL 2 

abc ap hg^ cT»‘^jp~® 

i'eoiD™!af*^tna!!!!l^ v’ triangle be such that the angles thereof and of tlu) 

P g e le in a come (or, what is the same thing, if the sides touch a 

oofic) then the oubie lo«, bt«k. up into the liu, !+2 + J.O, which ie the li„„ 

‘''® wn'esponding side# of the two trinnglee, oiul 
ri , 5 G 

which is the conic through the angles of the two triangles. 

its u Absolute) to construct a triangle such that 

In a eoSc. «onic, lio 
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I suppose that two of the angles of the triangle are given, and I enquire into 
the locus of the remaining angle* To fix the ideas, let 5, G he the angles of the 
triangle, A\ O' those of the reciprocal triangle; and let the angles A and B be 
given, We have to find the locus of the point Gi I observe however, that the lines 
AA\ BB\ GG' meet in a point 0, and I conduct the investigation in such manner 
as to obtain simultaneously the loci of the two points G and 0. The lines G'B\ G'A' 
are the polars of A, B respectively, let their equations be fl; = 0, and 2 ^- 0 , and let the 
equation of the line AB be z = 0i this being so, the equation of the given conic will 
be of the form 

(a, c, 0 , 0 , 

I take (a, /3, y) for the coordinates of 0 and (a?, y, z) for those of G; the 
coordinates of either of these points being of course deducible from those of the other. 


Observing that the inverse coefficients are 

( 6 c, ca, ab — h\ 0 , 0 , —chY 

we find 

coordinates of A are ( 6 , “ A, 0 ), 

„ B „ (-A, a, 0). 

The points A' and F are then given as the intersections of .40 with G^A'(y=0) and 
of BO with O'J 3 '(<» = 0 ); we find 

coordinates of A' are + 0 , / 17 ), 

„ F „{ 0 , aa + hB, h). 

Moreover, coordinates of G' are (0, 0, 1), 

„ G „ (x, y, zy 

. • . d R r' / 4 ' B' O' are to lie in a conic; the equations of the 

linos mi llx + hY-O, »X+M'= 0 , Z- 0 , and henpe Ihs e<,«.tion of a 

conic passing through the points C, A, B ia 

^ ^ +^ = 0 . 

SjOT hX + bY + ^ 

Henoo, imking the oonio pan. Un-ongh (he .emeining pointe d', S. 0. we «nd 

a{h<x+h0) h (/wt + H 

l(aa + hB) b{aa + hB) h 

L +-=0, 

cus+Ji^ ^ 
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aucl eliminating the L, M, N, we find 

i , i , 

1 1 

h ' b ' 

1 1 ^ 

aie + hy' hie + by' z 

or developing and reducing, this is 

{oh-h^) y ^ 1 ftg + /i,/3 1 /ja + t/J 

hub h ax + hy'^ h hx^hy 

_ 1 aa + _ 1 ha + b^ _ 

a hx + by bax + hy~ ' 

We have still to find the relation between (a, y) and (», y, z ) ; this is obttiijicd 
by the consideration that the line A'£', through the two points A', B' the coordinatOH 
of which are known in terms of (a, 0, y), ia the polar of the point 0, the coordiiiutcH 
of which are (a;, y, z). The equation of A'B' is thus obtained in the two forms 




(«« + h0) X + {ha +b0)r- ^ ^ Q 

hy ’ 


- (gg + h0) (ha + 10) 
chy ' 


(ax + hy)X + (hx + by) Z + cz Z = 0, 

and comparing these, we have 

X : y : z = a •. 0 • ~ (“** + (Ag + h0) 

t cli/ti * 

or what is the same thing 

a : 0 :v = x; i/ ; - + %) (/'a? + 6;/) 

0/l£^ * 

(where it is to be observed that the equation g • i9 = a) - « it, Hit, , r h 

th., the li«, AA' BS. OO ml i„ „ o‘ ''““"“'■‘O', of "''o 

fa ‘7.T -T f""”" «'»«»» “liminete ofthoi- the (a, A y) tl.o 

y, 2); first eliminating the (a, 0, y), we find \ > P’ 7 J t-nc 

- Z-i_ ^ 1 cue + /ty 1 hx + hi 

where ^ aJue + by 


)r, completing the elimination, 


Z + hy) Oix + bv) 

Z~ 


which ia 


ah - h? (ax + hi/Y (hx + byy , 

ch ^5 ~ (hb, ~ab, ha'^ax+hy, hx+byy=0, 

a quartic curve having a node at each of the points 

(2-0, ax + hy~0), (z = 0, hx+by=: 0 ), (ax + hy==0, hx + by = 0), 
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that is, at each of the points B, A, C, The right-hand side of the foregoing 
equation is 

= — (ab — /i“) {ha, ab, hb'^a>, = — {ab — h^) h + bt/^ -t- , 

so that the equation may also he written 

{ax -1- hyf {hx + byy c/iV ^aa? bi/^ + xij^ = 0. 

Secondly, to eliminate the (», y, z), we have 


ab — It? Y 2 1 ao + /t/3 1 /wt + 6/3 

“S' d" IT “ i.r CfTo J, „« I Ko ~ "> 


where 




h a ha + b^ b aa + /ij 8 
ohy^ 


Y 

Z 


{act 4 - h$) {hot + 6/3) ’ 


or, completing the elimination, 

{ab — h!‘)ohy^— {hb, — ah, /ta$a« + /i/3, hci + b^y 

2a6 

= ~ (a6 - /i’) A 

that is 

a6> 


= ~ (a 6 - /i») h (a<A + b^ + ^ , 

(^a, 6 , 0 , 0, 0, /3, 7 ^ = 0. 


Writing (cDj y, 0 ) in place of («, /3, 7 ), the locus of the point 0 is the conic 

(a, 6, 0 , 0, 0. jjx, y, ^)» = 0, 

which is a conic intersecting the Absolute 

{a, 6 , c, 0 , 0 , Jt^x, y, zf = 0 , 

at its intersections with the lines x—Q, y = 0, that is the lines GB and GA, 

In regard to this new conic, the coordinates of the pole of G'B'{x = 0) are a,t 

once found to be {-h, a, 0 ), that is, the pole of G’F is 5 ; and simil^dy the coordi- 

nates of the pole of G'A'{y = 0) are ( 6 . -h, 0), that is, the pole of 0^ is A. ^ e 

may consequently construct the conic the locus of 0 , viz. given t e so u e an ^ e 

points ^ and B, we have O' A' the polar of B, meeting the Absolute m two points 
(a,, a.), and O'B' the polar of A meeting the Absolute m the points ( 6 i and 6 ^); tie 
lines O' A' and O'B' meet in O'. This being so, the required conic passes through the 
points tq, 6 :, 6 „ the tangents at these points being Ao., M, Bbu Bb, respective y; 
eight conditions, five of which would be sufficient to determine ^ 2 " of 

remarked that the lines O'B', G'A' (which in regard to the Absolute are the polais of 
A, B respectively) are in regard to the required conic the polars of B, A lespeotive y. 

The conic the locus of 0 being known, the point 0 may be 
of this conic, and then we have A' as the intei-^ction of O A widi AO, B as the 
intersection of O'B' with BO, and finally, 0 as the pole of the line A5 i g 
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to the Absolute, the point so obtained being a point on the line G'O, To each positio^i 
of 0 on the conic locus, there corresponds of course a position of 0\ the loons of 0 
is, as has been shown, a qiiartic curve having a node at each of the points 0\ Ay J3. 

The foregoing conclusions apply of course to spherical figures ; wc see therefovG that 
on the sphere the locus of a point such that the perpendiculars let fall on the sides of a 
given spherical triangle have their feet in a line (great circle), is a spherical cubic. If, 
however, the spherical triangle is such that the angles thereof and the poles of the sides 
(or, what is the same thing, the angles of the polar triangle) lie on a spherical conic ; 
then the cubic locus breaks up into a line (great circle), which is in fact the civolo 
having for its pole the point of intersection of the perpendiculars from tlie angles of bho 
triangle on the opposite sides respectively, and into the before-montioned si^herical coni< 3 , 
Assuming that the angles A and B are given, the above-mentioned construction, by 
means of the point 0, is applicable to the determination of the locus of the remaining 
angle (7, in order that the spherical triangle ABG may be such that tlio angles tuid 
the poles of fche sides lie on the same spherical conic, but this requires some further 
develoimients. The Hues G'B\ G'A' which are the polars of the given angles li 

respectively, are the cyclic arcs of the conic the locus of 0, or say for shortness bho 
come 0; and moreover these same lines G^B\ OA^ are in regard to the conio O, 
the polars of the angles B, A respectively. If instead of the conic 0 wo consider the 
polar conic 0 it follows that A, B are the foci, and G'A', G'B' the corroaponclinir 
duectnees of the conic 0. The distance of the directrix G'A' from the centre of tlui 
conic, ineasunng such distance along the ti-ansverse axis is clearly = 90“ - diatniico of 

transverse semi-axis is =45“, or ivlmt is the same 

- 90“ ConriL ’ '' 1 ^ TT" distaricos) 

-90 . Considering any tangent whatever of this conic, the pole of the taniront is n 

M thfanl^o^;"! " w porpondif^^s lej 

(. 1,0 t L- ^ ^ sirhencal triangle on the opposite sides; hence, to coini>lotu 

nd then ascertain whether the polar of the no' t n ti ’ • tuvnsvorse axis — £>0 , 
liculars from the angles of the triantrlA intersections of the perj^en- 

f the conic O'. Jt is moreover c^ ‘•^«P^«'>ively, is a tangent 

1 question, if with the foci A B anH ^ triangle ABG having the property 

like manner with the f^l ^ 0 andT"" ^ conic; ctrid 

d and the same Weme icitwe 1 E T" 
onics will have a common tansU thT tUi'GG 

oction of the perpendierrfin i ^ t of inter- 

espectively. ^ the angles of the triangle ABO on the opposite sides 
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[Fi'(»u fchc Quarterly Journal of Fure and Applied Mathematics, vol. vni. (1867), 

pp. 334 — 341.] 

In a paper read April 9, 1866, and recently published in the Proceedinys of the 
lioyal Irish Academy, Mr Casey has given in a very elegant form the equation of a 
pair of ciroloH touching each of three given circles, viz. if [7 = 0, F = 0, W = 0 be 
the ofjuations of the three given circles respectively, and if considering the common 
tangents of (F = 0, 1^=0), of (Tf=0, [7=0), and of ([7=0, F=0) respectively, these 
ooininou tangents being such that the centres of shnilitude through which they 
roHjiuctivoly i)ass lie in a lino (viz. the tangents are all three direct, or one is direct 
and the other two arc ijivorse), then if f, g, h are the lengths of the tangents in 
(luostion, the 0 (umtion 

V(/^^) + V(l7V) + ^7(A1F) = 0, 

belongs to a pair of circles, each of thorn touching the three given circles, (There 
are, it is clear, four combinations of tangents, and the theorem gives therefore 
o(piati()na of four pains of circles, that is of the eight circles which touch the 
given circloH.) 

Generally, if [7 = 0, F=0, F'=0 are the equations of any three curves of the same 
order n, and if f, g, h aro arbitrary coeflioients, then the equation 

V(/V)+V(i/F)+V(7tlf) = 0, 

is that of a curve of the order 2n, touching each of the curves [7=0, F=0, F=0, 
Hi” times, viz. it touches 

[7 = 0, at its intersections with gV — hW = 0, 

F=0 .. hW-fU^Q, 

lf=0 „ fU -gV ^0. 


0. VI. 


9 
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If however the curves f/’=0, F=0, 11^=0 have a common intersection^ theiTL tlio 
curve in question has a node at this point, and besides touches each of the tliroo 
curves in points; and similarly, if the ciiiwes ?7 = 0, F = 0, ]F = 0 have k con'inioii 

intersections, then the curve in question has a node at each of these points, and besides 
touches each of the three curves in — k points. 

Ill particular, if F-0, 17 = 0 are conics having two common intorseofcioiiH, 

then the curve is a quartic having a node at each of the common intersection Gin I 
besides touching each of the given conics in two points; whence, if the coefficionts 
/, (j, h (that is, their ratios) are so determined that the quartic may have two moro 
nodes, then the quartic, having in all four nodes, will break up into a pair of conic's, 
each passing through the common intersections, and the pair touching each ot* 
given conics in two points; that is, the component conics will each of thorn touch 
each of the given conics once. Taking the circular points at infinity for the coimmon 
intersections, the conics will be circles, and we thus see that Casey *s theorem in 
effect a determination of the coefficients /, g, A, in such wise that tlie curve 

V(/i7) + V(,(?TOHHV(AWO = 0, 

(which when ?7==:0, F=0, 17 = 0 are circles, is by what precedes a bicircular qiitvrtio) 
shall have two more nodes, and so break up into a pair of circles. 

The question arises, given F-0, F=0, curves of the same order n, ib is 

required to determine the ratios f \ g h m such wise that the curve 


V(/fO + V(i/F) + V(AF) = 0, 

may have two nodes; or we may simply inquire as to the number of the sola of 
values of (/ : : U), which give a binodal curve, V (/t^) + V {gV) + V (/tF) = 0. 

• L ^ Casey’s theorem from Dr Salmon, and communicated it toffothor 

with the foregoing considerations to Prof. Cremona, who, in n letter dated 
Mai'ch 3, 1866, sent me an elegant solution of the question ns to the luinibGr of tlio 
binodal curves. This solution is in effect as follows : 


■nninr oiirves U~0, F— 0, If — 0 of the same order n; considor tho 

pom (/ ^r. k) and corresponding thereto the curve fU+gF+hW^O. As long a« blui 

/0'+!'r+4ir-0, will „„t l,„,e „o<lo, tt.„l 
I II I- ***. ^ necessaiy that the point (/, /y. /,) 

, V “ *'•“ ““s ‘k® node ™ill lie on a otuwo > 

fab, an 0 the curves U. 7, F; and the c«r,e» J and X mil correspond to oreoh 
o her, point to point ; * taking for (/ p, any point whatever on th. om-vr i 
V.T f/or+iF-O will be a curve having a node at some one point 

ZL ; nTd 7 /<^+sr^-hW.0 may be n 00 .“° 

tomg a nod, at . given point on the curve J, it is neoessary that the Lint (/, /.) 

f« l ert Td! 7r"‘ 7 S however neden-'k. d 

atT^dfoft thl cnr7T;tF7.7-rf 7^’ ,7 '*> 

/ +AI7 — 0, IS a binodal curve having a node at 
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each of the corresponding points on J ; and each cusp of S corresponds to two coincident 
points of t/, viz. the point (/, g, h) being at a cusp of 2, the curve /(/ -\-gV'{-hW 
is a cuspidal curve having a cusp at the coiTesponding point ot J. The number of 
the biiiodal curves fU'\-gV^hW-0 is thus equal to the number of the nodes ot 2, 
and tho number of the cuspidal curves fU gV hW -0 is equal to the number <if 
the cusps of 2. The curve 2 is easily shown to be a curve of the order 
niKl class 3n(?i*“l); and qiu\ curve which corresponds point to point with */, it is a 
curve having the same deficiency as Jy that is a deficiency (3n — 4){*hi — •>) , 
liavo tliGUCC the intlokerian numbers of the curve 2, viz. : 


Order is =3 {n - 1)S 

Class = 3)1 (n - 1) , 

Cusps = 12 {n - 1) ( n - 2), 

Nodes = 1 - 1) ( 

Inflexions — 3 ()i — 1) — o)i 

Double tangents = ?i - 2) 4- 3^ - 8). 

Memirts. Tho coiiBidomtion or the foregoing curve S is, I boheve. fat duo to 
V.,t. Cromoua, it k a curvo related to the I'l 

in tlio same wav precisely as Steiner s curve Po is i i i i n ” 

fl -n 0 (1 U-O dU- 0 (Steiiiev, “ Allgemeine Eigenschafteu der algebraisclien 

Vxfvn (laM^ PP. 1-6; -e aJ Clebsch/- Uobev eiuige von Sterner behandol^ 

C rt;.: OnlU,U .it™ (1865), pp. ^ "Ig 

(writing thoroiu for «) are * o»t.c. wrtl, 1,^ t . '7the*bi»«lal and 

t(n~l)(7t-2)(3n»-Sn-ll) and I 2 (»i-l)(tt 72 ) Theory of luvo- 

eiiFipidal curves fU +gV+hW-0, are given J*' gg, 21—38, see p. 32, [348]; 

iutiorC Or»W,V. W- 

but the omploymenfc of tlie cinve 2, veiy i 

Passing now to tho proposed 'I'® I^.^rdCresponding thereto 

of tho same order n ; and we a gi-ortness the curve fl, which is a curve 

tho curve V(/tO + VtoT^) + V STgitn curves U, V, W. As long 
of the order 2?i, having v? contac s that 

the point (/, p, /.) k thlTtL wiut ,f. ». /.) than lie on a 
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point of /. The number of the binoclal curves fl is consequently equal to that of 
the nodes of A, and the number of the cuspidal curves fi is equal to that of tho 
cusps of A ; we have consequently to find the Pliickerian numbers of the curve A ; 
and this Prof. Cremona accomplishes by bringing it into connexion with the foregoing 
curve S, and making the determination depend upon that of the number of the conics 
whicli satisfy certain conditions of contact in regard to the curve S. 


Consider, as corresponding to any given point (/, It) whatever, the conic 
which passes through three fixed points, the angles of the triangle 

= 2 / = 0, z-(). For points (/ g, h) which lie in an arbitrary lino Af+]ig+ 0^ = 0, 
the corresponding conics pass through the fourth fixed point a; : y : ^ \ B : (I 

Assume for the moment that to the points (f, g^ h) which lie on the foregoing curve 
A, correspond conics which touch the foregoing curve X. Then 1^ to the points of 
intersection of the cuiwe A with an arbitrary line, correspond the conics wliicli pmsH 
thiough four arbitrary points and touch the curve S ; or the order of the curve A 
is equal to the number of the conics which can be drawn through four arbitrary 
points to touch the curve 2; viz, if vi be the order, n the class of X, tlie numht^r 
of these conics is or substituting for w, n the values S(n-iy and 

respectively, the number of these conics, that is the order of A, is = 3 1) 2). 

2^ To the nodes of A correspond the conics which pass through three arbitrary points 
and have two contacts with 2, viz, if m be the order, n the class, aucl a; the lunnbor 
of cusps of 2, then the number of these conics is == ^ (2m 4- - 2m -- — ij/c, or 
substituting for m, n theb values as above, and for fc its value ^12(n-l)Cn- 2) 
the number of these conics, that is, the number of the nodes of A, is found to bo 




3. To the cusps of A con-espond the couics which pass through throe arbitrary 

points, and have with S a contact of the second order; the number of these (m, n, i 

as above) is _-3n + «, or substituting for n and « their values as above, the number 

of these comes, that is the mimber of the cusps of A, is Wn 

have thence all the Pltiokerian numbers of the curve A, viz. these me 


Order 

Class 

Nodes 

Cusps 


- 3(71-^ 1)( 3?i-2), 

- 6(11-1)2, 

= f (« - 1) (27w» - 63?i» + 22n + 16), 
= 3(n-l)( 7,1 _8), 


Double tangents = f („ - 1) (i2,i» _ 36, + I9n + 16), 
Inflexions =12 („_!)( 

n«rab.,. include the K.„lt thnl the number of the biutil miS ^ 
is V(/CO+V(i/F)+V(AF) = 0, 


= f (« - 1) (27w» - 63 ji* + 22n + 16). 
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The proof depended on the assumption, that to the points {f, g, h) which lie on 

/* r ]i 

the curve A, correspond the conics + + - — 0 which touch the curve S ; this 

^ X y z 

M, Cremona proves in a very simple manner: the points of J correspond each to each 
with the points of %, or if we please they correspond each to each with the tangents of 
S. To the Qn (n — 1) intersections of J with any curve fl (viz. >J {fU) + V igV) + V (/iliO 

correspond the 6n {n — 1) common tangents of S and the conic + ^ 

a node, two of the Ga (?i — 1) intersections coincide, and the coiTespondiug two tangents 
will also ooincido, that is Xi having a node (or the point (/, g, h) being on the 
curve A), the conic touches the curve %. But it is not uninteresting to give an 
independent analytical proof. Write for shortness 

dlJ =Adx +J}dy +Odz, 
dV A'dx + B'dy + G'dz, 
dW = A"dx + B"dy + G"dz, 

and lot (x, y, z) bo the coordinates of a point on J, (X, F, Zi) those of the corre- 
sponding point on t, (/, g, h) those of the corresponding point on A, Write also 
for shortnoss 

BC-B'O, GA'-G'A, AB’~A'B==P : Q ■. R, 


tlion wo have 


AX +BY =0, 
A'X +B'Y +0'Z =0, 
A"X + B"Y + G''Z=:0, 

J (4) (■f)'*' (f) 


giving A , B , 0 = 0, which is in fact the equation of the ouiwe J ; and moreover 

A', B', C 
A", B", 0" 

giving X : Y : Z ~ P i Q \ B, 'Xi determine the point (X, F, on S; and 




or, what is the same thing, f ■. g : h = P^U •. (^V : R^W, to determine the point 
(/> 3> ^0 Treating now {/, g, h) as constants, and {X, T, Z) as oimmt coordinates, 

the conic -^+4 + 4=0, will touch the curve S at the point (P, Q, R), if only the 
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equation of the conic is satisfied by these values and by the consecutive values 
P+(/P, Q + dQ, R+dR\ or what is the same thing, if we have 


/ 

P 




= 0 , 


fdP gdQ MR _ 

W Q’ R?' ~ ' 

that is 

P= ‘ "I ' : RdP-PdR : FdQ-QdP. 

If the functions on the right-hand side are ns 17 : F : then these equatioi\s give 


f:g:h = P^U-,Q^V: iPTf. 

that is (/, g, h) will be a {wint on the curve A. It is therefore only necessavy to 
show that in virtue of the equation </’= 0 of the curve J, and of the derived 
equation dJ - 0, we have 


QdR-RdQ : RdP-PdR : PdQ-QdP=U : V : W. 


Tahe for instance the equation 


V{QdR - RdQ) - U{BdP - PdR) = 0, 

that is 

dR (UP +VQ+ WR) ~ R ( UdP + VdQ + WdR) = 0. 

and this, and the other two equations will be satisfied if only UP + VQ -h Wli = 0, 
UdP+VdQ+WdR=Q‘, we have, neglecting a numerical factor. 


U = Aie + A'y + A''z, 

V^Bx+Fy +B'% ^ 

W^Ox+Uy +0'% 

whence, attending to the values of P, Q, R, we have 

UP+VQ+WR = zJ=0-, 

hence also 

UdP~^VdQ + WdR+iPdU+QdV+BdW)-=0, 

so that 

UdP+VdQ+WdR==0. 

if only 


PdU+QdV+RdW^O, 
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mill /’* !'• 

ji 11 ; lli’lH'i- llii' ill ijlli’Sl.idH 

oil iliii I'lii vi’ ..N. 


valucH. 1,1,0 left-hand side 
fi-ovod. and (/. 


is =-,/fL', 
is a |K>iiit; 


||, oi III )i,* ihiil 

|lli> lliii''’ arl«iltiiiy iiiiiul i a'l 

I'oniint liv lli> •' llii. i' ii.iiol 

/' ' >'i .1 

itiv.'i>i-< p.tio! . j^). 


• , r: “ connected throa^l, 

lull., Will VI/.. laliiii,. ,01 ,isort tho sides of the tnaiiel - 
tli.o .liiiliii.r jVi.io nuy point, (/ g, k) of A. we take the 

''’''’’''‘f /••'•■\-fPJ + hz:= 0 , and finally the 


i,iv.’i!i>! '•-nir ^ I 1 d, vil.i.h hy ivliiil. pivi’o.lon tonohcH S in the point covro- 
,,|„.ii.liii',f I " tli-’ i-.iui if] -/. f>) -f A; niid I'oiivoi'soly starting with an as.snmcd 

l„iiiil Ml, v.M I d - diM ’ j ■' ( ' II widoh ]ifmsoH thi'ough the angles of the 

iiMiii;!- end l i.i. h. , !*. a" lie' ii p.iiul.; the iiivurso lino fm-\-gy-^hz = Q-, the 

Itiiiiimiii-- p-.iiii (' . V /) Ml dii’i liiiM, iiiid liiiiilly till! inverse point (/, ff, k), which 
will liM nil liiM • »i»M' A. diM pntiii >‘niio',pnHtli«if til iho iiMHUiiiod pohit Oil the curve S. 
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396 . 

ON A CERTAIN ENVELOPE DEPENDING ON A TRIANGLE 
INSCRIBED IN A CIRCLE. 


[Prom the Quart&tiy Journal of Pure and Applied Matlmiatm, vol. ix. (180H), 

pp. .SI— 41 and iVfi— I7(i.] 

OoNSlDEMKO a triangle and the circuniHCvibod circle, and from any point of tho 
circle drawing porpendiculara to tho sides of tho triangle; tho foot of tlio fchroo 
perpendiculara lie on a lino; and (regarding tho point as a variable point on t)n> 
circle) the envelope of the line is a cuvvo of tho third class, having tho lino infinity 
for a double tangent, and being therefore a curvo of tho fourth order with throo ouspa, 
see Steiner’s paper "Ueber oine bcsondcro Curve drittor Klaaso iind viorton GwvchiH,” 
Grelle, t. Lin. (1867), pp. 231 — 237, which contains a aorios of very beautiful gooinobriciil 
properties. 

Ip Greer, in a paper in the last volume of tho Journal, has expro8.scd tho 
equation of the line in a very elegant form, viz, if a, y are tho perpend icular 
distances of the point from the sides of the triangle; A, B, 0 tho angles of tho 

triangle; (X, /a, (A, Y, Z) certain current coordinatus, 

viz. these are the perpendicular distances from the sides, multiplied by sin/l ban A, 
sin B tan B, sin G tan 0 respectively ; then the equation of the lino is 

A'X (X -fi){x-v)+ Yp. {p ~v){p~\) + Zv {v -\){v~p) = 0, 

where the parameters X, p, v are connected by the equation X tan A + ya. tan B-Vv tan <7=0. 
or say by the equation 


Xa+/xb + j/c = 0. 
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Wo havo a cubic o(iuation in (\, /u., i^) with coefficients which are linear functions of 
(A'’, F, and the required equation is that obtained by equating to zero the 
reciprocal it of this cubic function, the facients of the reciprocant being the (a, b, c) 
of the linear relation ; the reciprocant is of the degree 6 in (a, b, c) and of the 
degi’co 4 in the coefficients of the cubic function, that is in (X, F, Z), But I remark 
that the equation in (A, /x, v\ regarding these quantities as coordinates, is that of a 
cubic Giirvo having a node at the point — or say the point (1, 1, 1); the 
corresponding value of Aa -1- /ab + j/c is — a H- b + c, and the reciprocant consequently 
contains the factor (a -p b -I- g)^ or dividing this out, the equation is only of the degree 
4 in (a, b, c). The O(piatiou of the curve thus is 

1 *'-' ^ rocip, {XA (a “■ /a) ( a - i/) 4- F^ — i^) (/<- - A) + Zv {v - A) (j^ - /m)] == 0, 

^a ’l~ 1) 4* Cy 


boiiig of blio (logroi) 4 in (a, b, c), and also of the degree 4 in (Z, 7, Z), that is, 
treating (Z, Y, Z) ns current coordinates, the envelope is as above stated a curve of 
the fourth order. 

A syinmotrical method for finding the reciprocant of a cubic function was given 
by Hesse, see iny paper " On Homogeneous Functions of the Third Order with Three 
A^nriablcs,” 0(Miib, und Duhl, Math, Jour,, vol. i. (1846), pp. 97 — 104, [36]; the 
dovoloped expression there given for the reciprocant is however erroneous ; the correct 

value is given in my “Third Memoir on Qualities,” Phil, Trans., vol. oxlvi. (1856), see 

the Table 07, p. 644) [144] and wc have only in the table to substitute for (f, ij, 0 

the (pianlities (a, b, c), mid for («, h, c, f, (J, h, i, j, h, 1) the coefficients of the 

cubic function of (X, /a, v), via. multiplying by 6 in order to avoid fractions, these are 

(a, b, 0, /, g, It. i. i. I' ) 

= (GZ, 67, 67 - 27 - 27 - 2Z. - 27 - 2Z, -27, X+Y+Z) 

respectively. The substitution might be performed as follows, viz. for the coefficient of 
ii“, WG havo 
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whore the reciprocant in question may be calculated from the before mentioned 
67, viz, multiplying by 3 in order to avoid fractions, the coefficients of the table are 

(«i c, /, g, h, i jy h I ) 

= ( 0 , 0 , 0 , c, a, &, h, 0 , a, -a-t — c) 

respectively, and for the facients (|^, % f) of the table we have to write (ft;, cl, 
The expression of the reciprocant is 

== 6'^cV 4- 4- 4- &c., 

and dividing by \Ye have the equation of the envelope in the form 

+ c^a?if 4* 4- &c, = 0, 

which must of course be identical with the former result 

hoyz {oy — hzy + cazco {az — G&)f 4- (tbxy ^ (^y[f 4- &c. ~ 0, 

Instead of discussing the curve of the third class 

(V ~ 4- hv 4- - vf = 0, 

it will be convenient to write (a?, y, z) in place of (|, f), and discuss tho va\v\:*^ 

of the third order, or cubic curve 

U - CUV (y -zf 'bhy(z-' coy + c,8r(fl7 - yy= 0, 

which is of course a curve having a node at the point {Q) — y — z)t or say at tlu^ 
point . (1, 1,. 1), and having therefore three inflexions lying in a line, The oquation *4 
the tangents at the node is found to be 

a (y - b{z-(cy‘\’G {(z-yy - 0, 

that is, at the node tho second derived functions of V are proportional to 

(& + 0, o + a, -a, -bf -c). 

The equation of the Hessian uiay be found directly, or by means of tho lHhh% 
I4o, 61, in my memoir above referred to. It is as follows; 

{b 4- c) (a (t + <?) 4' 26o} a;® 

4- (c 4- Cl) (c 4- + 2ca} y^ 

4- (a 4“ 6) [o (a 4- 6) + 2a6) 

- (3a? 4" 26o+ 2ca + 2a&) {oy^z 4- byz^ ) 

26c + 2ca + 2a6) {az'^co + oza^ ) 

4- 2ca 4- 2a6) (lal^ 4- aosy^) 

4“ {4# (6c^ 4- b^o + ca^ 4- 4- (i¥ 4- + 6a6c} vyz = 0. 



I j;i \ i> nini i) is riuc i,);. 
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I writG 

X — y-z, Y—z--cCy 

so that we luive iclenticallj^ 

X+F-f^=.0, 

and that the equation of the tangents at the node is 

(.tX^ 1) Y" -f* cZ^ = 0, 

I write also for shortness 


+ J'=G^2J^L, 

IC = H^2K-^L, 

the equation of the cubic is then 

U = axX'^ + byY- + czZ% = 0, 

and that of the Hessian is 

# i7 - ^ + F'y + Fz) + P (J'x + X y 4- O'z) + P (H'(v + K'y ^Lz). 

Now observing that we have 

L^3aAI=^L^S{I , 

X + 36^-i ^ 3 (f? +/ -h X) = , 

x+3ciif=x-^3(xr+ic+x) = ^x/'^;r, 

we find 

fiu + mu - x^ (XT ^ rz ) 

^Y^iFZ^O'X) 

4-P(XrZ-XXF), 

which shows that the function EU+SMU is a cubic function of y-z, z-vd, (o-y, 
decomposable therefore into three linear factors; and the equation KU’^-mU-O, is 
consequently that of the three lines drawn from the node to the three inflexions of 
the cubic (or the Hessian), We know also that the Hessian of the three lines is the 
pair of tangents at the node(^), viz, that regarding any, one of the variables X, Z 
as a linear function of the third of them (in virtue of the equation X+ 7+ -2=0), 
then that the cubic function of 7, Z has aZ'^ + 672 + cP for its Hessian, 

I Tailing as the canoiiioal form of a uotltU oubio thou wa have HV=x^>\-i/‘-22xyz = 0 

+ ia the equation of the lines from the node to the inflexions, and the Hessian of the binary oubio 
is xy, where .ry=:0 is the equation of the tangents at the node. We obtain as the only linear functions 
of 17, HU which are dooompo sable, and xyZf the equation xyz^O gives xy^O whioh belongs to the 

tangents at the node or else s=zOj whioh is the equation of the line through the three inflexions j this lino 
ia so obtained a little further on in the toxt. 
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39f)] 

It iH interesting to verify this ; I write Z = — X —Y, the cubic function then 
assumes the ■ form 

(«, /9, 7 . S$X, 17 , 

where (a, /9, 7 , S) have tlie values presently given. 

The Heasian is 

( 2 a 7 ~ 2/9«) + (aS - . 2XF + (2/38 - 2f ) P, 

or writing '2XY=Z^ — X^— Y'\ this is 

= ( 20:7 — 2 / 6 ^ — «S + ^y) X^ + (2/38 — 2'f — aS — py) F* + (aS — ^y) ZK 

We find after some easy rofluction.s, 

^0.= K' + F', = -3 (a + c) (ao + j¥), 

j0=-7F + 2/ir' + F + r, = 3a(a + o )(6 +c ), 

_ 7 = -ir-i- 277' + /' + (?', = 36(a+c)(6 +c ), 

-.JS= 77'+ = -3 (& + c)( 6 c+il/). 

and hence 

aS _ ^7 = _ 81 (a+ c) (b + c) {(«c + M) (bo + M) ~ ah (a + c) (b + c)), 

where the expression in { } is 

= (cib + 2 «c + bo) {ab + ao + 26c) — ab («6 + ac + 60 + c“), 

= c {a 6 (3a + 36) + 0(6 + 2a) (a + 26) — a 6 (a + 6 + o)j, 

= 2 c (a + 6 ) (bo + ca + ab), 

and therefore 

a8~0y = - 162(6 +c) (c + a) (a+b) Mo ; 

the other coefficients may be similarly calculated, and omitting the merely numerical 
factor, we have 

Hessian = (6 + 0 ) (0 + a) (a + 6 ) il7 (aX^ + 6 F‘ + oZ% 

which is right. 

I write next 

HU-V^MU-'isTJ= X^(-d^as-\rI‘Y -F'Z) 

+ F“ (— 6Sy + iTZ - O'X ) 

+ Z‘(-a'^z+K'X-H'n 
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or writing a} = z—Y, y — z+X, this is 

■\-X^[{I' -F'Z\ 

+ Y‘{J'Z-{0' + b'if)X\ 

+ Z^[K'X-H'Y I. 

we may determine % so that the cubic function of X, Y, Z contains the factor 
aX- + bY^+cZ-] writing Z = — X-Y, then 

Contains the factor Quotient is 

X' ( K'+ F' ) («-tc)Z= -S(ac + ili)X 

+ Z-7(-f/' + 2Z' + i" + /' + a^) + 2c XY +3{bc+M)Y. 

+ Z7''( K'-m'-G'-J'-b'h) +(& + o) P 
+ P (-J'- H' )| 

We have seen that 

IC + F' = — 3 {a + c) (ac + jihf), 

J' +H' = -3{b+o) (bc+M), 
whence the quotient is, as above stated, 

= -8{ac + JI/)Z + 3(&c + ^/) 7. 

Comparing the coefficients of Z“7, we have 

a'^ = -(- H' + IK' + Z' + 7) + 3 (« + c) {he + i)/) - 6c («o + M), 

= 9tt (a + e) (6 + c) + 3 (a + c) {ah + ac + 2ic) - 6c {ah + 2ac + ho), 

= 12a(6c + ea + aii)=l 2«il/, 

that IS ^ = 12Jlf; and the same value would have been obtained by comparing the 
coefficients of ZP. Hence HU -%MU divides by aZ* + 6P + oP. the quotient being 

... . ~12il^i-3(ac + ilf)Z+3(l!»c + JIf) 7 

or, finally it is = “ ^ (ac + Jf) (y - ^) + 3 (Jc + #) (.. - a,). 

~-3[{ho + M)a!+{oa-^M)y-\-{ah-\-M)z], 

and we thus have 

- S-J1/I7= - 3 (aZ= + &7“ + cP) x ((ic + il/) «! + (c» Jl/) i/ + {ah + M) z], 
so that the three inflexions are the intersections of the cubic curve by the line 

(JC + Jl/) .-8 + (ca + Jl^) y + (ah + jljQ ^ ^ Q 

It may be noticed, that if we write 

ic+ y-\. z= u, 
bow + oay + abz = ~ Mu, 
aw+ by + oz~ V, 
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then so^ y, z will be as 

(6 - c) {(2ilf — be) ti — av} 

: (c — a) ((2ilf— ca) ti — bv] 

: {a—b) {(2ilf — ab) u — cz^}, 
and substituting these values in the equation 

aos (y — zf -\-by(z — -^cz((d- yf - 0 

of the cubic, we have a cubic equation for the ratio {%i : and thence the values 

(a’, y, z) for the coordinates of the inflexions, 

It may be added, that we have 

1 2MJJ = — 3 {aX^ + + gZ'^) [{bo + ilf) oj H- (aa -f JW) y -H (a& + M) z] 

H- P {FY ^ rZ) + P {J'Z ^ G'X) + Z^ (K'X - H'Y) = 0, 
which is the equation of the cubic expressed in the canonical form. 

Pp. 176 — 179. Effecting the process indicated p, 73, but writing for greater con- 
venience (a?, y, z) in place of {X, F, Z)y so that the substitution to be made is 

{a, b, 0, / , g , h, i , j , k, I ) 

= (6^V 6jr, Qzy - 2?/, - 2z, - 2a?, - 2z, - 2a?, o)+y^ z\ 

respectively (where I have corrected a misprint in the formula as originally given) I 
find the equation of the envelope to be 

{y — zY a’* 

-I- ^izx (z — w)^ b'* 

+ 4*wy (ft? — yy c‘* 

-h {z'^ + 4- - 2<^ft? + ^mj) b^c 

+ 4ft??/ (a?^ + y® 4' 3-s^ft? - 2ft?y + 6p) c^a 
+ \yz {y^ + 4- 3ft?y -* 2?/^ + 6^«?) a^b 

+ 4ft??/ (fl?^ 4* 2/® 4- 3?/;s^ - 2mj 4 6zx) bc^ 

4 ^yz (y^^ 4 + 3^ft? — 2yz 4 6ft??/) ca® 

+ 4^zx {z'^ + ft?® 4 3ft??/ — 2irft? 4- byz) ab® 

4- ft? (ft?® — — 2x^z 4 ft?2/^ 4- 38fl??/^ + + 12?/®^ 4 12y^*) Vc® 

+ ?/ (y® - 2ifz - 2?/®fl? 4 yz^ 4- 38a?i/^ + 2/fl?^ + 122®ft? 4- 12^0?^) c^a® 

+ ^ “ 2^®ft? - 2<s^ 4 + ^^mjz 4 ^fj/® + 12ft?®2/ 4- 12ftj?/®) a“b® 

4- 2?/;? (lift?® 4- 2/^ 4* 2?/if + 24ft??/ + 24^^/??) a®bc 

4- 2^ft? (11?/® 4* + ii?" - 2^ft; 4 24?/^ + 24ft;?/) b®ca 

4- 2ccy {llz'^ 4- ft?® + 2/® ^^2/ + 24^ft? 4 c®ab = 0. 

C. YI. 
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The function on the left-hand side is the quotient by -• 48 (a + b + c)^ of the 
sextie function, Table 67 of my third Memoir on Quantics, [144] ; the foregoing quotient 
was calculated without using the coefficient of the term in of the table, 

but by way of verification, I calculated from the table the term in question, and found 
it to be 

- 2 (a; 4* y + (yz 4 + (vy) 

4 296 (£» 4 y + jgr) 

— 8 (y V 4 4 «?y), 

and this should consequently be equal to the coefficient of in the product of 

(a4b4c)^ into the foregoing quavtic function of (a, b, c) that is, it should be 

= X - 2fo^y - 4 vry^ 4 SSxyz 4 + 12y^if 4 12y^^) 

4 y if - 2y^^ - 2y^x 4 yz^ + ^^xyz 4 ya;^ 4 4 l^zx^) 

4 ^ (^5* — - 2-2?^ 4 zx^ 4 38ajy^ 4 4 12a?-y 4 12a;y^) 

4 4y-2r (11®^ 4 ^ _ ^yz 4 24^ry 4 24^ii?) 

4 4>8:a* (1 ly^ 4 4 — ^zx 4 24y^ 4 24.'By) 

4 44^y (l\z^ 4 ^ 4 y’* 2.Ty 4 24^a? 4 24y<s?), 

which is accordingly found to be the case. 
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SPECIMEN TABLE jl4r=a“6^ (MOD. iV^ FOE. ANY PEIME OR 

COMPOSITE MODULUS. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. ix. (1868), 

pp. 95 — 96 and plate.] 


Ir iV be a prime number, and a one of its primitive roots, then any number M 
prime to F, or u-hat is the same thing, any number in the series 1, 2 ,... A- 1 , may 
be exhibited in the form Jlf = (Mod. A) ; where a is said to be the index of M m 
regard to the particular root a. Jacobi’s Oanon Aiithmeticus (Berlin, 1839), contains a 
aeries of tables, giving the indices of the numbers 1, 2, 3..,A— 1 oi evoiy piime 
number N less than 1000, and giving conversely for each such prime number the 
numbers Jlf which correspond to the indices a = l, 2, ,.,(JV-1) (^Tabuke JSiimerorum ad 
Indices dutos pertinentiim et Indicum Nmim'o data correspondentium). A similar theory 
applies, it is well known, to the composite numbers; the only difference is. that m 
order to exhibit for a given composite number iY the different numbers less than A 
and prime to it, we require not a single root a, but two or rnore roots a, &,... and 
that in terms of these we have Jf = . . . (Mod. A)- For each root « there is an 

index A (or say the Indicator of the root), such that a.'* = l (Mod. A), A being tie 
least index for which this equation is satisfied; and the indices a, h. ... extend from 
1 to A, A... respectively; the number of different combinations or the product AB..., 
being precisely equal to cf>(N), the number of integers less than and prime to it. 
The least common multiple of A, B..,, is termed the Maximum Indicator and repre- 
senting it by I, then for any number M not prime to iY, we have M =l(Mod. JY), a 
theorem made use of by Cauchy for the solution of indeterminate equations of the 
first order. Thus A =20, the roots may he taken to be 3, 11; the corresponding 
exponents are 4, 2 (vis. 3^ = 1 (Mod. 20) (Mod. 20)). and the product of these 

is 8 the number of integers less than 20 and prime to it ; the series [go to p. 86) 
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4,0 











26 

9 


IH 











27 

3,0 

26 












28 

14 













29 
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SPECIMEN TABLE M = (mOB. iV) &C, 

[from p. 83] of these is in fact 1, 3, 7, 9, 11, 13, 17, 19, each of which is expressible 
ill the required form, vk 1 = 3MP, 3^3M1^ 7-3MF, &c. (Mod. 20): the maximum 
indicator is 4; 1^=1, 3’* = 1, 7^^1, &c, (Mod, 20). 

The table pp. 84, 85 gives the Indices for the numbers less than iV and prime 

to it, for all values of from 1 to 50 ; the arrangement may be seen at a glance ; 
of the five lines which form a heading, the first contains the numbers N] the second 
the root or roots belonging to each number the third the indicators of these roots, 
the fourth the maximum indicator, the fifth the number 0 (N). The remaining lines 
contain the index or indices of each of the numbers M less than iV^ and prime 

to it, the number corresponclmg to such index or indices, being placed, outside in the 

same horizontal line. For example, 30 has .the roots 7, 11, indices 4, 2 respectively ; 
the Maximum Indicator is 4, and the number of integers less than SO and prime to 
it is 8 ; taking any such number, say 17, the indices are 1, 1, that is, we have 
l7=:r7Ml' (Mod, 30). 

The foregoing coiTesponds to the I'abidcu XndicuM Fumero dato correspio^identiwn of 
Jacobi; on account of multiplicity of roots there does not appear to be any mode of 
forming a single table corresponding to the Tabula} Xfumerorim ad> Indices datos pe7*ti- 
nentiim; and there would be no adequate advantage in forming for each number N 
a separate table in some such form as 


iy=:20. 


Roots 

3 11 

Nos, 

0 

0 

1 

0 

1 

11 

1 

0 

3 

1 

1 

13 

2 

0 

9 

2 

1 

19 

3 

0 

7 

3 

1 

17 


which I have written down in the form of a table of single entry; for although 
(whenever, as in the present case, the number of roots is only two) it might have 
been bettor exhibited as a table of double entry, when the number of roots is three or 
more it could not of course be exhibited as a table of corresponding multiple entry. 
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398 . 

ON A CERTAIN SEXTIC DEVELOPABLE, AND SEXTIO SURFACE 

CONNECTED THEREWITH. 

[From the Quarterly Journal of Pure and Applied Mathematics, vol. ix. (1868), 

PI). 129—142 and 373—376.] 

I PROPOSE to consider [first] the sextic developable derived from a quartic equation, 
vk. taking this to be (a, h, o, d, e'^t, 1)^ = 0, where (a, b, c, d, e) are any linear functions 
of the coordinates (tv, y, z, iv), the equation of the developable in question is 

(ae - 4>bd + Sc**)* - 27 (ace - ad^ - + ^bcd - cj = 0, 

I have already, in the paper " On a Special Sextic Developable," Qiiarterly Journal 
of Mathematics, vol. vil. (1866), pp. 106-113, [373], considered a particular case of this 
surface, viz. that in which o was =0, the geometrical peculiarity of which is that the 
cuspidal edge is there an excubo-quartic curve (of a special form, having two stationaiy 
tangents), whereas in the general case here considered it is a sextic ciirve. Ihere 
was analytically the convenience that the linear functions being only the oui unctions 
a, b, d, e, these could be themselves taken as coordinates, whereas in the present case 
we have the five linear functions a, b, c, d, e. 

The developable 
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vi 7 tl.ese eciuations are really equivalent to two equations, and they represent a curve 
of'‘the fourth order which is an excubo-quartic. We may in fact find the equations 
of the nodal curve by assuming («. b. o. d, I)' to be a perfect square, aay to 

avoid fractions that it is = 3 + 2/3t + 7 )’, then we have 


, h 


which equations as involving the two arbitrary parameters a : /3 : 7 , give two equations 
between (« b c d, e), and we may at once by means of them verify the above- 
mentioned equations of the nodal curve. It also hereby appeai-s that the nodal curve 
is as stated an excubo-quartic curve ; viz. we have between a, h, c, dy e a single 
linear relation that is a quadric relation between a, 0, 7 . this equation may he 

satisfied identically by taking for «, 0, 7 properly determined quadric functions of a 
variable parameter 0] whence a, b, c, d, e are proportional to quartic functions of the 
variable parameter 0, or the curve is an exeuho-quartie. 


The equations of the nodal curve may be presented under a somewhat different 
form ; vis. the cubi-covariant of ( 0 , b, 0 , d, e§t, 1 )* = 0 being 


a*d! + 3a6c — St* 

- a?e — 2abd + 9ac''‘ - Qb'^o 

— Babe + 15«cd - lOfc’d 


- + 10ad‘‘ - lO&V 
+ Bade + lOM® - 156c0 
+ f(e’ + 2bde — + 6cd^ 

be^ — 2cde + 2d* 


<r {t, i)'’ = o, 


/ 


say this function, multiplied by 6 to avoid fractions, is 

(a, b, c, d, e, f, 1 )", 

that is 

a = 6 (- a*d + Sale - 2&’), 
b = 1 (- a?e - 2abd + 9ac* - 
c = 2 (- ate + 3acd - 26’d), 


d = 3 (+ (td* — b^e), 
e == 2 (- 1 - ode + 2icf ~ 3i»ce), 
f = 1 (+ ae* + 2l!>de — 9c’e + 6 cd*), 
g = 6 (- 1 - - Sede + 2 d*), 

then the equations of the nodal curve may be written 


a= 0 , b = 0 , c = 0 , d = 0 , e = 0 , f= 0 , g = 0 . 
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ANB SEXTIC SURFACE CONNECTED THEREWITH. 


It iTjay be mentioned that we have identically 

ae — 4bd + 3c- = 0 , 
af — 3be + 2cd == 0, 
ag — 9ce -h 8d^ = 0, 
bg — 3cf + 2de = 0» 
bf — 4ce -H 3d^ = 0, 

and moreover 

ag— 6 bf 4 * 15 ce — lOd^ 

- - 6 (bf- 4 ce+ 3 d^), = + 6 (P- 27 / 2 ), 

so that the equation of the developable may be written in the form 

ag — 6 bf-|- loce - 10 d^= 0 , 

or in the more simple form 

bf- 4 ceq- 3 d® — 0 , 


each of which puts in evidence the nodal curve on the surface. 


The nodal and cuspidal curves meet in the points 

being, as it is easy to show, a system of four points. The four points in question 
form a tetrahedron, the equations of the faces of which may be taken to be «j = 0, 
y = ;^ = 0, ^ = 0; and the equation of the surface may be expressed in this system 

of qundriplanar coordinates. 

We introduce these coordinates ah iniiio^ by taking the quartic function of t to be 
(a, 6, 0, d, e^t, 1)^ - + a)* + y (t 4 * /Sy + ^ (i H- 7)* + ta 

that is, by writing 

a — £0 y + z ^0, 

h + y + 7 ^ 4 * 

G = 4- 4 7^<^ 4- 

c? = 4 4 7 ®.sf 4* 

e £=: 4* 4 7 ^^ 4 

Observe that {tu U> U) being any constant quantities, we thence have 

c — d^ti 4 4 ^^^35^8^4 

= (o{a 

4 y(/ 3 -ii)(/?-< 3 )(/ 3 “^a)(/ 3 -^ 4 ) 

4 ^ (7 ^ 0 (7 -^2) (7 (7 Q 

4 * w (S — ^j) (S - y (8 — %) (8 — ^ 4 ), 


0. VI. 
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and tlience in ^Jarticular 

e — dXa+otafi — btafiy + a a/SyS - 0, 

viz. this is the linear relation which subsists identically between (a, b, o, d, e), the live 
linear functions of the coordinates (ai, y, z, to). 

Starting from the above values of (a, h, c, d, e), we find without difficulty 

7 = (a - /Sy a?j/ + (a - y)* xz + {a ~ S)* .^•w + (/3 - yf yz + (^~ S)* yw + {y- B)* zw, 

/ = (a - /S)» - yy (y - af ceyz +{ci-^y(fi-By{B-ay leyw 

+ {a - 7)^ (7 - Sy (S - a )’ xzto + (/3 - 7)’ (7 - S)^ (S - ^y yzw, 

but we thus see the convenience of introducing constant multipliers into the expressions 
of the four coordinates respectively, viz. writing 

(e — {^yBy w', 
y=iyBayy', 
z —(Ba^yz', 
w — (a^yy w', 

where for shortness 

(^78) = (^ - 7) (7 - 8) (8 - / 3 ), &o,, 
or what is the same thing, taking the quartio to be 
(a, 6, 0, d, e^t, iy^a/{^ySy(t + ay + y'(yBay(t + ^y-^z\Ba^y{t + yy + w'ial 3 yy{t + 8 y, 
we find 

J = (X'{iv'y{altfxy + y'z'w' + z'a'm' 

I = (X'/rV) 1 ^“’ + y'^) + h' (2/'w' + zx') + v (z'w' + co'y')], 

where for shortness 

X' = (a -8)^/3 -7)> 

/i-' = (/ 9 - 8)’ ('/-«)’. 
r' =(7 -8)*(« -/ 3 ), 

or writing 

V(V) = (a- 8 )(/ 3 - 7 ), 

V(Mf) = (f 9 - 8 )( 7 -«). 

V(r') = (7-8)(«-A 

we have 

and the equation of the developable is thus 


{X' {a/w* 2/V) p! (y V H- ^&{) + 1/ {&fvf + a?y)}^ - 27xVi;' {x*y'z* + y -f -}- af'tjwy = 0* 


Observe that 0 is a cubic surface passing through each edge of the tetra- 
hedron, and having at each summit a conical point; /~0 is a quadric surface passing 
through each summit of the tetrahodron, and at each of these points the tangent 
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plane of the quadric siu^face touches the tangent cone of the cubic surface; to show 
this it is only necessary to observe that at the point {cs =0, y' - 0, / = 0) the tangent 
cone is y V + V H- az-y 0, and the tangent plane is + + rV = 0, and that 

these touch in virtue of the above-mentioned relation V (^0 + V (^^0== 
follows that on the curve of intersection, or cuspidal edge of the developable, each of 

the summits is a cuspidal or stationary point, that is, the cuspidal curve has four 

Btationary points; this agrees with the character of the curve as given, Salmon ‘'On 
tlie Glassification of Curves of Double Curvature,” Gamb. and DubL Math, Jour, vol. v. 
(1850), p. 39, viz, the character is there given 

a — 6, = 6, - 4, r = 6, (/ = 3, A ~ 6, a — 0, /3 - 4, x = 4, y = 6, 

(/S — 4s that is, there are as stated 4 stationary points). 

To find the equations of the nodal curve, instead of transforming the equations 
given in terms of (a, b, c, d, e), it is better to deduce these from the equation 

of the surface; viz. if there is a nodal curve, we must have 


: 8^/ : 8,^/ : 18/ 
“ 8jjj'/ ; 8y’/ ; B^^J ; 8^y'/ i 


Writing these under the form 8*.J+ 0, &c., where O’ is regarded as air arbitrary 
parameter (0, we have 

XW + im'z' + vij + (yV + y'w’ + z'w') = 0, 

XV + jaW + rV + O’ + irV) = 0, 

X'y' + d" ^ (®y d- lo'w' + y'w ) = 

X'a/ + /jtfy' d" v'z’ + O' (y V + i^iif+xy) = 0, 

which equations (eliminating 0') must be equivalent to two equations only. 


I remark that the fii-st three equations may be regai-ded as a set of linear 
equations in 1, w'. O', O'vi \ and determining from them the mtios of these quanti les, 


we have, siippose, 


1 \ —vi — O'w' = A : B : G '• D, 


B= ijz', i/d-/, y/ d-i-y |, 
/«/, / 

®y, 

0 = i/d-/, iJ^'^+v'y', y , 

/ + a/, v'ai' -b XV , y 

(o'+y', xy-i-yie', / 


y/ d- v'i 


where 

y'z', y'd-/ 

y, /«)', / + ®' 

v', idtj, ffi'd-y 


ISJ 

* Tbo value of 0* is in foot ^ ^ x * 


that is, 


instead of the foni 


imrainetor 0', we Imvo really four determinate equations. 
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We have thence AJ) — BG = 0 and (substituting in the fourth equation) A (XV + + y V) 

q- 0(yV q- a?y) = 0 ; each of these equations must contain the equation of the 
cone having {af = 0, 2 ^ = 0, ^ — 0) for its vertex^ and passing through the nodal curve. 
The two equations are of the orders 6 and 4^ respectively; and as the curve is a 

quartic curve passing through the vertex in question, the equation of the cone is of 
the order 3. I have not effected the reduction of the sextic equation, but for the 
quartic equation, substituting for ^1, O their values, this is 

- (XV + + vW ) [XV^ {y -- z^) -h (^' - ^'y\ 

+ (y'j^ d- ^V + a/y) [W (r/ - z') + (/ - a/) + vz' (o)' - y')] 

4- {y.V (y^ - z') + {z' - o)') + XV (a/ ^ y')} (a;' + 2 / -h /) = 0, 

which is easily reduced to 

X'V (- + y'z' + /iu" q- a/y') {y‘ - z') 

+ (““ Y d' 4- (vY) 

4 - z;'V (— 4- y'z' 4 - z'io' 4- xi'y*) v') 

+ fjfp' [(a/ + 2 /' 4- z') (jfV + z'io' ^ w'y) 4 - a/y'z'] (y' - z') 

+ v\* [(/o' 4- + /) (y V + /aj" 4- ) -f so'y's/] (/ - m') • 

4- xy [{(xf + ^J ^ z') {y'z* + 4* &!y') + aiy'z'\ {x - y') =: 0 ; 

and I have found that this is transformable into 


2 K V (V) + y V (^0 + V(0} X 

^ {V {y!) - V (^01 (V (^0 - V (V)} (V (V) -- V (y))] = 0. 


viz. the two functions are equivalent in virtue of the relation V(X') 4* \/(/a0 + V (^^0 = 0, 
or, what is the same thing, they only differ by a function {x\ y\ zy into the 
evanescent factor X'*4 -/a'^® 4- — 2/6V""2i^V — 2xy, The function in { } equated to 
zero is therefore the equation of the cubic cone. 

I do not atop to give the steps of the investigation in the above form, as the 
investigation may be very much simplified as follows: by linear combinations of the 
four equations in x\ y\ 6\ we deduce 


( yJ -- y! - v') (a/ 4- if/' — 2 /' 

(— X' 4" y v') ( 2 /' + ^ — ^0 + 26' {/x' - y'w') = 0, 

(— X' *“ 4 p') (z' ’{•w' x' — y^) 4- 26' (w'y' - z'w') = 0, 

( X' + /a' + P^) (x' + y^ 4rz' 2(/) + 26' -j- -h oiy* + odvS 4- 2 / V 4- z'vi) = 0, 

Hence writing 

X = X' — /A*' — E/', a? = V 4“ — 2 / ^ 

— — v\ y ^v)' — x' 4'y* — 

y = — X' - /x' 4' 1 ^', Z = 4- z\ 

10 — lo' 4 - 4 - 2 /' 4” 
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we find 

and thenco 
that ia 


/XV H- yA + A/u. = — (A^* + /it'® + v'® — 2/x'v' — 2v'A' — 2A'/[t'), = 0, 

J + - + - = 0. 

\ fj, V 

the relation which connects the new constants A, /t, v. Moreover 

yz ~aiW = 4i (y'^' — x'lo'), 
zx—yw = 4i (/a)' — y'tt/), 
xy — zw — i {x'y' — z'w'), 

Syfi _ fl.® - y® ~ 0 ® = 8 + z'x' + «'y' + oj'w' + y V + ^V), 

and writing for greater convenience B = — the equations are transformed into 

OXx — cow — yz, 

6iiy = yw — m, 

6vz=zw—«y, 

2d (A -h /It + v) = 3w® - ®® - y® - 


where 


i+I + i.o, 

A /it V 


viz. these equations, eliminating 6, give the equations of the nodal curve. 
From the first three equations eliminating 0, we deduce 

yzw{iz~v) = x(izy^ 
zxw (v — A) = y (vi^ — X®*), 
wyw (K-/i) = e (A®® - /ty®), 

or, as these equations may bo written, 

x'^(uAf~vi^‘) y®(v^®-x®®) ^°(Aflf-/ty®) 

P-X A-/a ’ 


which ecuatic™, (horn the mod. in which fcy ». »«. •« U - '1“ 2t“to 
to two Vtiona only. Voing lh« fourth oquafon, and ehm.nat.ng d by .uhstotai 

therein for dA, d/it, 6v their values from the first three equations, we fi 
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that is 

or, what is the same thing, 

&)yz “h 2w {y’^z^ -h js^^“ + 

we Jiave to show that this is in fact included in the former system, for then the 
four equations with 6 eliminated will it is clear give two equations only. 

Observe that the former system may be written 


{p.y'^ - vz^) 
{fi-v) yz 


+ (jj' - X) + (\ “ ^) — 0, 


and that we have tlms to show that substituting for w the value — 
in the equation 


CO (/iy^ — 


coyz (3?y^ + (yV + + (o^y"^) = 0, 

the result is 

(/A — v)y'^z'^ + (r — X) >8;V+ (X — /li) xhf — 0. 
The substitution in question gives 


that is 


3a;® — vz^Y 

{t^-vfyz 


■Yyzia^+'tf-^r!^)- 


2 {jjLy'^ ~ vi^) 

{li-v)yz 


+ a V + (o^y^) = 0, 


3a)^ (fiif — vz'^y + - J')” (ci/‘ +y^ + z‘‘) ~2(ji- v) (jtaf — vz^) {t/z"^ + z'^s^ + x^y"^) = 0, 


■which is in fac't 

■- pFy^ {y^ — sfl) {z^ — *“) + 2/4i/aj“ (y^ - (y^ — z^) («'• — y^) = 0, 

that is, thrOAving out the factor y‘‘—z^, it is 

— ( 3 “ — (B^) 4 - 2 /tti'a;® ( 2 /* — — vV (a? — y^) = 0 . 


Ill 

But in virtue of the equation ^4 }--=0, Ave have 

X fz V 

Y K/^ ~ y) ■+ (j' - Ja.) + (X-/j,) xY} 

= ~0ui^(y^—z^) + py^(z’-ai‘) + vz^(af‘-y% 

= (y* — ^“) — (jtt 4- v) [/t^ 4- r-s’ ~ 2/’)3> 

— — y?y'^(Y~o?)-\-^fH>(^{y^—z^)~v'^z^{x'^-y^), 
and the requii’ed property thus holds good. 



ggg^ SEXTIC SUBPACE CONNECTED THEREWITH. 

We thus see that the equations of the nodal curve are 

a?UtP-vz^) ' 

= > 

the nodal curve is thus the partial intei-seotion of the two cubic scrolls (skew surfaces) 

- v) wyz = » (/*/ - vz^), {y - X) v)zx = y {vz-^ - 

viz takinq A, B, 0, D to he the summits of the tetrahedron the faces^ 

a—O vio ^ = 0, w = 0, the fii-st of these has AB for a nodal directrix, BC foi^ a 

AgU dtaoto, A, CD fo.. tho «<»ucl !... £/) to.- o no« 

for a single directrix, AD, OD for geneiutors; the surfaces inteisect in the line JW 
Zicl thf line 11) twice. ’and the L GD ; the order of the residual curve, or nodal 
curve of the developable, is thus 9-(2H-2‘f 1), -4< as it should bo. 

I reniarh that the equation 

{fi — v) H- (i/ — X) H- (X “ ^) = 0^ 

ta the Dciuatiou of the cone having to rertsv .it ths point C, (.-0 t/ = 0, o = 0)j nnd 
L“nVth.-ough the nod.l cm-ve; tho line. 2)A. DB, DO »ve «oh of to a i^odal hno 
7Zc™”«“lta thvongh livo point.” of tho omvo; tor an »" ™ 

tho number of lino, through tivo point, which pas. through a given pomt not on 

curve is in fact = 3. 

It remains to introduce tho coordinates («, y, z, v>) equatioi 

developable. "We have , , , 

^ -v>^(& — y-z, 

^y' =!■}» — K Ay — z, 

4/ = w — a' — jy + 2^, 

Aad' — v) a x + y a Z!, 

lQy'd=(w-«!y~(V~^y- 

16»W= (w + a)» - (y + «)% 

8 (aV + 2/V) = + a'" - - d‘ 

8 {y'to' Az'd)-^l^-dAy^- 
8 (z'w' + ay ) = «/“ - a“ - -I- 

16 (2/V + + a'2/') = («" " 

Aivi-yf-iy-df 

+ (w-z)’‘'- (a -?/)'> 

= Sw‘^ — 2w{x Ay A z) 

_ fl}2 _ j/» — + 2i/z + 2ifa + 2a!?^. 


and thence 

giving 

and similarly 
and 

Moreover 
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Oonsequeiitly 

GM (y'j^ + z'co + afy') = {wi-a^ + y+z) 

X 2i« 2yz + 2z{v + 2a?y}, 

64i0^yW {w -h ic-y — z) {w - (€ -{^y z){%o- {c--y - z), 

= 

- (a? + ?/ + 0 ) 

— w («?^ + + -0’ - 2j/^ — 22 :«; - 2xy) 

4“ 4- - zx“ — — xy^ — 4- 2a?2/-s^. 

Putting for shortness 

_p = «?4-2/4-^, V + 22^2; — 2£rfl; — ^osy, 

the two expressions are 

Svj^ w'^ 

-H ^0^+2) +to'^,-’P 

4- 2j)^- V — w.V 

— V 4- 4-^® 4- ^ y^z - yz^— z^x -^za^ — rnhy-^coy"^ + 2(k^z 

or observing that - pV is 

= — - 2/^ — <2^ + 2/^^ + yz^-\-s^X'Yzx'^ 4* x^y •^xy'^ 4* Gccyz, 

we have 

64 {v)^y'z^ 4- + wVy' 4* 

= - 2w (j5^ 4- V ) 4^ Sa;?/^, 

= 4?y^ 

— ^v) (a?^ 4 2/® 4 

4- 8a?j/^, 

that is 

1 6 {iv'y^z* 4- 4 w V3/' + 

— (a;^ 4 y^ 4“ -2^^) 

4- ^wyz. 

Moreover 

8 (X' 4” y V) 4 (y V 4 /a?') 4- / (^fW 4- a?y)} 

= V 4 — y^ -0^) 

4- — a?^ 4" y* 

4- v'(w’*-a?2--2/®4- A 
(X 4 At4 v) 4 Xa?'* 4- /4y® + ; 
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and we have 

X = 2 (/3 - 8) (7 - 8)(7 - «) (« - /3), 

= 2(7 - 8) (a - 8) (a - /9)(jS- 7). 
v = 2(a-S)(^-8)(/8-7)(7-a), 

whence Xfiv — 

Hence finally fju, v denoting as just mentioned, and therefore satisfying 
III 

^ ^ L =5 0, the equation of the developable is 


\}iv — w {aP + >3^0 -f ^(oyzY + 108 j(X + + v) 'iiP — XoP — — vz^Y “ ^ 


(say this is 108;S*=^0), and this surface (which has obviously the cuspidal curve- 

S — 0, T — Q) has also the nodal curve 


ivxyz — 


ap (fiif — v:P) ^ (vz^ — Xo;^) _ z^ (Xx ^ /ly-) 
/i— J/“X X — /4 


I will sho^v ^;o5ierio?’i that this is actually a nodal curve on the surface. Intro- 
diieing an arbitrary parameter $, the equations of the curve may be written ut sii 2 )ra 

dXx = ffno yz, 

Qfxy = yw — ZXy 

6vz ^zw-xy, 

20 (X + 

and WG have thence, as before, 

2 w ('siw - = 3?«o 

V w y z / 

Honco 

-«?- 11^ - 2w ((^ + ^/^ + z^) + 6a;yg 

“~(X + )U.-l-v)w ~ --\!>?-yAf-VZ^' ’ 

Zvf - w (fl;° + 

~ (X + /* + v) w'* ’ 

3 (w° - w (a!° + ?/° + + ’iiizyz] 

“(X + zti + v) w®— Xa? — /Ay’— 

_32’ 

lionce writhig 

0 (- 2Xa») - (- 2wa! + %yz) - 0, 

0(— 2/t7/)-(~2jt;y + 2^ra!) =0, 

9{~'ivz)-{-2m+%cy) =0, 

5 . 2 (X + /4 + v) «< - (3 m;’ - y® - «’) = 0, 


0. VI. 
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substituting for 6 its value = and attending to the significations of 8 and T, we have 

- 288 J’= 0, 
m„S~ 288 /r^ 0 , 
n%s-2ss/i’=0, 
m„S-2S8„T=0, 

which are in fact the conditions to be satisfied in order that the point {ai, y, z, w) 
may belong to a nodal curve of the surface 108,S‘>= 0, 

It is to be noticed that the coordinates of the before mentioned four points of 
intersection of the cuspidal and the nodal curves (being as already mentioned stationiu-y 
points ou the cuspidal curve) may be written a?, y, z, w — (lt 1, 1, 1), (1, ” )> 

(- 1 , 1 ,- 1 , 1 ), (- 1 , - 1 . 1 . !)• 


We have thus far considered the developable, or toi-se, the equation of which is 

jX' (ffiV + y'^') + K (yV + z'm') + v' + oo'y')}^ 

- 2*l'h!p!v' {«!y’z' + ju'y'w' + + y'zWy = 0, 


where V + V W + V (r) = 0 i oi’. ^hat is the same thing, writing a, b, o, in place 
of v'(/). ^i»') I'espectively, the torse 

{a^ {afii/ + yV) + 6’ (yW + + c’ (zfio' + «fy')Y - 27«W {x'yW + x'y'ti/ + x'z'w' + y'z\vj = 0, 

where « + 6 + c = 0. 

Inverting this by the equations y', s', w'-“> y> obtain a sextio 

surface 

{a’ (anu + yz) + 6* (yw + zx) + o'‘ {zw + xy)Y ~ 27 a“iV xyzxu (« + y + « + = 0, 

where » + 6 + c = 0; which surface I propose [secondly] to consider in the present paper. 


The surface has evidently the smgular tangent planes a' = 0, y==0, z = 0, w - 0, 
each osculating the surface in a conic, that is, meeting it in the conic taken thrice, viz.. 


" 0, in 

a conic 

on the quadric cone 

a^yz + b^yto + (?zw — 0, 

y'=o, 

i) 

i> 

>> 

a®aw + b^zx + e^zw == 0, 





a’icw + ()“yw + c%y = 0, 

w = 0, 




a!)/s + h^sx + c®iry = 0 ; 
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and iti has also a cuspidal conic, the intersection of the plane + + = 9 with 

the quadric surface 

{xio + yz) + (y w 4- zx) -f c'-* {ziu -\^yz) — Q\ 

iti may he observed that the four conics of osculation are also sections of this surface. 

The surface has also a nodal curve, the equations of which might be obtained by 
inversion of those of the nodal curve of the sextic torse above referred to; but I 
prefer to obtain them independently, in a 83nithetical manner, as follows: 

Take a, /9, 7 arbitrary, and write 

A = (6 - c) a -f “ C7 , F -hy 

(c- a)y 8 + C 7 -aa, 

— 0 — (6 “ c) 7 4- - &A -2^ = "" 

M = (6 - 0) a + (c - tO /3 4 (« - &)7> 

then it is to be shown, that not only the equation of the surface is satisfied, but that 
also each of the derived equations is satisfied, by the values 

X X y : z \ iv^aAQIIQ : bBHFQ : oGFQQ : ahoFaUM^ 

each of the quantities A, By Gy ilf, Q linearly expressible in terms of Fy Oy Hy 
Avhich are themselves connected by the equation ai^4i<?4oF=0; the foregoing values 
of (Zy yy Zy w are consequently proportional to quartic functions of a single variable 
param eter, say F Q \ and there is thus an excubo-quartic nodal cm ve. 

To establish the foregoing result, we have 
aA 4 hll 4 efr =0, 
aB^hB^GF = 0 , 
aG^46J’4ca-0, 

(lA 4 bB 4 cC? =0, 
aF 4 4 cH = 0, 

4 0 •{’ B By 
boF 4 cciG 4 cibB = Qj 
2bcF - 

2oaff = — oPA 4 b^B — d^Gy 

2abB=^-(M-h^B-\-G^0y 

a A OB 4 bBBF 4 cFO - ahGM (a 4 jS 4 7)^ 
aOB ^bBF ^oFG - -ai)o(a4/347)S 
a^AGB 4 bBIBF 4 o^OFQ ^ aftc {Q (« -t /3 + 7)' + ^^GH}y 
aBCF ^bOAO ^GABB=^2Mahc(a^^ + y)\ 

Q (a 4 4 7 )^ + FQB— ABGy 

^,hiol. arc all oE thorn idoatW equation.! but .. to »u.e of then, the ve.«catiou i. 
rather complex. 


13—2 
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Hence we linvo 


nncl thence 


«; + 2 / + ^ = Q {aA GII -t- bnilF -l- oOFO) 

<=ahGMQ{a + ^-\-yy\ 

V) = aboMFOlI, 

«! + y + -HO = (thoiliT (Q (« -I- /3 -I- 7)''’ -I- FGJl\ 
^ubaMAm 


Moreover 
and 
Again 


wijzw = {ahoy AMJihniJy 

2*Ja^bV(eyztu {w H- y + ^ + wy = 27 (ahoy {AlUlFGJlMQy (»). 

{ahv -f hhj -I- (i^z) w - abcFGllMQ («^vl Gil -I- lr[lt}fF~\- c^OWr) 
= (ahoy FGlfMQ ((^ (« -|- -i- 7 )’ -i- :]FG][\ 
ahjz -H b'^za) + d^aiy - ahoFGIlQ^ {aH(IF-\- hOAG -I- oABll) 

= (aboy FGllMQ . 2(^(« -|- /a -i- 7 )'-', 

(tm + yz) -I- //•’ (yw -I- ao) H- (1‘ (my -|- zw) 

= 3 (ahoy FGIIMQ (('^ (« -I- -i- 7 )'^ -|. FGII\ 
^tiiaboyAHOFOmKi (»). 

and the two equations iniirlced (*) verily the ociuation ol* the Hiirfneo. 


and thence 


To verify the derived equations, write for a moment -|-//■'(^w•|•;yJo) 

-|-e’‘(a’y-|-^«o), so that tho oriuation of the siirfaeo is 7'“--27a“//''oVyajo(i/)-|-7/-|-i:-|-w)''»(), 
and tho derived e(|uatioa witir respect to 10 is 

2 

"P (ho ui at -h y -I- z -|- lo ’ 

or substituting for P and io-\-y-[-z-\-w their values, this is 


and similarly for y, z, and w. In particular, eousidoring the derived equation in respect 
to w, tliis is 

a^o) + ¥y -i- o^z = (t/;cA7/6'f^ -I- ^MiFGH 

^ahoq{ABa-^mm), 

and wo have as before 


a?a) -I- 6’y -p « Q («''A Gil H- bmiF + 

a uboQ (« -I- /9 + 7)» -I- 3jtY?7/} 
att 6 oQ(A 77 (;-h 21 >W), 

which is thus verified; tho verification of tho derived equations for y, z, w can bo 
offeoted, but not quite so easily, 

The existence of tho oxcubo-quartic nodal ourvo is tlius ostablialied. 
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ON THE CUBICAL DIVEBGENT PAHABOLAS. 


[From bho Quarterly Journal of Pure and Applied Mathematics, vol. ix. (1868), 

pp. 185—189.] 

Newton rockons five forms, viz. these are the simplex, the complex, tho orunodal, 
the (usmdal, and tlio ouspidal, but os noticed by Murdoch, the simplex has three 
different forms, the amptdkie, the neutral, and the oampani/orm. We have thus the 
8 forms nb once distinguishable by the eye. 

Plllokor has in all 13 species, the division into species being established or completed 
geometrically by roforonco to the asymptotic cuspidal curve (or asymptotic semi-cubical 
parabola), and analytically as follows, via, writing the equation in the form 

= ~ 3c« -1- 2d, 

bho different 8pecie.s are 

.simplex, anipullatc, 

„ y* = — Sea; — Id^ ^ ^ ’ campaniform, 


if = 2d, 

„ y^ = aP- 2d, 

» y" = (9^ -H Sox -b 2d, 
„ = ar* -b 3caJ, 

„ f = -b 3ew! “ 2d, 
complex, y- — a? — Zcx -b Sdl 
„ f = aP— 3ft'» — 2dj 


neutral, 
campaniform. 


e® > d®. 


= a?’ — 3ci», 


acnodal, y* = le® — 3c<b — 2c V (c), 
crunodal, i/® = ib® — • Sox -b 2c V (c), 
cuspidal, y^ — x^', 
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biifc of the simplex species, there are five which are to the eye campaniform, and the 
three complex species have with each other a close resemblance in form. 

I remark as regards the simplex forms, that the tangents at the two inflexions 
meet in a point R on the axis, and that the ampiillate, the neutral, and campaniform 
forms are distinguished from each other according to the position of R, viz. for the 
ampullate form, R lies within the curve, for the cami}aniform form R lies without the 
curve, and for the neutral form, R is at infinity. It is to be observed, as regards the 
complex forms, that here R always lies without the curve, between the infinite branch 
and the oval. 

The further division of the simplex and complex forms so as to obtain the 7 + 3 
species of PlUcker, may be effected by considering in conjunction with the point R 
a certain other point I on the axis; it is to be remarked that excluding the 
inflexion at infinity the cubical divergent parabola has in all eight inflexions, two real 
and six imaginary, viz. the inflexions lie by pairs on four ordinates, or if (o be the 
abscissa corresponding to an inflexion, o) is determined by a quartic equation; this 
equation has always two real and two imaginary roots, each of the imaginary roots 
gives a pair of imaginary inflexions; one of the real roots gives a positive value for 
and therefore two real inflexions, the tangents at these meet in the above-mentioned 
point R on the axis; the other real root gives a negative value for and therefore 
two imaginary inflexions, but the tangents at these meet in a real point on the axis, 
and this I call the point 7, It is clear that for each of the four pairs of inflexions 
the tangents at the two inflexions meet at a point on the axis, so that if X be the 
abscissa of such point, then X is determined by a quartic equation; two of the roots 
of this equation are imaginary, the other two roots are real, and correspond to the 
points R and I respectively. 

The equation of the curve being as above 

= Sex + 2d, 

then the coordinate x belonging to a pair of inflexions is found by the equation 

^ + Sdso - = 0, 

or what is the same thing, 

(1, 0, -0, 2d, iy-0, 

(the invariant 7 is == 0, and hence the discriminant, = — 277^ is negative, or the roots 
are two real, two imaginary, as already mentioned): the corresp on cling value of X is 
easily found to be 

Sox — 

and we thence obtain 

SeX^ - 47X® -- + l2cdX - (c® + ^ 0, 

or what is the same thing, 

(3c, —d, Sed, 1)^=5 0, 
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lor Mi«) (.!(|ua(;i()ii in X; (ihc (luadrivivariaiit I is =0, and hence the discriminant, 
is nngafciv<! ; that is, tlio roots are two real, two imaginary, ns already 

inontionod, 

Ooimuloring the siinplox Ibi'ins, first, if o = 0, thou for the curve 

;!/'■* — /r* -(- 2d, 

it appeal', s that R lies at infinity, I within the curve; and for the curve 

y'i es _ 2d, 

that R lies without tho ouvvu, 1 at inlinity. 

■It further appears that when d^O, or for tho curve, 

(«■' -|- 3ca), 

U, 7 lie equidistant from the vertex, R without, I within the curve, 
lienee in the curve 

y'J » rt”' -p + 2d, 

mnee, when <7^0, the points .77,/ are ecpiidwtant from tho vortex, and for c = 0, the 
point R, is at inlinity, it is easy to infer by continuity that tho points R, I lie R 
without, ./ within the curve, I hoing nearer to the vertex. 

And similarly in the e.urvo 

;!/■’ = w' d- 3c.« — 2d, 

that the |ioints .77, / lie 77 without, 1 within the curve, .77 being nearer to tho vertex. 
.Again, in the curve 

y^-=«;^~3(,wH-2d, 

since, in the curve y-'-.iH.-'phe/a-P 2d, .77 is without, I within tho curve, and as o 
heeomes --0, 77 passes olV to iulinily, it appears that o having changed its sign, or 
for the e.ni've new in question, 77 having passuil through inlinity, will bo situato within 
the cm vu ; tliat is, .77, I Ins eaoh of them within tho curve. 

.Ami similarly for the curve 

yj =: tifi - }]c,v — 2d, 

It aiqieai’M that .77, I lie each witheut the curve, 

l [ciiee, linally, for tlie simplex foriiiH, wo have tho 7 .species of riUckor 

yj SB flj* — Jlca-’ -I- 2d, c‘‘* < d’’, 

siuiplex ampullato, R, [ within tho curve; 

yVs=a'»--3ft'« — 2d, 

simplex campaniform, 77, I without the curve; 

yS za (!? + 2d, 

simplo.x iioutral, I within tho curve, 77 at infinity ; 
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f=a?-2d, 

simplex cainpanifoi’m quasi-neutral, R without the curve, I at infinity ; 

simplex campaniforin, B without and further from, I within and nearer to the curve ; 

3Cil\ 

simplex canipaniform equidistaiit, viz. R and I are equidistant from the curve, 
R without and I within ; 

y2 ^ ^ „ 2d, 

simplex canipaniform, R without and nearer to, I within and further from tho curve. 

Passing to the complex forms, sujipose for a moment that a is the diameter of 
the oval and j3 the distance of the oval from the vertex of the infinite branch ; the 
equation of the curve then is ’if = a!{(G-a){co-a-l3\ or changing the origin so as to 
make the term in to vanish, this is 

+ i/3) 

or, what is the same thing, 

2 /^ = + a/3 + /S^) ir ^ ^ (a - (2a + /3) (a + 2/9), 

or comparing this with = - 3ca? + 2d, d is — +, 0 or as a</3, a = /3, a>/3, or say 

as the oval is smaller, mean, or larger; viz. the magnitude of the oval is estimated 

by the relation which the diameter thereof bea-rs to the distance of tlie oval from 

the infinite branch. In the case d = 0, or for tho curve -- ficx it appears (as 

for the corresponding simplex form = 3oa?) that the points iJ, I are equidistant 

from the point which is in the present case the middle vertex, or vertex of 

the oval which vertex is nearest to the infinite branch. As the oval diminishes, so 
that the curve becomes ultimately acnoclal, I remaining within the oval ultimately 
coincides with the acnode; and as tho oval iucreasevS so that the curve becoines 
ultimately crunodal, R remaining between the oval and the infinite branch, ultimately 
coincides with the crunocle ; and it hence easily appears by continuity that for 
a smaller oval I is nearer to, R further from the middle vertex; while for a larger 
oval, I is further from, R nearer to the middle vertex, Hence for the complex forms 
the species are 

2/3 = ^’3 _ 3g{u + 2d, 

smaller oval, I nearer to, R further from the middle vertex; 

mean oval, R and I equidistant from the middle vertex ; 

2/3 -^3 _ 3^ _ 2d, 

larger oval, I further from, R nearer to the middle vertex: and the division into 
species is thus completed. 


Oamhridge, J%m 16, 1865, 
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ON THE CUBIC CURVES INSCRIBED IN A GIVEN PENCIL OF 

SIX LINES. 

[From tlio Quarterly Journal of Pure and A])plied MaihematiGSy vol. ix. (1868), 

pp, 210~-22L] 

We havo to consider a pencil of six lines, that is, six lines meeting in a point, 
and a cubic curve touching each of the six lines, As a cubic curve may be made 
to satisfy nine conditions, the cubic curvo will involve three arbitrary }3arameters ; but 
if wo havo any particular curve touching the six lines, then transforming the whole 
figuro homologously, tho centre of the pencil being the pole and any line whatever 
the axis of homology, the pencil of lines romains unaltered, and the new curve touches 
tho six lines of the pencil; tho transformation introduces three arbitrary constants, 
and the general solution is thus given as such homologous transformation of a 
particular solution, To show the same thing analytically, take y = 0, ^ = 0) for 

the axes of coordinates, tho lines ^* — 0, y— 0 being any two lines through tho centre 
of the pencil, so that tho oqnation of the pencil is y)^ = 0, then if 6(x, 7/, — 

is tho equati 
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ill fact, eouiparing the two sides of this equation, we have each of the seven coefficients 
of the sextic equal to a function of the seven quantities a V (c), h a/ (c), k V (c), 
^ V (®)> i' f > convei’sely, these seven quantities are deterniiiiable (not however 

rationally) in terms of the coefficients of the given sextic. And wlien the sextic is 
expressed in the foregoing form, then it will presently be shown that we have 

(a, h, k, b\(c, y)» + 32(i, I, 
or, what is the same thing, 

(a, h, 0 , /, 0, h, 0, j, fc y, zf = 0, 

as the equation of a cubic curve touching the six given lines ; and by what precedes, 
it appears that this may he taken to be the equation of tho general cubic curve 
which touches the six given lines. On account of the arbitrary constant c, it is 
sufficient to replace z by aie + fiy + z, or, what is the same thing, to consider ^ = 0 as 
the equation of an arbitrary line, but without introducing therein an arbitrary multiplier. 

To sustain the foregoing result, consider tho cubic 

(a, b, 0 , /, g, h, i j, k, y, zy= 0, 

then in general if A = (,, 5 ®, y, zf, B = y, zf{<K, y), C'==(„5.^’, y, z)(a, /3, 7 )“, 
B = („$a, /3, 7 )*, the equation of the pencil of tangents drawn from the point («, /3, 7 ) 
to the curve is 

- QABGD + 4A 0* + WW - 2B^O^ = 0, 

but wi’iting for shortness 

(Ja’. y, = B\ G'. D'll, z)\ 

so that 

A' = (a, h, h, yy, 

■S' == (j. yy> 

C" = (g. y) , 

iy= 0 

then for the tangents from the point (a;=0, y = 0), witing (a, y)~{0, 0, 1), we have 

A^{A', F, c.jyii, zy, 

1? = {F, G‘, D'll, zy, 

(cr,Fii,z), 
i)= F , 

and thence the equation of the pencil of tangents is 

A'm^ - foA'FG'J)' -t- 4>A'G'> + 45'»D' - ZB'^G'^ = 0. 

Hence for the curve 

(a, b, o, f, 0, h, 0, j, k, ijis, y)« = 0, 
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we Imve g = 0, i = 0, and therefore O' ~ 0 ; the equation of the pencil of tangents is 
=0, or throwing out the constant factor I)', and then replacing A', B\ D' 
by their values, the equation of the pencil of tangents is 

c[(a, h, k, 2/)’? = 0, 

which is the before-mentioned result. 

The coefficients a\/{o), h>J{o\ /c\/(c), b)J{c),j, I, f, or (as Ave may call them) the 
coefficient.s of the cubic curve, are, it Inis been seen, functions of the coefficients of 
the given sextic yY ; hence the invariants S and T of the cubic curve are also 

functions of the coefficients of the sextic, and it is easy to see that they are in fact 
invariants (not however rational invariants) of the sextic. To verify this, it is only 
necessary to show that the invariants iS and T are functions of the invariants of the 

functions «/ (c) . (ft, h, k, ij®, yf and (j, I, yf] for if this be so, they will be 

invariants of tlie function 

[c(ft, h, Ic, bj_x, ?/)“p + 4 [( j, Z,/5®, y)% 

that is of the sextic. We have in fact the general theorem, that if P, Q, P, ... be 
any qualities in {x, y, . . .), and (P, Q, li , . , .) a function of these quantics, homogeneous 

in regard to (le, y, ...), then any function of the coefficients of 4>, which is an invariant 

of the quantics P, Q, Ji , ... is also an invariant of <^. 

Considering for greater convenience the function 

(ft, h, k, l\x, yY 

in place of (o) , (ft, h, h, b'^x, yY, the invariants of the two functions (ft, h, k, b\x, yY 
and (j, I, 2/)'’ are as follows : 

□ = a’‘b‘ — Qabhk + 4a/c® + 4&/t.’ — 

V- fj-l^ 

0 = j {bh - &’) + J (hk — ab) +f (ak — k^), 

je = + 1 a?/> 

+ 6 abflj 

- 6 ah/H 

- Qakpj 

+ 12 akfP 

+ Ib^j^ 

- 

+ 12 bhjl‘‘ 

~ 6 b!0 

+ QhVi 

- 18 hkfjl 

+ 

— 8 abP, 
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viz, □, V are the discriminants of the two functions respectively, and ©, E are 

simultaneous invariants of the two functions, R being in fact the resultant. The 
corresponding invariants of the functions V (c) . (a, h, k, yf, and ( j, I, / J®, yf are 
obviously c°D, V, c0 and oR. 

The values of S and T are obtained from the Tables 62 and 63 of my “Third 
Memoii- on Qualities,” Phil. Trans, vol. cxtvi. (1856), pp. 627—647, [144], by merely 

writing therein y=:i = 0. It appears that they are in fact functions of c'^D, V, c© 
and cE] viz. we have 

S = V^+ c®, 

2’ = 8V* + c(4JJ + 12V0) + c^a 

The invariants of the sextic (*5a’, y)®, if for a moment the coefficients of this sextio 

are taken to be (a, b, c, cl, e, f, y), that is, if the sextic be represented by 

(ft, 6, c, d, e,f, g'^ce, y)® are the quadrinvariant (=ay- 6i/+ loco- lOd®), Table No. 31 
and Salmon’s A., p. 203 (Q, the qiiartin variant. No. 34, and Salmon’s B,, p. 203, the 
sextinvariant No. 35, and Salnion’s C., p. 204, and the discriminant, which is a function 
of the tenth order =«®y®-p&c. recently calculated for the general form, Salmon, 
pp. 205—207, say these invariants are Q,, Q^, Qg and Qk,. These several invariants 
aie functions of the abo\m“iTientioned expi'essions c®C], V, e0 and oE*, whence, con- 
versely, these quantities are functions of the four invariants Q„ Q^, Qg, Q,,; and the 
invariants S, T of the cubic curve, being functions of c®P, V, o© and cE, are also, 
as they should be, functions of the invariants Qa, Qg, Qg and Q,„ of the sextic pencil 
(*$«-’, 2 /)“. 

To effect the calculation of Qg, Qg and Qg, I reniark that inasmuch as by a linear 

transformation, the quadric (j, I, f\x, y)® may be reduced to the form 2(a;y, and that 

the invariants of {a, h, h, y)® and 2lxy are 

□ = a®&® - Qabhk + Me' + 457i* — 3h%^, 

V=-(® 

@ — 7 {ab — hk), 

R Sl^ab, 

hence, writing y = 0, /=0, and writing also c = l, we may consider the sextic 

. [(a. h, k, b'^w, y)®]® + 32(»a!®y» 

that IS 

(a®, cdi, i(2a/c-t-3/t=), ^ («5 H- 9/t/r + 16(®), ^ (26/i + 3/c®), bk, ¥Jco, y)®, 

the invariants whereof are found to be functions of the last mentioned values of 

Q, V, 0, ij; to pass to the given sextic (*^x, y)®, jiut equal to 

c[(a, h. k, bjee, y)®]® + 4[(y, 7, /Ja;, y)®]«, 

have only to consider □, V, ©, as having their before-mentioned general values, 
itorn tbe coefficient c by the principle of homogeneity. 

to Salmon’s LesBoiiB Introductory to the Modern Higher Algebra (Second Edition, 1868). 
1885, the values are given, pp. 260—266, 
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As regards the discriminant Qw, this as already remarked, has been calculated for 
the general form, but for the present pui'jDose it is easier, by dealing directly with the 
form [(a, h, k, b^x, 2/)"^ + 32i and then interpreting □, V, 0, iJ and restoring the 
coelficient o as above, to obtain the discriminant of the function 

[o{a, h,'k, 6$®, yyp + 4[(j, I, yff 
in the required form, as a function of c^D, V, c0, cR 
I find after some laborious calculations 

= 10 No. 31 = c=> ( 9 0 

"kef 40 R 

1+ 288 V0 

+ j 256 V» 

Qi= 10000 No. 34= c< {- 99 

400 AQ 

- + 2304 V0D 

8640 0= 

■>r&( 12800 EV@ 

- + 82944 

4608 v«n 
+ c r 20480 2JV3 
1+ 147456 V‘0 
+ 05536 V« 

Qe = 1000000 No. 35 = c» { + 7992 0“ ’ 

+ c»('+ 72000 J7D" 

. + 145152 V@^a 

, - 622080 0»D 

+ c* { 160000 R^O 

+ 691200 A V0D 

+ 3456000 A©’ 

+ 3815424 V<‘@’'n 

+ 36080640 V©^ 

635904 

+ 33177600 iZV^©^ 

+ 4669440 jBV'D 

+ 217646056 V»©» 

+ 23003136 V»©D 
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+ c'-'j'+ 8192000 ii^V» 

+ 110100480 JJV‘0 
' + 509607936 V»@^ 
14155776 V«n 

+ 0 j 62914560 

[+ 452984832 V’© 

+ 134217728 V 

Q,ij = multiple of diseriminanb 

= cM - -K’D"- 

+ c« r- Sira 

--24ii^V©D 
^ + 64 iJ“@® 

+ 0“ [- 16 Ji' 

- 96 »V0 
' +48iJ*V«@« 
,- 16 iJ'VO 


to which may be joined 


+ { - 64 iJ<V» 


c‘ ( 81 □» 

+ c“r 720 iiD 

t+ 6184 V©D 

+ r 1600 

+ 23040 itV® 

" + 82944 V^©’” 

4608 v»n 

+ c r 20480 iJVs 

t+ 147456 V'@ 

+ 66536 □« 

and 

i (Q« ” S Q/) = c° { 


cM 180 D^. 

+o» r 1120 i?a 

. + 2880 v®n 

8640 ©’ 

+ 0 “ r 1600 ii” 
t+ 10240 iiV® 


270 □» 


+ c»r- 720 iea^ 

^ - 61840 v©a» 

77760 ©“□ 
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GIVEN PENCIL OF SIX LINES. 


in 


+ C' 


{ 


- 23200 IPD 

- .53.5680 ieeva 
+ 432000 ii©’ 

- 1762560 

+- 4510080 V@‘ 

+ 17280 V»D= 


+ c’ 


- 64000 

- 1382400 Ji'V® 


- 5806080 jRV»0'> 

+ 30720 iJV’D 

+ 3317760 V»0’ 

- 1105920 v^eo 


+ 0* f- 204800 Ji-V» 
3932160 jBV«0. 


The foregoing values of S and T give 

yi_64SS'=: c* { 


-1- c® f 8 JiD 
\ +24 V0D 

t - 64 e” 


so that 


and therefore 


+ c* 


^ 16 jR’ 

+ 96 RV& 


- 48 


1+16 v=n 


+ c 64 iIV> 




64^3_'p.= 


Qio 

c»ie“’ 


£f= V» + C@, 


Qic .9l? 

+ {cjB(V=‘ + c@)}» 


formulae which are interesting in the theory. 
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ON THE CUBIC CUBVES INSCRIBED IN A 


[400 


We have 


c0 =,S'- V=, 

c“n = 2’-12Vfif + 4V3-4.cE, 


and if by means of these values we eliminate c 0 and c’Q, we obtain Q^, ^ 4 . Qa and^ Q,„ 
as functions of S, T, V and cR. Choosing instead of ^4 and the combinations 
Qi-Q^ and Qa- 8 Qs’, and forming also the expression for the combination Qa (Qs'" — Q 4 ), 
we have thus the system of formulae 


Q,= 9 2’+180V,S' + 4V’H-4ci?, 

^(Q/-Q4)= + 

-432 S'* 

- 72 rVjS 

- 72 TV* 

- 16 2’cie 
+ 864 

+ 144 ^7*8 
+ 128 VfifcJJ. 


lAi (Qb “ 8Qa’) — 

+ 27 I*'’ 

- 4212 ’PV8 

+ 6588 

+ 252 T-cR 

- 7776 TS^ 

- 16848 

+ 3456 2VtSf 

- 2592 T78oR 

- 1296 TV® 

- 1824 TV^oR 

- 448 T(?R? 

+ 544320 VS* 

- 461376 V*iS^ 

+ 74304 cJiS* 

+ 15552 V«/Sf* 

- 10368 

- 10728 V'S 

- 3264 V*&E 

- 1636 VSc»4B», 


Qo (Qa* •“ Q 4 ) ~ 

+ 81 
+ 

612 2'2V» 
108 T-cli 

- 3888 m 

- 5184 ^’Vo^S" 

- 11952 rvw 

- 2016 TV 8gR 

- 288 2’V» 

352 TV^gR 
64 Td^R^ 

~ 77760 V 5* 

+ 153792 

- 1728 gR8^ 

+ 29376 V«S= 

+ 26996 V=>M 
+ 676 V8 

+ 1088 V*8oR 

+ 512 VSo^B?, 
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and, as mentioned above, 
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= T^ + MS% 

'JMie just-mentioned value of Qio should, I think, admit of being established a pinori, 
and if this be ao, tlien the substitution of the v«ahies of S and T in terms of c^D, 
V, c@, aZi> would be the easiest way of arriving at the hefore-meutioned expression of 
Qio in tei'ina of these same quantities. The calculation by which this expression was 
arrived at, is however not without interest, and it will be as well to indicate the 
mode in wliich it was effected, 


Calculation, of Qio, 

We have to find the discriminant of 

0 [(a, h, k, h\(Gy yYf -j- 


Consider for a moment the more general form + then to find the discriminant, 
WQ have to eliminate between the equations 




P-,- + 6<3’^ = 0, 

dy dy 


these avG sabiRfiod by the system P-0, 0^ = 0, and it follows that if R be the resultant 
of tlic eciuabiona P - 0, Q~ 0, then the discriminant in question contains the factor 
li\ I’or tho other factor we may reduce the system to 




dx dy dy dx 


Now writing Q - Hlxy, these equations become 

dP 

P^ + 48i%Y = 0, 

, / dP dP\ „ 

the resultant of which is = P into resultant of the system 
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[400 


but in vil'bue of tho second ciiuation, wo liavo 




(ir dP 


(lx 


d-?/ 


dy 




m 


dP 

(h/‘ 


which reduces the firnl to 




or omitliing bho fiicfcor 2y, bo 


dP dP 
(ill) dy 




(IP 


Honco, writing i>=V («).(«. V(o)>(«'. >'> .V)'> 

J (c) . (h, U, W®, yf\ writing' uIho ;y---l. tlu» two tMumbioiiH become 
dy 

«(«./(, k^w, ])HA, /b hjif), l)“-l-Sfe''-(), 

(u, A. %<;, 1)«®-(A, k, htto, l^ -0, 

bho second of which in moni nimply written 


(u. A, - k. l^-O. 

Honco, roBtoriiig the factor l\ mid also to avoid frnebiouH introilueiiif? bho liielur Hti-h 
blio rcHnltiinb of Iho two cquabioiiH in 


«SilWll {HiV4 (!(«> h, k'ix, iy(h, k, b’'$_to, I)*), 


whoro II doiiotoB the product of the fuetiiirt correHpondiiiK to the bltree rmitM .r,, uk, 
of tho oquabiori 

(rt. A. - A, -A'g®, 1)»«0. 


or what is bho snino thing, 


(la? H - hie * " A"® — A ra 0, 


80 that bho aymmotric funotioiiH nro to bo found from 

A o k b 

, lOkWaffin • 

(fr (v 


Tho required disorimiiianb ia the foregoing , roHultunt inultipUod by It, or Hay by 
that is tho discriminant Qw is 

«o»Ji’.8A»a<n(8JV + H), 

if for shortness wo write 


0 »(a, A, AJ®, !)’.(«, k, b'$/o, 1 )’, 
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400] 


and -when the symmetric functions have been expressed in terms of the coefficients, 
the result is to be expressed as a function of O, V , by means of the values 


c“n = aPb- + + W - Qadiilc - 

V = ~P, 

c® = — i (ab — hk), 
cB = — Sl^ab. 


Thus, for instance, the first term of the result is 


= . 81 W. 


which is 

= 4.096Z*W, 

= -C4c*jR<V«, 

which is a term in the before-mentioned expression for Qw 



401 . 

A NOTATION OF THE POINTS AND LINES IN PASCAL’S 

THEOREM. 


[From the Quarterly Journal of Pure and Applied Mathematics, vo]. ix. (18G8), pp. 268 — 274.] 


Taking six points 1, 2, 3, 4, 6, 6 on a conic ; let A, B, G, D, E, F, 0, H, I, J, K, L, M, N, 0 
denote each a combination of three lines, thus 


12. 34. 56 = A 
13.46. 62 = J5 
14.56.23 = 0 
15.62. 34 = D 
16.23.46 = i? 


12. 85 . 64 = Jf 
13 . 46 . 25 = 0 
14.52. 36 =/7 
16.63.42 = 7 
16. 24. 63 = 7 


12. 36. 45 = A 
13.42.66=7 
14. 53.62 = j¥ 
16 . 64 . 23 = N 
16 . 26 . 34 = 0 


then any hexagon formed with the six points may be represented by a combination of 
some two of the letters A, B, &c., viz. the three alternate sides are the lines repre- 
sented by one letter, and the other three alternate sides the lines repi’esented by the 
other letter: for example, the hexagon. 123456 is AE\ and so for the other hexagons. 
Any duad AE thus representing a hexagon may be termed a hexagonal duad ; the 
number of such diiads is sixty. Each Pascalian lino may he denoted by the symbol 
of the hexagon to which it belongs; thus, the lino which belongs to the hexagon AE, 
is the line AE, 


I form the following combinations : 


IMO.BEJ each 

BEQ.BNO 

ELM.BGJ 

HM.GGI 

EFI.JKN 

AEE.GKO 

AMN.GBF 

AGJ.ELO 

ABI.BKL 

Q'EM.BFE 


involving all the duads 12, &c. except those of 123 . 456, 
„ „ 124.356, 

« „ „ 125 . 346, 


126 . 345, 
134 . 260, 

135 . 246, 

136 . 246, 
146 . 236, 
146 . 236, 
166 . 234, 
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and also the combinations; 

AEQMI involving all the duacls 12, 13, &c., 

ABIUN 
BGFIO 
ODQJK 
DEFHL 
KLMNO 

\vhich I call respectively the ten-partite and six-pai'tite arrangements. It is to be 
remarked that (considering IMO . 1)HJ as standing for the six dnads IM, 10, MO 
DU, DJ, UJ, and so for the others) the ten-partite arrangement contains all the 
sixty hexagonal dnads : and in like manner, (considering AEQMI as standing for 
the ten dnads AE, AO, AM, Al, EG, EM, El, QM, QI, MI, and so for the others) 
the six-partite arrangement contains all the sixty hexagonal dnads. 

The 60 Pascalian lines intersect by 4’s in the 45 Pascalian points p, by S’s in 
20 points g and in 60 points h, and by 2’s in 90 points m, 360 points r, 360 points t, 
860 points z, and 9 points w. 

The intersections of the Pascalian lines thus are 


counting as 

270 

20 

}i 

a 

60 

60 A 

}> 


180 

90 m 

» 


90 

360 r 

» 

)) 

360 

360 « 


a 

360 

360.2 

>1 


360 

9040 


i} 

90 


1770 = ^60.69, 

and the intersections on each Pascalian line are 


3p counting as 

9 

1 <7 II 

V 

2 

'Ah „ 

» 

6 

3 m „ 

tf 

3 

12 r „ 

}> 

12 

nt 1, 

» 

12 

12 z „ 


12 

Aw 1, 

>1 

3 

"59. 
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For the ten -partite arrangement, any double triad such as ABI .BKL gives 16 
intersections ; 10x15 = 150 ; and any pair of double triads such as ABI . BKL and 
AEH.GKO gives 36 intersections; 45 x 36 = 1620 ; and these are 

10 X 


45 X 


6x 


16 X 


^9 

60 (/ 

9 m 
15 

90 m 

150 

6p 

270p 

4/t 

180 ft 

8r 

360 r 

8i 

360 1 

8^ 

360^ 

.2w 
36 

90 w 

1620 


1770. 

any pentad such as ABHJN gives 
such as ABHJN and AEQMI 

are 


|30/r 

180 ft 

[16to 

45 

90 m 

270 

' 4(/ 

60 Sf 

18 

270 p 

24 r 

360 »• 

24 1 

360 « 

24 2 

360.? 

, 6w 

90 w 


-100 


1600 

1710. 


I analyse the intersections of a Pascalian line, say AE, by the remaining 69 
Pascalian lines as follows: 

Observe that AE belongs to the triad AEH, the complementary triad whereof is 
GKO', it also belongs to the pentad AEIMG. We thus obtain, corresponding to AE, 
the arrangement 

H H JI 


HA 

RE 


B N J 
F L B 


IMG 

KG 0 



401] A NOTATION OP THE POINTS AND LINES IN PASCAL’S THEOREM. 119 

viz. IIABNJ, is the pentad which contains HA, the arrangement of the last three 
letters B, Bf, J thei'eof being arbitrary ; HEFLB is the pentad that contains HE, but 
the last three letters are so arranged that the colninns HBF, HHL, HJB are each of 
them a triad, IMQ is then the residue of the pentad AEIMG, and KGO is the 
complementary triad to AEH, but the arrangement of the letters IMG, and of the 
letters HOO, are each of them determinate; viz. these are such that we have BFIGO, 
NIjMKO, JBQGK, each of them a pentad. 

And this being so we derive from the arrangement 

2g AH, EE\ 

3m KG, KO, GO-, 

C)h AI, AM, AG El, EM, E&-, 

12 z IB, IF, MN, ML, QJ, GD ; HB, HF, HN, HL, HJ, HD-, 

9p AB, AN, AJ; EF, EL, ED; BF, NL, JD-, 

12 r GB, GF, GJ, GD-, OB, OF, ON, 0L-, KN, KL, KJ, KB-, 

12 1 FL, FB, LD -, BN, BJ, NJ-, IG, 10 -, MK, M0-, GK, QG-, 

8w IM, IG, MG; 

59 

viz, the line AE in question meets AH, EH each of them in a point g; KG, KO, GO 
onch in a point m ; and so on. By constructing in the same way an arrangement for 

each of the lines All, &c., we find the nature of the point of intersection of any 

two of the lines AB, AE, AH, &c. ; and we may then present the results in a table 
(soo Plate), which shows at a glance wlmt is the point of intersection (whether a 
point g, in, h, z, p, r, t, or w) of any two of the Pascalian lines. 

I further remark that representing the 45 Pascalian points as follows : 

12.34 = a 13.24 = (7 j 14.23=m 16.23 = s 

12.36 = 6 13. 26 = A 14.26 = »r 16.24 = t 

12.36 = 0 13.26 = i 14.26 = 0 16.26 = rt 

12.46 = ci! 13.45=i 14.36=2) = 

12.46 = 0 13.46 = /« 14.36 = <? 16, Sf-'" 

12.66=/ 13.66 = i 14.66 = r 15.'' 

26 . 34 = X 34 , 66 = p 

26.36 = /t 36.46 = 0- 

26 . 46 = r 36 . 45 = T 

26 . 34 = f 

26 . 36 = <0 

26 . 46 = TT 


23 . 46 = e 

23 . 46 = ^ 

23 . 66 = »? 
24 . 36 = 0 
24 . 36 = i 

24 . 66 = « 


16.23 = 2/ 

16. 24 = ^ 

16 . 25 = « 

Jft 
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the sixty hexagons and their Pascalian lines then are 


AE 

123456 

12,45 23.56 34. 61 

dvfi 

AH 

125634 

12.63 25.34 56.41 

ckr 

EH 

145236 

14 . 23 45 . 36 52 . 61 

Qurd 

GK 

123654 

12 .65 23 . 54 36 . 41 

M 

CO 

143256 

14 .25 43 . 56 32 . 61 

npy 

KO 

125436 

12 . 43 25 . 36 54 . 61 

a/iS 

AM 

126534 

12 . 53 26 . 34 65 , 41 

h^r 

AO 

125643 

12 . 64 26 . 43 56 . 31 

g\1 

AI 

124365 

12 . 36 24 . 65 43 . 61 

OKV 

EG 

132546 

13 . 64 32 . 46 25 . 61 


DF 

126436 

12 . 43 26 . 35 64 . 61 

acDOs 

FL 

124653 

12.65 24.53 46.31 

/eic 

BL 

134266 

13 .26 34 . 65 42 . 51 

ipt 

BN 

132646 

13 . 64 32 .45 26 . 51 

hm 

BJ 

135426 

13 . 42 35 . 26 64 . 61 

gah 

JN 

153246 

15 . 24 53 .46 32 . 61 

tcry 

GK 

125463 

12 . 46 25 . 63 54 . 31 

m 

KM 

126354 

12 . 35 26 . 54 63 . 41 

hvq 

10 

152436 

16 . 43 62 . 36 24 . 61 

V/iZ 

MO 

143526 

14 . 62 48 . 26 35 . 61 


EM 

146326 

14 . 32 46 . 26 53 . 61 

mTry 

El 

164236 

16 .23 64 . 36 42 . 61 

STZ 

AN 

123465 

12.46 23.66 34.51 

G1}V 

AJ 

124356 

12 . 36 24 . 66 43 . 61 

hfc^ 

AB 

126543 

12 . 64 26 . 43 65 . 31 

dtl 

BE 

154326 

16.32 64.26 43,61 

STT^ 

EL 

132456 

13.45 32,66 24.61 


EF 

123646 

12 . 64 23 . 46 35 . 61 


CB 

143266 

14 . 26 43 . 66 32 , 61 

ops 

GF 

123664 

12 . 56 23 . 64 35 . 41 



THEOREM. 
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GQ 

132564 

13 .66 32 . 64 25 . 41 

l^n 

GI 

142365 

14,36 42. 65 23.51 

qjcs 

MN 

146235 

14 .23 46 . 35 62 , 61 

mcric 

QJ 

135246 

13 . 24 36 .46 52 . 61 

gtroL 

BI 

136245 

13 . 24 36 .45 62 . 51 

grit 

DG 

134625 

13 . 62 34 . 25 46 . 51 

ikCG 

LM 

136624 

13 . 62 35 . 24 66 . 41 

idr 

FI 

124635 

12.63 24.35 46.51 

cOcG 

BH 

136254 

13 .26 36 . 54 62 . 41 

hro 

FH 

126364 

12.36 26.64 63.41 

ovp 

FO 

125846 

12 . 34 26 . 46 53 . 61 


LO 

134256 

13 .26 34 . 66 42 . 61 

hpz 

DK 

126346 

12 . 34 26 . 45 63 . 51 

ainv 

KL 

124663 

12 .56 24 . 63 45 . 31 

/y 

BO 

134626 

18 .62 34 . 26 45 . 61 

kis 

NO 

162346 

15 .34 62 . 46 23 . 61 

wg 

BG 

132664 

13 .66 32 . 54 26 . 41 

leo 

GJ 

142366 

14 . 35 42 . 66 23 . 61 

pfcy 

JK 

124636 

12 .63 24 . 86 46 . 61 

hS 

KN 

123645 

12 .64 23 . 45 36 . 61 

em 

BH 

143626 

14.62 43.25 36.61 


HJ 

142636 

14 .63 42 . 36 25 . 61 

pia 

HL 

136624 

13 . 62 36 . 24 65 . 41 

hir 

HN 

146326 

14 . 32 46 . 26 63 . 51 


BF 

126463 

12.46 26.63 64.31 


DJ 

163426 

16,42 63.26 34.61 


LN 

132465 

13 .46 32 . 66 24 . 61 


GM 

136264 

13 . 26 36 . 64 62 , 41 


JM 

142635 

14 .63 42 . 35 26 . 61 


GI 

136426 

13 .42 36 . 25 64 . 51 



0. VI. 
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Each Pascalian poiufc belongs to four different hexagons; viz. a to the hexagons 
KD, KO, FD, FO; and so for the other points, thus: 


« (K,F)(D,0) 
h {A,K){M,J) 
c {A,F){H,I) 
d iA,F){B,E) 
e (A,K)(G,N) 
f (G.DiK.F) 
g {B,Q)(J,J) 
h {B,L)(H,0) 
i {D,M)(Q,L) 
3 {E,ir){Q,L) 

h (B,L){F,N) 
I iA,G)iB,G) 
m {E,N)iH, M) 
n (G,M)(G,0) 
0 (B,J))(G,E) 
p (,G,HKF,.J) 
q (G,M)(I,K) 
r (A,L){H.M) 
s {G,E)(D,I) 
t {J,L){D,N) 
u {B,M){I,N) 
V (A,0)(E,I) 
w (B, N) {E, K) 


x (D, I){F, Q) 
y {0,N){J,0) 
z (E, 0)il, L) 
a {E, J)(a, E) 
^ {A, J)){E, J) 
7 {E, 0)iF, M) 
B (B,K){J,0) 
e {B,K){G,M) 
? ((7, E){F, G) 
„ (A,L)(E,E) 
e {F,M){I,L) 
* (/f, K){J, L) 
K {A, £?)(/, J) 
\ {A, D){Q, E) 
p (G,0){I,K) 
V iF,N)iE,0) 
^ (A,0)(B,M) 
o> (B, I))(F, J) 
TT (A E){E, K) 
p (G,L){D,0) 
a- (G. N)iJ, M) 
T (B,E)iE.I) 


I have constructed on a very large scale a figure of the sixty Pascalian lines, and 
the forty-five Pascalian points, marking them acoording to the foregoing notation; but 
the figure is from its complexity, and the inconvenient way in which the points are 
either crowded together or fly off to a great distance, almost unintelligible. 




AB At A6 AH A! AJ AMAH BC Bf BH Bl BA BN BO CO OF CC Cl CJ OK CO BE DF Da DH DJ DK DL EF 


h If ?i h p r t p X- z V t r r r t t vi m p 

z X t t v T r t t r m, m p t z zp r t p 

i X X t r t r p X X t r X r p p X t r I 

k X w w t r r r r t mm x t p p Z T t X 
X cf z X XT t zpp r t t r L r r VI m X 
w X 7i, w t t r Z p J) t r p r X X jt t r r 

t X t X p m m t t r r r t m t r r r r t 

»• X w7i xmmr r t r r r m r t t r r r 

p h ff p 7i p Jtp h ff p 7i r X t p X I r t 

ff h p p h x h t iF X t w t p r X p r t p 

BH ft z t h X w t ty p ff \p 7i /r-p p X r t X r t t z r p x r t x 

Bt <f X X Z ff X X X liTi p \ ]p p h t w< x7i X, t w r t r r r ni in x 

sj h t X If X h t tv ff p 7ip \ \ h p X X. X^ X(f X XT p t z p t r r 
BN h t t If z If X 7b pp 7bp /i \ \(/ r { r t x p x m r ni t (, r r 

BO p T r t X t p X ?b 7i p 7i p ff w U‘ X X 7i vi t jv v t v v '7 

CD r r t r r L mmp z p t x ^' 1 I y A p 7i, h p p ff 7b p 7i 7i p z 

tr tr r r t rmm 7t /i xw x t if p jp 7i p p h x (f z x x. x x p 

00 p t p r X X t r p t r xxr t fbp \ A li p x x h. t if if t p 

0 ! X t X rpp t /■ 7t1f t 7b z C ifp p h p x x r t t r x 

Cj\z rz tpp r t g X X X g X X7b p 7i. p\ h p t z n- x h if t r 

r p t r t z p X h p 7i p ft \g I z if t w /v z i~ 



\r f: Z P z h P Ji p h \g I z if t if 7b z r 
t If z z A p 7i p 7ip )f \ b- ^ b r t z p t 
b r rmm p z Z p t t r ~\h g 7b p p 7t It 
OFT t r t r r mmzp X t p r t g g X Z Z Z Z 7i~\p h. p p it ft 
00 r X p p t z t r t r r r t m m A z A x if if t g p 7i Ti p x. 
OH t zpp r z r t p z p r z t r p z t r z t r 7i p Ii n- 

oj t p z z r p r t X p z r p 1, r h z w t h if t p A 7ig ^7i.p t 
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ON A SmaULAEITY OF SUBFACES. 


[From the Quarterly Journal of Pure and Applied Mathematics^ vol ix, (1868), 

pp. 332—338.] 

A SURFACE having a nodal line has in general on this nodal line points where 
the two tangent planes coincide, or as I propose to term them pinch -points* Thus, 
if the nodal line he the ciuwe of complete intersection of any two surfaces P“0, 
<3==:0, then the equation of the general surface having this curve for a nodal line is 
{a, 6, oJP, Qf = 0 (where a, b, c are any functions of the coordinates), and the pinch- 
points are given as the intersections of the nodal line P = 0, Q = 0 with the surface 
^(5 — — 0. Consider the case where the nodal curve is a curve of partial inteisection 

. . ^ ^ X. 1 .1 . I • A 


represented by tlie equations 


= 0, or say by the equations ^3 = 0, 15= 0,. 

P'Q respeobively). 


P, Q. R 
, F, q, R' 

= 0 (viz. p, q, r denote the functions QR' — Q'R, RP' — R'P > PQ' ■ 
and consequently we have identically 

(P.Q,R\p, q,r)^0, 

{F, q, R%P, q, J-)= 0 , 

or what is the same thing, (X., p) being arbitrary, 

(\P + pP'i XQ > XiJ 4" pR 3j 4') ‘ 

The g'oneral surface having the curve in question for its nodal line is represented bj'' 

the equation « 

(«, h, c, /, g, h\p, q, »■) = 0, 

(where {a, b, 0, /, g, h) are any functions of the coordinates), and it is easy to see that 
the condition for a pinch-point is the same as that which (considering p, q, r as 
coordinates and all the other quantities as constants), ‘expresses that the line 

(xP + pF, \Q + pq, 'kR + pR''S.P> <z. »•) = 

16—2 
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touches the conic 

(a, h, c,f, (jy h)(2h 

viz, A, Bi G, F, Qf H being the iiiverije coefficients, A — &c., this condition is 

{A, n, 0, F, G, \Q-\-fJiQ\ xR-^fJiRy^O, 

or what is the same thing, the pinch-points are given as the common intersections 
of the nodal line = g'==0, r—0 with each of the three surfaces 

(A,B, a, F, ff, II) (P, Q, lif -0, 

(A, A 0, F, G, H){P, Q, R) {P\ Q\ R') =0, 

(A,B, G, F, ff, H) {P\ Q\ Ry = 0, 

these last three equations in fact, adding only a single relation to the relations 
expressed by the equations 

jj> = 0, q—Oi r - 0, 

If the functions P, Q, R, P\ Q\ R! are linear functions of the coordinates, then 
the curve (p = 0, j = 0, r— 0) is a cubic curve in space, or skew cubic ; and if 
moreover (a, 6, e, /, g, h) are constants, then the equation 

(o^, 6. 0, /, g, AJp, q, r)‘^ = 0, 

belongs to a quarbic surface having the skew cubic for a nodal line: this surface is 
(it may be observed) a ruled surface, or scroll With a view to ulterior investigations, 
I propose to study the theory of the pinch-points in regard to this particular surface ; 
and to simplify as much as possible, I fix the coordinates as follows: 


Considering the skew cubic as given, let any point 0 on tlie cubic be taken for 
the origin; let a?— 0 be the equation of the osculating plane at 0 ; y = 0 that of 
any other plane through the tangent line at 0; ^ = 0, that of any other plane through 
0, not passing through the tangent line; and to — Q that of a fourth plane; then 
the equation of the cubic will be 


2/) 



y, z, w 


or what is the same thing, the values of q, r are yw — zy — osiO) and m — y[^ 
respectively. And conversely, the cubic being thus represented, the point (^=0, 2 /=^ 0 , 
^ = 0) may be considered os standing for any point whatever on the skew cubic; the 
osculating plane at this point being a’ = 0, and the tangent line being = y — 0. 
]?or the purpose of the present investigations, we may without loss of generality write 
= 1 ; and for convenience I shall do this ; the values of p, q, r thus become 
— and the equation of the surface is 

{a, h, 0, f g, yz-{e, KZ-ff = Q. 
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{A, B, C\ F, G. y, zy -0, 

(A, B, a, F, ff, B)(a), y, z) (y, z, 1) =0, 

(A, 5, a, F, ff, H) (y, 1)^-0, 

and hence the origin will be a pinch-iioint if 0 = 0, fchat is, if a6-/i^ = 0. This however 
appears more readily by remarking, that the equation of the pair of tangent planes 
at the origin is 

{(('> h, (j, h\y, 0 )^ = 0 , 

or what in the same thing, 

(a, k b'^Vy 

the two tangent planes therefore coincide, or there is a pinch-point, if only ah — = 0. 

By what precedes, it appears that if we wish to study the form of the qiiartio 
surface, I"", in the neighbourhood of an arbitrary point on the nodal line; 2°, in the 
neighbourhood of a pinch-point; it is sufficient in the first case to consider the general 
surface 

(«, b, cj\ (j, h\y-^\ yz-w, = 

in the neighbourhood of the origin; and in the second case, to study the special 
surface for which ab — = 0, or writing for convenience a = 1, and therefore b = the 
surface 

a M c,/, £r, 

ill the neighbourhood of the origin, 


Oonsider first the surface 


(a, b, o,f, g, h){y~z\ yz-m, wz~f'f=<i. 

A plane through tho origin is either a plane not passing through the tangent hue 
(^^.^0. j/ = 0), and the equation ^=0 will serve to represent any such plane; or if it 
pnsa through the taugenb lino, then it is either a non-special plane, which my be 
represented by the equation y = 0; or it is a special plane: viz. either the oscuiymg 
plane /» = 0 of the nodal line, or else one or the other of the two tangent planes 
(« h, -a-)^=0 of the surface. I consider therefore the sections of the surlace 

by these planes = 0, y= 0, = (a, h, h^y, = 0 respectively. 

Section by the non-special plane <0 — 0, 


The equation is 


(a, b, o,f, g, h\y, 


which represents a curve having at the origin an ordinary node, the equations of the 
two tangents being (a, A bfy, -®)» = 0, viz. these are the intemections of the two 

tangent planes by the plane ^ = 0, 
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Section by the non-special plane through the tangent line, viz. the plane j/ = 0 . 

The equation is 

c, /, g, -(c, xzy = 0, 

or what is the same thing, 

baiP — + ^haoz^ + - %jwz^ 4 - cts^ = 0 . 

Writing as usual we have 

fju = % hA^ -f 2hA 4- a = 0, 

and since ah — h^ is by hypothesis not “ 0 , A has two unequal values; we have at 
the origin two branches x — A^z^ + BiZ^ + &c,, co - Aa^ 4 * - 822 ^ 4 - &c., having the common 
tangent rt?=0 (viz, this is the tangent (c — O, y — 0 of the nodal curve), and with a 
two-pointic intersection of the two branches, that is, the point at the origin is an 
ordinary tacnode. 

Section by the osculating plane iK = 0 . 

The equation is 

(a, f>, o,f, (j, h\y-z\ yz, -7/«)» = 0. 

Wo may write y = + Az)^ + ha,, wc at once find /x = 3, and then 

(a, h, c, /, g, /i5-4s®+&c,, z^ + ha., — 2 * + &c,y = 0 , 

that is 

(ft, h, hJ^A, 1 )’> = 0 . 

A has two unequal values, and the branches through the origin arc 

y = z^ + AiZ^ + BiZ* + he., y — i^-\-A!,z'^-i-BiZ* + &o. ... , 

viz. the branches have the common tangent line ?/ = 0 (the tangent w^O, y = 0 of 
the nodal curve), but in the present case a three-pointie intersection. 

Section by one of the tangent planes (a, li, b'^y, -«)'' = 0. 

Writing y^ — mo), and therefore (a, h, b^m, -1)^=0, the equation is 

(a, b, 0 , f, g, h^-~mce~z^, ~tt>~mzx, aiz — m?a?)^ = Q, 

which represents of course the projection of the section on the plane 2 = 0 , * = 0 , hut 
which (since there is no alteration in the singularities) may be considered as 
representing the section itself. Developing, the coefficient of a? is awi’ + 2 /i 7 ?i. + h, which 
is = 0 , and the equation becomes 

2 wi® (</»»+/) «:» + cm? a? 

+ 2 [fiw® + (l) — j 5 f)w~/) a !’2 + ‘ 2m“(/7)i-c) «!*2 

+ 2(a7M + A) a! 2 * + (6 + 2 ^ 7 ) m* - 2/m + o oiV 

+ 2 Qm - g) xz^ 

+ ft z* — 0, 

so that the curve has at the origin a triple point, the tangent to one branch being 

the line « = 0 (the tangent a; = 0 , = 0 of the nodal curve). 
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Consider next the surface 

(1, ]i\ c,/, g, h\y-z\ yz-x, 

lieing as already remarked, the general surface referred to a pinch-point as origin. 

Section by the non-special plane .2 = 0. 

The equation is 

(1, h\ c,f, g, hly, - 2/7 = 0, 

whore, atteiuling only to the terms of the lowest order, we find (1, h, h%y, -xy = 0, 
that is (y — luvy = 0, showing that the origin is a cusp. 

Section by the non-special plane through the tangent line, viz. the plane y 0. 

The equation is 

(1, h\ o,f, g, ii^-z^ 0)7 = 0, 

or wliat is the same thing, 

+ 2 W - + 00!%” - 2j/a)2» -t- 3^ = 0, 

tliat is ■ „ , A 

(Jm + 7” - 2/o)’ 2 + co)V - 22/0)2* = 0, 

writing + wo fliiil »t onoo Mil *>■“ ^' = 4~k’ “ 

branohe. are whoaoe wo too .. th. .ngi« a cp »( ^ 

order or node cusp. 

Section by the osculating plane «=0. 

The equation is „ .aw-n- 

(i,h\o,f,g,hly-Ayz.-fy-^> 

writing 2/ = 2 ® - hz^ + Azi^, we easily find /i = |, and then 

( 1 , h\ c, /, g, hl~h^ + Azi, z?-hz^. = 

• A ^+i disappear of themselves, the terms m z' give 

where the terms in 7 and 2 “+* disappear 

+ 2gh = 0, and the branches are 

— ± Az^ &c., 

viz. there is a cusp of a superior order. 

Section by the tangent plane y = /«». 


Tho equation is 


(1, h?. c, f, g, -x+y<z. <zz-m o- 
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representing the projection on the plane of z(c. Developing, the equation is 

2(f-gh)iiP(h^x-z) ■{■x'ch* 

+a?z —2¥{hf+G) 

+ (k' + 2</Vi= + 2//i + c) 

+ m’ -2(hHg) 

+z> 1 = 0 , 

and there is at the oiigpn a triple point (=cn8p + 2nodes) arising froin the passage 
of an ordinary branch through a cusp; the tangent at the cusp being it will be 
noticed the line ®=0, that is the tangent «! = 0, y-0 to the nodal curve at the 
pinch-point. 

The results of the investigation may be presented in a tabular form os follows : 


Nature of Sootioii. 



r 


Plane of Section. 

Origin, an ordinary point. 

Origin, a Pinoli-poiut. 

Non-speoial. 

Node. 

Ousp. 

Ditto, through tangent line 
of nodal curve. 

TacnodG = 2 nodes, 

Node-cusp, - node + cusp. 

Osculating plane of nodal ciirve, 

y = Si® + j &c. 

2^ = + hz^ Hh &c. 

Either of the two tangent 
planes. 

The single tangent plane. 

Triple point, one branch touch- 
ing tlie tangent of nodal line. 

Triple point, = ousp + 2 nodes ; 
the cuspidal branch touching 
the tangent of the nodal line. 


I have not considered the special cases where one of the two tangent planes, or (as 
the case may be) the single tangent plane of the surface coincides with the osculating 
plane of the nodal curve. 



ON PASCAL^S THEOREM. 


[From the Qxiavterly JoxiTual of Pure and Applied Mathematics, vol, ix. (1868), 

pp. 348—358*] 

I CONSIDER the following question : to find a point such tliat its polar plane in 
I’egard to a given system of three planes is the same as its polar piano in regard to 
another given system of three planes. 

The equations of any six planes whatever may be taken to be A* ~ 0, P=0, 0, 

tr= 0, F=: 0, TF = 0, where 

A+ Fq- TF-:0, 

aX + br+ cZ^fU-\^ (/F+ ATF= 0, 

and so also any quantities X, Z, i7, F, W satisfying those relations may bo regarded 
as the coordinates of a point in space ; we pass to the ordinary system of quadriplanar 
coordinates by merely substituting for F, tbeir values as linear functions of 
X, F Z, U. 

This being so, the equations of the given systems of three planes may be taken 
to be 

XYZ^O, ^7FF = 0, 

and if we take for the coordinates of the required point («;, y, z, u, v, w)^ wherG 

y+ ^1+ 

ow? 4- + W = 0, 

then the equations of the two polar planes are 
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respectively, and we have to find (®, y, z, «. y, w), such that these two equations 
may represent the same plane, or that the two equations may in virtue of the linear 
relations between (X, F, Z, U, F, T-F) be the same equation. 

The ordinary process by mdeterminate multipliers gives 


- + Xr + = 0, 


+A-+/** = 0, 

j + \ + /to = 0, 

^ + A + ^ = 0, 


“ +A + ft(7 = 0, 


-+\ + /i/t = 0, 


and we have the before-mentioned linear relations between (®, y, z, u, v, w)i these 
last ai*e satisfied by tlie values ' 


if only 


(®, w, a, u, Vy w) = - - - L. ^ ^ 

\a-e' b~e’ 0-6' f-e' y-e'~h~:re)< 




a-e h-6^o~e ~/-e “/ir^ 

in fact. 6 satisfying this equation, the relation 
is obviously satisfied; and observing that we have 
we liavo 


- 0 ; 


o^y + + Cif i-fit +^t; 4- hw 

+/=«). 


f-e> •" 


so that the relation m'+hy + cz+fu+ga+hw^O is also satisfied. Substituting the 

rflerjlS ’■ “■ ’■ ^ 

^’ = -1, \ = 6, k--l. 
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The coordinates of the required point thus are 

M _ 1 _ 1 _LJ\ 

\a-e‘ h- 6 ' 0-0’ f-d' ij-e’ h-e)’ 

where 

11 1 1 1 1 _ f> 

b-d'^ c-0 f-d g-e h-e~''^’ 

and^ the equation in 6 being of the fourth order, there are thus four points, say the 
points Oi, Oo, O3, O4, which have each of them the property in question. 

It will be convenient to designate the planes X=0, 1 ^= 0 , IT’ = 0 , F= 0 , 

W — 0 as the planes ct, 6, c, /, (/, li respectively ; the line of intersection of the planes 
X — Qy F= 0 will then be the line at, and the point of intersection of the planes 
X = 0, 7 “ 0, ^ = 0 the point aho ; and so in other cases, 

I say that from any one of the points 0 it is possible to draw 


a line 

meeting the lines af ,hg , oh 

(1)> 


„ ag . bh . of 

( 2 ), 

}} 

„ ah ,bf .G(j 

( 3 ). 

it 

„ afM.cg 

(^). 

it 

„ ag.hf .ch 

( 5 ), 

» 

ah .hg .of 

(6). 


and consequently, that the four points 0 are the four common points of the six 
hyperboloids passing through these triads of lines respectively. 

In fact, considering 6 as determined by the foregoing quarfcic equation, and wilting 
for shortness 

\a^e)X^A: {f^8)V^F, 

{h^ 0 )Y=B, {g-e)y -ff, 

{o- 6 )Z = G, (h-^e) 

so that 

ud + 5 + + + 0 , 


the equations — J 5 +Cr = 0, C'+JJ-O, are equivalent to two equations only, and 

it is at once seen, that these are in fact the equations of a line through the point 
0 meeting the throe linos af, bg, c/t respectively, 

1 1 

The equation A^F—O^ is in fact satisfied by the values X : tf — g ’; 

and by X = 0, U= 0 ; it is consequently the equation of the plane through 0 and 
the lino similarly — O 10 fKo cmTitfirkn -HIto VklnnA f.Virnnnrli O ft.-nrl f.t'iri 
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hg\ and is the equation of the plane through 0 and the line c/t; and the 

three equations being equivalent to two equations only, the planes have a common 


line which is the line in 

question. 



TliG equations of the 

six lines thus 

are : 


(1) 

A + F=^0, 

5+(? =0, 

G+H=0, 

(2) 

A + G=0. 

B + H = 0, 

C? + F = 0, 

(3) 

A + H^O, 

B+F=0, 

G+G = 0, 

(4) 

A + F =0, 

+ = 

C'+ff = 0, 

(5) 

A + G =0, 

jS + F=0, 

G+H^Q, 

(6) 

A + H = 0, 

J?+(?=0, 

G+F=0. 


It is further to be noticed, that if in any one of these systems, for instance in the 
system A +F-0, B + G = 0, 0 + H—Q, Ave consider 8 as an arbitrary quantity, then 
the equations are those of any line Avhatever cutting the lines af, bg, ch\ and hence 
eliminating 8, we have the equation of the hyperboloid through the three lines 
af, hg, ch ; the equations of the six hyperboloids are thus found to be 


(1) 

aco + fit 
w + u 

1) 

+ + 

cz + hw 
~ z + w ’ 

(2) 

aw + gv 
a + v 

_ hy + hv) 

^ y + to 

_ CZ+ fll 

~ z + u ’ 

(8) 

ax + Im 

(C + W 

by+fu 

cz + gv 
~ z + v ' 

(4) 

ax 

^ + 

by 4- hw 
~ y + w 

-h + 

II 

(5) 

aw + 

_ hy +ju 

_ 0-2? + hu 

w-hv 

y+u 


(8) 

aw -f- Im 

by + gv 
y + v 

[[ 


respectively; the equations in the same line being of course equivalent to a single 
equation. 

For each one of the six lines Ave have 

in some order or other, and it is thus seen that the six lines lie on a cone of the 
second order, the equation Avhereof is 
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Consider now the six planes a, 6, c, /, g, h, and taking in the first instance an 
arbitrary point of projection, and a plane of projection which is also arbitrary — the 

line of intersection ab of the planes a and b will be projected into a line ah\ and 
the point of intersection of the planes a, 6, c into a point abo; and so in other cases. 

We have thus a plane figure, consisting of the fifteen lines ab, ac, and of the 

twenty points aic, abfj ...fgh\ and which is such, that on each of the lines there lie 
four of the points, and through each of the points there pass three of the lines, viz. 
tliG points a6c, ahf, ahg^ abh lie on the line ah\ and the lines Jo, oa, ab meet in the 
point abo, and so in other cases. If now the point of projection instead of being 

arbitrary, bo one of the above-mentioned four points 0, then the projections of the 
linois af, hg, ch meet in a point, and the like for each of the six triads of lines; 
that is in the plane figure we have six points 1, 2, 3, 4, 6, 6, each of them the 
intersection of three lines as shown in the diagram, 

l = a/.Jr/.cJ, 

2- ag.hh, of, 

3 = ah ,bf 

4 = a/ . bh . cgt 
b-ag.bf, chf 
6 = ah , bg . o/, 

find these six points lie in a conic. It is clear that the lines a/, ag^ ah\ bf^ bg, hh, 
cf, og, ch are the lines 14i. 25, 36; 35, 16, 24; 26, 34, 15 respectively. 

Conversely, starting from the points 1, 2, 3, 4, 5, 6 on a conic, and denoting the 

lines 14, 26, 36 ; 35, 16, 24 ; 26, 34, 16 (behig, it may be noticed, the sides and 
diagonals of the hexagon 162436) in the manner just referred to, then it is possible 
to complete the figure of the fifteen lines ab, ao,... gh and of the twenty points 
itho, ahf,...fgh, such that each line contains upon it four points, and that through each 
point thei’e pass three lines, in the manner already mentioned. 

Of the fifteen lines, nine, viz. the lines a/, ag, ah] bf, bg, bh] cf, eg, oh are, as has 

boon soon, lines through two of the six points 1, 2, 3, 4, 5, 6 ; the remaining lines are 

io, ca, ab ; gh, hf, fg. These are Pascalian lines, 

be of the hexagon 162435, 

ca „ 152634, 

ab „ 142536, 

gh 

¥ 


162436, 

142635, 

162634, 
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which appears thus, viz. 

line bo contains points hof , bog , hch , 

= khcff, bh.ch, 

==35.26, 16.34, 24.15; 

that is, be is the Pascaliaii line of the hexagon 162435; and the like for the rest of 
the six lines. 

The twenty points ahC) ahf ^ , , ,fgh are as follows, viz. omitting the two points 
ahCy fgh^ the remaining eighteen points are the ’ Pascalian points (the intersections of 
pairs of lines each through two of the points 1, 2, 8, 4, 5, 6) which lie on the 

Pascalian lines be, at, ab, gh, hf, fg respectively ; the point aho is the intersection of 
the Pascalian lines be, ca, ab, and the point fgh is the intersection of the Pascalian 
lines gh, Jif, fg, the points in question being two of the points P (Steiner's twentj’* 
points, each the intersection of three Pascalian lines), 

We thus see that we have two triads of hexagoas such that the Pascalian lines 
of each triad meet in a point, and that the two points so obtained, together with the 
eighteen points on the six Pascalian lines, form a system of twenty points lying four 
together on fifteen lines, and which points and lines are the projections of the points 
and lines of intersection of six planes ; or, say simply that the figure is the projection 
of the figure of six planes. 

It is to be added, that if the planes are a, 6 , o, /, g, h, then the point of 

projection is any one of the four points which have the same polar plane in regard 

to the system of the planes a, 6 , c, and in regard to the system of the planes / g, A. 

The consideration of the solid figure affords a demonstration of the existence as well 
of the six Pascalian lines as of the two points each the intersection of three of 
these lines. 



404 . 

EEPRODUCTION OF EULER’S MEMOIR OF 1758 ON THE 
ROTATION OF A SOLID BODY. 

[Fi'om the Qmiierly Journal of Pure and Applied Matiiematics, vol. ix. (1868), 

pp. 361—373.] 

Euler’-s Memoir “Du mouvement de rotation cles corps .solides autoui- d’uii axe 
variable,” Alhi. de Berlin, 1768, pp. 164—193 (printed in 1765), seems to have been 
mitten subsequently to the memoir with a similar title in the Berlin MejHoirs for 
1760, and to the “Thcoria Motus Oorporura Solidorum «fec,,’’ Rostock, 1766, and there 
are contained in the firat-mentioned memoir some very interesting results which appear 
to have escaped the notice of later writers on the subject; viz, Euler succeeds in 
integrating the equations of motion without the assistance furnished by the consideration 
of the mvanable 2>l(('iie- In rejoroducing these results I make the following alterations 
in Euler’s notation, viz. instead of os, y, z I write- pj rjf, r-, instead of Ma\ Mb^, Me^ 
(where JIf is the mass) I write A, B, 0, these quantities denoting the principal 
moments, and in some equations where the omission or ij'—-'--- • 

n*r»ftllxr iviof.rai*-iol T A Tf f) •! »a talnnn /nP rsi r»2 * 
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and introducing the auxiliaiy quantity n such that dii =pqrdt, we have 

lir = 91 + 

(/' = 93 + 2 

® -h 

where % 93, S are constants of integration, and thence 

du 




V {(9( 4* 2iu) (© + 2Mu)] (S + 2Nu) ^ 

where fcliie integral may without loss of generality be taken from ^^ = 0; u, and 
consequently 2h Qi ftre thus given functions of t\ and it is moreover clear that 
91, 93, S are the initial values of p-, We have also if w be tlie angular 

velocity round the instantaneous axis 

Euler then, assumes that the position in space of the principal axes is geometrically 
determined as follows, viz, (treating the axes as points on a sphere) it is assumed 
that the distances from a fixed point P of the sphere are respectively I, m, and that 

B 



the inclinations of these distances to a fixed arc PQ are respectively \ /m, v. Wo have 
then the geometrical relations 

cos^ I + cos^ m + cos^ n = l; 

r \ cos i . . cos m cos n 

sin (a — i; ) =5 ? — , eos (a — j/ ) = * 

'■ ' C»TT\ AVI CSIVi Aft * V / 


Sin m 8m n 


sm m sin n 


- f COSm . G08?lC0Sj 

Sin(i/-X)=-; j , cos (r 

^ ' OlVl A 1 £» 1 T^ ^ 


Sin n Bin i 
cos n 


sin n sin I ' 


whence also 


\ f*' /-v \ cos I COS m 

sin (X, - a) = — - . , cos (X-- a) = : 

smisinm smZsmm’ 


sm /!- = 
cos /Ur = 
sin V = 

COSV = 


— cos X cos n — sin X cos I cos m 
sin/ sin m ' 

sin X cos 7V — cos X cos / co s vi 
sinlsinm ’ 

cos X cos m + sill X cos / cos n 
sinisin?i * 

- sin X cos m — cos X cos I cos ii 
sin I sin n 
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The geometrical equations connecting the resolved angular velocities j), q, r with 
the differentials of I, m, X, fjb, v are 

dl sin I =dt{q cos n — r cos m\ dX sin^ I = — dt(q cos m + r cos n ), 

dm sin m = dt {r cos I — cos 71 ), d/i sin^^ji = — dt (7' cos 91 cos I ), 

d7i sin 71 = dt {p cosm — q cos I ), du sin® — “ dt (p cos I ■}- q cos 771), 

Mnltiplying the equations of motion respectively by cos cos cos 9^, and adding, 
we obtain an equation which is reducible to the form 

d (Ap cos I + Sq cos 7 n + cos ?i) ~ 0 , 

whence integrating 

Api cos Jiq cos 771 + (??’ cos 7 l = !l)> 

3 ) being a constant of integration. One other integral equation is necessary for the 
determination of the angles I, ?i. The expressions for dl, din, div give at once 

p dl sin I + q dm sin m + 9 " dii sin n = 0 . 

Instead of the arcs I, 711, 7i, Euler introduces a new variable v, such that 


v=pcosl-\’q cos 7)1 r cos n ; 

by means of the last j)i’eceding equation, we find 

(Iv := dp COS l-^dq cos 771 -h cos 71, 

and then, substituting for dp, dq, dr, their values, 

, /L cos I M cos m , N cos 9 i\ , 

dv - -f — - — ) du, 

\ p q r } 


from which the relation between v and n is to be determined. Wo have 


cos® I + cos® m H- cos® iz = 1, 
Ap cos I + J3q cos m + C?' cos 71 = 3), 
p cos ? -h q cos m -h r cos 7i — v, 


which give cos cos 9 ?i, cos 9 i in tornis of "Wj the resulting formuloe contain the 
radical 

/ -f + N^ayq^) - 3)® (a?® + y® + ^®) 

Y 1 + 23)v {Ap^ + Bq^ + O®) (Ay -f B^q^ -f 6V), 

which for shortness is represented by V{(* 0 }‘ have 


}• 


!l)?j (NGq^ ~ AfBr^) + BGpv {Mi^ ~ Ncf) + LAgr V[(>0} 
<D(7 (LAi^ - NCp^) + GAqv (Ifp^ - Li^) + MDip a/((-)] 
®?’ (MBp^ - LAq^) 4 ABrv (Lq‘‘ - Mp^) + NOpq */{(••)} 

cosn - 


COS 


cos 771 


0 . VI. 


18 
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and substituting these values in the differential equation 

^ _ L UPS I M cos m N cos n 
du~ p ^ r ’ 
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the equation to be integrated becomes 


{L^AYr'‘ + = LAW'S) ^ ^ ( 7 , .9) _ ^ ^ 

+^" + M^Br'^p^ + N'‘Gp‘‘q^). 

Noiv substituting for p, q, 7 * their values, we have 

Y')’^ 4- M^B^ry + N^Cyq'^ = ZM’^6 + il/=J7^@:si + Nmm ~ 2LMNn (§W» + SAB + gO). 
iiUffV +M‘Bry +xY^Cpy =iUi 8 g +Mmn +mm ~2LMNu(m +^B +gC7). 
29»+f+r= = S[ +^Q +(^+2iL + M + N)u, 

Ap^ + Bq'> + 0)^ = ?U + 9 )j? q. 

A Y + By + + Sf?! : 

and writing for shortness 

?t + SB 4- g = jSS, 

. 9rJ+ 815+ gC'=i?', 

.?U'>+ SB^jq- gC^=G!, 

L'^A SlS + ilPM?! +iV^(79[S8 =//, 

ZM’^SBg + jlPil^g?! + A''?0'^?[SB = K, 

wheie K-EG-F*, substituting these’ values and observing that 

X + JI/+j\r=-iii/iV, 
the radical of the formula becomes 

V|(-)} = \/ (ir- + 2S)^LMExv ~ 2)«+ - Gv^), 

£ind tliG differGiitisrl equation becomos 

^^{K~ ‘^LMN6u)^LMNS>F~LMNGv + -^^{H- 2LMNFu) 
which can be reduced to the form 

Kdv~LMNFS)du-2LMmnrh>^T.MWfL,ft,, 
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Euler remarks that as the right-hand aide of the equation contains only the 
variahle u, the solution will be effected if we can find a function of u, a multiplier 
of the left-hand side ; ho had elsewhere explained the method of finding such 
multipliers, and applying it to the equation in hand, the multiplier of the left-hand 

1 

aide, and therefore of the equation itself, is found to be _ ^LMNGu ’ 


the same thing 


V ( G ^) 

K-2LMNGV.' 


Multiplying by this quantity, the right-hand side may for shortness be represented 
by dU, so that 

, ,, {H - iLMNFu) V ((?) dM. 

® {K-ILMNGu) V \{^Lu + 51) (2^ + S3) (JLNu -h €)} ' 

and U may be considered as a given function of u, or what is the same thing of t. 


As regards the left-hand side, attending to the equation K = EG — the radical 
multiplied into V (G) may be presented under the form 

_ 27JOT«) - W)] i 


and consequently the left-hand side becomes 

( K - 2LMNOu) Gdv + LMNG (Qv - !l).F) du 
{K ~ LMNQu) VKtf - {K - 2LMJ^Gu) - {Gv - ’ 

which putting for the moment K-iLMFQxi^f, Gx>-%F=q, becomes 

the integral of which is sin"* ; honco reatoring, the values of p, q, f, 

p^{fY-qr ^ fP 

the integral is 

. ■. Qx)-^F 

V ((? - !5)0 V - ^LMNGti) ' 


Hence considering the constant of integration as included in U, or wilting' 

f (H - iLMNFu ) ^{Q)du 

= (K - iLMNGto) V K27-/tt+ VI) (2i¥u + 5!5) (2A« + (&>[ ’ 

we have for the required integral of the differential equation 


sin” 


whence also 


and 


Gv-- 

V ((? - !D*) V l(Jf - 2LMJS!Gu)\ 


^U, 


Gv — ^F _ • rr 

J{HG ~m (K - 2LMmu) -(Gv~ 2)7')"}] ^ ^ 

V (<? - ®’‘) V 6h{)} 


18—2 
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SO that the value of the original radical is 




Substituting in the expressions for the cosines of the arcs m, 11 , these values of v 
and the radical ; the formute after some reductions become 


cosi + 


5Q;(M-iVS8) jj , V(ff *3)0 jj 

- 2LMNGU) V ((?) V (-S^ - 2LMNGii) ’ 


2)5^ . GAq(Ml-m)-^(G-^’‘) 

G G>J{K-2LMNGu) 


sia ?7+ 

® ^ V (G) V (K - 27J/i7(?w) 


cos U, 


COSH = 


Wr 

G 


G^{K- 2LjmGu) V ((?) V (K ~ 2LMmtij ‘ 


where for shortness jj, q, r are retained in place of their values V {2Iai + §1), V (2ilfit -I- S3), 

V'( 2 i 7 rf + S). 


The values of I, in, n being known, that of X could be deterininod by the 
differential equation 

(lx — — ^^^(iZ^Qsm+gcosii) 

~ sin’l ’ 

and then the values of /t, v would be determined without any further intogration ; 
hut it is better to consider, in the place of any one of the principal axes in particular, 
the instantaneous axis, which is a line inclined to these at angles a, y, the cosines of 

which are ~ (if as before a>'‘=p’' + 2 H}’“). Considering tlio instantaneous axis 

as a point of the sphere, let j denote the distance OP from the fixed point P, and 
0 the inclination OPQ of this distance to the fixed arc PQ. We have 

COS j = cos a cos J + cos /3 cos m *f cos 7 cos n. 


siu j cos (/) = cos a sin Z cos X + cos /3 sin vi cos /m *f cos 7 sin qi cos 
sin^* sill ^ ~ cos a sin I sin X + cos sin m sin /m 4 - cos 7 sin n sin Vj 


sm 1 smj * 

ai« (It _ AN _ 7 ‘ios m — cos /3 cos n 

sin 1 sin j ’ 

sm7?isinj * 

co3(ji-A) - ~ y ^ 

sin TO sin y ’ 

C03(V 

sin 71 sin j * 

_ A) - cos ^ cos 1 ~ cos « COS 111 
^ sin n sin j ’ 
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SO that fi, V ai’e determined in terms of j and These expi’essions give 

•I 

^ ~ —pdr) + cos n (pdq - qdp)}, 

which is reducible to Euler’s equation 

, . ,.V am - m) cosl + q (mi - my cos m 4- r (L?Q - APH) cos n 

yi?-2iji«-'^ ’ 

and thence, substituting for cos cos??i, cosn their values, and observing that 

Ap^ (Am - m) + Bq^ (Ml - my + (m - ifsi) = -(h- ^uiNFuy, 

BCp^ (ilf(S ~ + GAq'‘ (Ml - my + ABr‘‘ (i® - ilf?!)" = -?’(//- 2LiVmFuy. 

LA (]\m ~ m&y + mb (nh - i^y +no (zs - i/si) = ZAm, 

the equation becomes 

d4 (E - iLAINu -vy-^di^ ^ ^ ^ (K -.'iLMNQiC) ^ 


LMNFpqr^!(Q~‘FPy jj 
V((?)V(-K^ - 2ZilfiVGhO ‘ 


where it is to be remarked that 


Q'^(E~2LMNu-v'>‘y 

=^(Q-<ApyF^ + Q(K- 2LMNQuy - ((? - 3)®) (K - 2LMNOuy sin® U 

- 22)i?’V((? - V - 2LMMau)\ sin TJ. 

Now 

dt(II-2LMNFtiy>I(Qy , ^ 

li-2lMir6u ■ 

the differential d(j> can be expressed as a fraction, the numerator whereof is 
-<F)dU(K- 2LMNChC) (Qy-\-FdU >J {Q(Q~'A)^y(K~ 2LMmii)\ sin U 


^ LMNFGdu^[Q(G~m ,^. rj 

>I(Ii:-2LMN(kiy 


and the denominator 


((? - 3)®) (K - 2Z;j¥JVfft4) - 2^F V (<? - 3)®) (K - SiJlfJVffw) sin U 

-(Q-(S>^)(K~2LME'Qu)8m’‘U. 

To simplify, write 

V (K - 2LMNQuy = s, V (<? “ 
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the numerator is 

— 2)s" dU ^ {Q)^ FhsdU \/ (G ) siu U — Fhs \f {Q) cos IJ, 
and the denominator 


li-F'^ + — 23) sin V — siu^ V, 

which, observing that is equal to 

{Fh - 3)s sin Uf + Gs^ cos'* JJ, 


and we have 


the integral of which is 


_ — 5).s^d U ’f Fhs s in UdU — F/ids cos t/ , ^ 
^ {i'h- 3)s sin U)^ Qs^ cos^U 


^ “ scosf/'V(G*) ’ 

where 8 IS the constant of integration, or substituting for h, s their values, the 
equation is 

t.»« ^ st\ - - 2)=) - 2) sin U^/(K- 2LMNCkC\ 

cos U\i {Q{K-2LMNQu)\ ’ 

It may be added that 


and therefore 


£.) cosy = « = I [2)JP + V {((? - 2)=) (Z - 2LMNGu)\ sin U], 

0 = (Z - 2ijlfZG'«)i sin U 

Q^/{E~’^LMNu) • 


that the oomplexity of the solution owing to the circumstance that 
fii’ arbitrary; and that the formulaB may be simplified by taking 

6^-^!I)^==0, and he gives the far more simple formulce corresponding 
tns assuinption; this is in fact talcing the point P in the cUreoiion of the nmml 

resulting formul® are identical with the ordinary 
&i initl® for the solution of tlie problem. The term invanahle plane is not used by 

foiW- p 1T;.]° P^bl^me de trois 

coips, de I Acad* de BerhUy t, ix,, 1772. 

To prove the before-mentioned equation for stai'ting from the equations 

cosy = cos a cos I q- cos /3 cos ni -)- cos 7 cosii = — , 

w 

sin y cos = cos a sin Z cos X + cos /3 sin m cos /* -f cos 7 siu n cos p 
siny sin (^ = cos a sin Z cos X -f- cos ^ sin m sin /i -f sin 7 sin n sin v, 


vve have 


cosy dj cos <f) — siny sin 

= - sm a da sin Z cos X - &c. + cos a cos X cos Z dl + &o. - cos a sin Z sin \dX + &c., 
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COS X cot I (q cos n -* ?’ cos m) 

(0 

+ ” cos ii cot m (r cos i — p cos n ) 
6 ) 

— cos z/ cot 'il (p cos QYl — q cos I ), 


and the third term is 


-f ” sin X cosec I (q cos m 4- r cos n ) 


-h ^ -sm it cosec w (r cos •fi) cos i) 
a> 


pq f— cos X sin n cos — X) H- sin X sin n sin (t' — X) 
~ Q) 1+ cos fjb sin n cos (/t — v) + sin sin sin (/iz — 


•f " sin 1/ cosec n (p cos I -h q cos w). 

0 ) 

Hence the second and third terms together are 

pq f ^ cosj C0S7t cos m cos 71 , ^ COS77Z . COsZ \ p 

cos X —J cos p — J Hr sm X -r— y + sin /* -r— j H- 

CO \ smZ sinw smZ sinw/ 

H- &c,, 

sin 71 1 ” ^ sin \ sin (v ^ X )1 ^ 

CO (H- cos p cos (/Lt — z^) + sin p sin (/it — j^)) 

pq . f- cos {X + (z^ - X)}| , n 

0) (+ cos (At - - v)\) 

= — sin n (— cos v H- cos z^) + fee,, — 0 ; 

CO 

Ave have therefore 

cosj dj cos ^ — sin j sin ^ 

= — sin cc dec sin I cos X — sin /3 sin vi cos p — sin 7 dy sin 7i cos v, 

= cZ - . sin Z cos X + d - . sin m cos p + d — , sin 7i sin iz 
6 ) ^ 


*1 

= + — (sin J cos \ (^ + sin m cos yi dg + sin cos v dr) 


- ^ (sin I cos Xi) + sin w cos o + sinw cos vr) 


V • t * 

: — cot J cos j>d — sin j sin ^ d^. 
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Hence therefore 

sin j sin (fidch — — cot j cos (bd - 

^ Q) 

0) ^ ^ ^ (J*dq-\- sii] n cos v dr) 

^ ~c^ i cos X ^ 4- sin m cos /i. gr 4 sin cos v r) 

, 1 

cot^ cos 0 - (cos I dp + cos m dq 4 cos n dr) 

4 * cot j cos ^ ^ {p cos i -h cos m 4 9* cos 9i) 

“ “ (stn I cos X dj; + sin m cos fi dq 4 sin n cos v dr) 
do) / • 7 

+ (sin i cos X , 4 sin m cos /a ♦ 4 sin n cos v , r) 

1 

~ “ {(~ cos (peon I — sin I cos X) dp + &o,] 


doy .. 

+ K j cos Ijb cos Z 4 sin I cos X)^ 4 &c,}. 


But we have 


and thence 


cos(x-<A)=^^^U:i2^i 
smtsinj * 

cos a , , 

siu (X - A) = cosycos w-cosffcos?! 

sin Z sin j ^ 


cos X = cos f(X — 0) 4 <^] _ j 03 0 (cos a — cos I cos j) - sin 0 (cos 7 cos r% — cos /3 cos n) 

sin Z sin j 

whence also 

cot J cos ^ cos Z 4 sin Z cos X 


“ sin j ^ cos i! + cos (cos a - cos i cos j) - sin ^ (cos 7 cos m - cos /3 cos ?i)}, 

_ 1 , 

~ sin j « cos ^ — sm (p (cos 7 cos — cos /9 cos n)\, 

~ easing' ~ ^ (■*' m-qcos ?^)). 
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Hence the expression for sin j sin ^ d<^ is 




+ > ri?J cos (f> “ sin (f> (?• cos'?H - q cos n)} « + , . 


—-. — . \(d do) cos d) - sin 0 {(r cos vi — ry cos n) di) -!-•.* 


}] 


+ 


cly 

— j. — - ( 

6 )*' sin _7 


*COS(^ 


= sinj sin ^ d!0, 


or finally 


that is 


sin j sin ^ = I [(r cos m - q eosn ) di) + &c.]. 


d(f) = 


1 

<<)’’sin’ j 


(r cos «i — q cos n) fi!jj ^ 

+ (p cos n — r cos l)dq ^ > 
+ (q cos I —q> cos «i) dr ^ 


which is the required expression for d<f>. 


Recapitulating, A, B, G, p, q, r denote as usual, 

L = — J , il/ = ~ g— , N = — ^ , dw = pqrdt, 

p = V(2l + 2iiO. 
f = V (S 3 + 
r = v(e + 2 ilM: 

SI + 23 + e =i?. 

SU +S3R +K(? =^'. 


so that 


7/ii23S d-Jif^iiesr +i\r»cs(23 =ii, 

XM“ 23 (£ + + ^■»(?“8123 = K ; 


K = EQ-F\ 


{H - ^LMNFu) dll V {G-) 

{K - ^LMN&a) V K?l + 2Xw) (23 + 2Mu) (® + 2i7i{)} ’ 


C. VI. 
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cos I = LAq r>J{Gj- D^) ,, 

(? Q'^{K-2LMNQu) ' [G(,K-2LMNGii)]^°^^’ 

... OAq^l- A6) V (g - ^ WjpV(g-!Dn 

<? G^/{K-2LMNGii,) ^ ^ [G{K-^LMNGii,)]^°^ 

... ^ M- ■!■ - ^8() V (g - S)^) iVQo<7 y/ (g - S)^) „ 

G (? a/ {K- 2LMI[Gu) ■*■ V ((?(Jf- 2iAifi\rff?t)) ““ 

(cP = E-2LMmi, 

cos i = i(g - 3>°) (ir - 2£iriY(?it)) sin 17 

G~»j{E~2LMmC), 

V =p COS I'hq cos m + r cos n 


= I [®^'+ V 1(6 - 2)») (K ~ 2LMNGU)] sin 17], 


tan U + - 2) 8tn 17 V (if - 2£7I/J7(?tf) 

cos 17 V [6(7f- 


[The angles which determine the position of the 
terms of u, which is given as a function of t by the 
where p, q, r denote given functions of «.] 


body are thus exiu’essed in 
foregoing equation du=pqrdt, 
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AN EIGHTH' MEMOIE ON QUANTICS. 


[Froiifi the Philosojylmal TnmmGtions of the Royal Society of LondoUy voL clvii. 
(for the year 1867). Received January 8,— Read January 17^ 1867,] 

The present Memoir relates mainly to the binary qnintic, continuing the inves 
gatioiis ill relation to this form contained in my Second, Third, and Fiftli Memoirs 
Qualities, [141], [144], [156]; the investigations which it contains in relation to 
q 11 antic of any order are given with a view to their application to the quin tic. i 
the invariants of a binary quintic (via. those of the degrees 4, 8, 12, and 18) i 
given in the Memoirs above referred to, and also the cq variants up to the degi’ee 
it waa interesting to proceed one step further, viz. to the covariants of the degree 
in fact, while for the degree 6 we obtain 3 covariants and a single syzygy, for t 
degree 6 wo obtain only 2 covariants, but as many as 7 syzygies; one of these 
however, the syzygy of the degree 6 multiplied into the quintic itself, so th 
excluding this derived syzygy, there remain (7 — 1 -) 6 syzygies of the degi’ee 6, T 
determination of the two covariants (Tables 83 and 84 post) and of the syzygies 
the degree 6, occupies the commencement of the jiresent Memoir, [These covariai 

OO Qyli r, "A/r AT" rt'P till Trto irvcvi' *1 i.l. - * — _ 1,, 
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I then apply it to the quintic equation, following Professor Sylvester’s track, but so 
as to dispense altogether with his amphigeuous surface, and making the investigation to 
depnd solely on the discussion of the bicorn curve, which is a principal section of 
this surface. I explain the new form which M, Hermite has given to the Tschirn- 
hausen transformation, leading to a transformed equation the coefficients whereof are 
all invariants; and, in the case of the quintic, I identify with my Tables his cubi- 
covariants y) and y). And in the two new Tables, 85 and 86 , I give the 

leading coefficients of the other two cubicovariants <^> 3 ( 0 !, y) and y), [these are 

now also identified with iny Tables], In the transformed equation the second term (or 
that in vanishes, and the coefficient 21 of is obtained as a quadric function of 
four indeterminates. The discussion of this form led to criteria for the character of a 
quintic equation, expressed like those of Professor Sylvester in terras of invariants, 
but ot a different and less simple form; two such sets of criteria are obtained, and 
the identification of these, and of a thii'd set resulting from a separate investigation, 
with the criteria of Professor Sylvester, is a point made out in the present memoir! 
The theory ^ is also given of the canonical form which is the mechanism by which 
M. Hermite s investigations were carried on. The Memoii' contains other investigations 
and formula in relation to the binary quintic; and as part of the foregoing theory of 
the deteimination of the character of an equation, I was led to consider the question 
of the imaginary linear transformations which give rise to a real equation: this is 
discussed in the concluding articles of the memoir, and in an Annex I have given a 
somewhat .singular analytical theorem arising thereout. 

The paragraphs and Tables are numbered consecutively with those of my former 
Memoirs on Qualities. I notice that in the Second Memoir, p. 126, we should have 
No. 26 = (No. 19)^-128 (No. 25), viz the coefficient of the last term is 128 instead 
of 1152. [This correction is made in the present reprint, 141, where the equation 
is given in the form Q' = (?> - 128Q.] 

Article Nos, 251 to 254 . — The Binary Qainiio, Qovanants and Syzygies of the degree 6 . 

251. The number of asyzygetic covariants of any degree is obtained as in my 

Second Memoir on Qualities, Philosophical 'Traiisuctions, vol. CXLYI. (1856), pp. 101 126 

[141], viz, by developing the function ’ ' 

1 

(1 - r) (1 - (cz) (1 - 0,% (1 - (1 _ ic'z) (1 - x^z) ' 

as shown p. 114, and then subtracting from each coefficient that which immediately 
precedes it; or, what is the .same thing, by developing the function 

, 1 — 

(1 - «) (1 - xz) (1 - (1 _ aPz) (1 - ce'z) (1 - ’ 

which would lead directly to the second of the two Tables which are there given : 
the Table is there calculated only up to .s', but I have since continued it up to s«, 
so as to show the number of the asyzygetic covariants of every order in the variables 
up to the degree 18 in the coefficients, being the degree of the skew invariant, the 
highest of the irreducible invariants of the quintic. The Table is, for greater 
convenience, arranged in a different form, as follows : 
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[In regard to this table No. 81 it is hardly necessary to notice that for any 

column with an even heading the nmnbei's of the column correspond to the even 

outside numbers, while for any column with an odd heading the numbers of the 
column correspond to the odd outside numbers. The table is in fact a table of the 
differences of the numbei-s of the cy^-table, 142 ; thus in this table writing down 

cols. 5 and G and in each of them forming the differences by subtracting from each 

number the number immediately below it, rve have cols. 5 and 6 of the table No. 81, vis. ; 

1 1 2 3 6 7 9 11 11 16 18 19 20 col. 5, 13—12 of a/'-table. 

10 1 1 2 2 2 2 f~i 2 1 1 col. 6 of table No. 81. 


1 1 2 3 5 7 10 12 16 19 23 2S 29 3 0 32 32 col. 6, 10 of r/-tabIo. 

col, 6 of trtbiG No. 81.] 


252, 


The inter 2 n-etation up to the degree 6 is as follows: 


[In the blowing Table No. 82 as originally printed, the heading of the fourth 
column was -'Constitution. Nos. in ( ) refer to Tables in former Memoirs except (83) 

and (84) which are given post, and the eovariants were refen-ed to by their Nos 
accordingly.] j ^ 
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Table No. 82. 


OoiMtitiition. Notation is tlio fitplmbotie notation of IdS, N=nDwaovt. 
A the qnintic itself, B, G qnaclricovmiaiitB, &o. ,S'=syaygy. 


viz. tlie absolute eoiistant unity. 


15 

1 


11 

1 

AO 

9 

1 


7 

1 

AJi 

5 

1 

B 

3 

1 

I) 

20 

1 


16 

1 

A^O 

14 

1 

AF 

12 

2 

G\ A^B 

10 

1 

AB 

8 

2 

AD, EG 

6 

1 

I 

4 

2 

11, JF 

0 

1 

G 

25 

1 

A^ 

21 

1 


19 

1 

A^F 

17 

2 

A^B, AO^ 

15 

2 

A^B, GF 

13 

2 

A^B, ABG 

11 

2 

AI ^^BF- GB^O 

9 

3 

AB\ AH, GD 

7 

2 

BE, L 




AG, JiD 

K 

J 


A<‘ 

A*0 

A^F 

A^CP , A^B 
AGF, Am 

FA + 4G» + Am-AWG =0 

A{AI+ J3F - CE\ =0 

UCD - IFF -iBCF + AW =0, Am^ 

AL + ZDF -201 =0, ABE 

iB^G ■i-\2ABD- Am+E^ =0, CH 

AK + 2BI -ZEE =0 

AJ + 2BH - ]F 9i?'*=0 

N 
M 
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253. For the explanation of this I remark that the Table No, 81 shows that we 

have for the degi'ee 0 and order 0 one covariaiit ; this is the absolute constant 
unity ; for the degree 1 and order 5, 1 oovariant, this is the quintic itself, A ; for 
degree 2 and order 10, 1 covariant; this is the square of the quintic, for same 
degree and order 6, 1 covariant, which had accordingly to be calculated, viz. this is 
the covariant G; and similarly whenever the Table No, 81 indicates the existence of 
a covariaiit of any degree and order, and there does not exist a product of the 

covariants previously calculated, having the proper degree and order, then in each such 

case (.shown in the last preceding Table by the letter iV) a new covariaiit had to be 
calculated. On coming to degree 5, order 11, it appears that the number of asyzygetic 
in variants in only = 2, whereas there exist of the right degree and order the 3 com- 
binations Alf BF, OF I there is here a ayzygy, or linear relation, between the 
combinations in question; which syzygy had to be calculated, and was found to be 
as shown, AI-\‘BF—CF=0t a result given in the Second Memoir, p. 126. Any such 
case is indicated by the letter 8. At the place degree 6, order 16, we find a syzygy 
between the combinations AV, A^BF, AGE\ as each term contains the factor A, 
this is only the last-mentioned syzygy multiplied by A, not a new syzygy, and I 
have written 8' instead of 8. The places degree 6, orders 18, 14, 12, 10, 8, 6 indi- 
cate each of them a syzygy, which syzygies, as being of the degree 6, were not given 
ill the Second Memoir, and they were, first calculated for the present Memoir, It is 
to be noticed that in some causes the combinations which might have entered into 
the syzygy do not all of them do so; thus degree 6, order 14, the syzygy is between 
the four combinabions AOi), EF^ A^H^ and does nob contain the remaining com- 
bination A^B, The places degree 6, orders 4, 2, indicate each of them a new covariant, 

and these, as being of the degree 6, were nob given in the Second Memoir, but had 

to be calculated for the present Memom 

254. I notice the following results: 

Quadrinvb, QH — 3(?^, 

Cubinvt, QH , = — -f 64 (tQ, 

Disct, = (-<?) Q) ^3I75«, 8)% 

Jac, (.B, if) - 6ilf, 

Hess, 3D = Af, 

the last two of which indicate the formation of the co variants given in the new 
Tables M = No. 83 and AT — No. 84 : viz. if to avoid fractions we take 8 times the 
CO variant D, being a cubic (a, y)\ then the Hessian thereof is a co variant 

(a, 2 /)®, which, is given in Table, M No, 83; and in like manner if we form 

the Jacobian of the Tables B and H which are respectively of the forms 
and {a,,.y(cG^ yY^ this is a covariant (ay*.Y(cVy y)\ and dividing it by 6 to obtain the 
coefficients in their lowest terms, we have the new Table, H No, 84. I have in 
these, for greater distinctness, written the numerical coefficients aft&i' instead of befoi'ey 
the literal terms to which they belong, 
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The two new Tables are: 

Table No. 83. yf. See 143. 

Table No. 84. iY = 2/)^ See 143. 


Article No. 255. — Foi'mulw fw the cananical form aosr^ + by^ + — ii, where ce + y + z 0. 

255. The quintic {a, h, c, d, e, f^co, may be expressed in the form 

rjt' + sv* + tw®, 

where u, v, w are linear functions of (®, y) such that w + ii + w = 0. Or, what is the 
same thing, the quintic may be represented in the canonical form 

aaf + 6/ + cz’’, 

where {c + y + z = 0-, this is ={a-c, — c, -c, -c, —o, 5 — e$®, yf, and the different 
covariants and invariants of the quintic may hence be expressed in terms of these 
coefficients (a, b, c). 

For the invariants we have 

(J = ,/ = 63(j 9 q. cSftS q. _ 2ccbo (« + 6 + c), 

Q -JC = aW (l>o + ca + ab), 

-lf=L=aW, 

lf=/ =4a®6't3»(i!>-o)(c-a)(«-^»). 

[Observe that throughout the pre.sent Memoir, the invariants, instead of being called 
G, Q, ~ U, W are called J, J, K, L. viz. the /, /, X, L in all that follows denote 
the invariants, and not the covariants denoted by these letters in 142, 143, Moreover 
D is used to denote the invariant (f, which is in fact the discriminant of the quintic.] 


Hence, writing for a moment 


we have 
and thence 
and 


a + & + c —p, and therefore J =q^— 
he + ca + ab~q K — 

abo L = 

(ft - by{b - o)®(c- a)» =jpY- 49 “ - V’’ + - 2’7r®, 

73 - - 43® - 4 j)*c + la^j^r - 27 }-®), 

J ( 7^-8 _ Jiyt q. 8 - 72/777® - 4327“ 

,.10 {(^8 _ 4p,.) iGp® + 85® - (3® - 4 p?*) 723 - 432 >'®), 
= 8 F '> {(3® - 4 p') (27}® - 93) + 3* - 54 }-“[, 

= 16 r“ j7i®3® - 43® - + 187J3r — 27 >-®}, 


G. VI, 


20 
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thab i)5, 

7“ = - JLf + SK’^L - nJKD - 4327’, 

which is the simplest mode of obtaining the expi'essiou for the square of the 18-thic 
or skew invariant 7 in terms of the invariants J, K, L of the degrees 4, 8, 12 
respective!}'. 

If instead of the invariant K of tlie degree 8 we consider the invariant D [= Q' 
as before-mentioned] of the same degree, this is 

Q' — JD = {ftV + c’ft’ + — 2a6c (a -f 6 + c)j’ — 1 28a’i’c’ (be -h ca + ab), 

— q* — Sq^p}- — 1283r'’ -|- 

D = Norm ((6c)^ + (ca)^ + (ab)^) ; 

and we have also the folloAving covariaiits : 

B = (~ ac, ab — ac — be, — bo^o), y)’, 

= bci/z + cazio + abxi/. 

C~(—ac, - Sac, - 8ac, ab-~ao~ bo, - 3bc, - 36c, - bo'^x, y)’ 

= icy’^’ -h ca^’ic’ -|- aba?'if. 


D = (0, - 

” ubo, 

~aI)o, 0^^®, y)’= 

abo xyz. 

,7?= ( 

a^b- 

ac* + bd‘~ «*( 

5 - 2a6c) 

+ ( 

— 

oac’ + 66c’ 

- haho) (c^y 

+ ( 

— 

lOac* 4- 106c’ 

- 2ahc) a^y^ 

+ ( 

- 

lOac’ -1- 106o’ 

-f 2a6c)t-vy 

+ ( 

— 

5ffc’ + 66c’ 

-1- babe) 

+ (“ 

- — 

ac’ -f- 6c’ + 6\ 

) -f 2ft6c) / 

= (6- 

g) cM 

+ (o~ a)b'Y + (a 



-aho (y -z){z- x) (x ~ y) {yz + ^ra: + «y). 


Article No. 256 . — Ecqyression of the IS-tkio Invariant in terms of the roots, 

266. It was remarked by Dr Salmon, that for a quintic (a, b, c. A, e, fj(c, y)’ 
which is linearly tmnsformable into the form (a, 0, o, 0, e, OJ®, y)’, the invariant 7 
is = 0. Now putting for convenience y = 1, and considering for a moment the equation 

® (a'- (o! — y) (® -S)(® - e) = 0, 

then writing herein — ^ for x, the transformed equation is 

® C® - J3') (® - yO (® - S') (® - e') = 0, 
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^' = 




1 — m/3 ' ^ i - my 


- , &c. ; 


hence on may be so determined that ^'+y may be —0; viz, this will be the case 
if /3+7 = 2jn/37, or In order that S' + e may be =0, we must of course 

liave = and hence the condition that simnltaneously /3' + 7'=0 and S'4-e' = 0 is 

206 

d" 7) ~ putting x — a for x and ^ — a, 

y — a, &c. for y3, y, &c,, we have the equation 

(x - a) (x - /3) (x - 7) (x - S) (as - e) = 0, 


which is by tiie transformation x-a into changed into 

(x — a') (x — /S') (x - 7') (x - S') (x — e’) = 0 

(where a' = a), and the condition in order that in the new equation it may be possible 
to havo siimdtaneonaly jS' + 7' — 2a' = 0, 8' + e'-2a' = 0, is 

(/3 4 - 7 - 2a) (S - a) (e -- a) - (8 + 6 - 2a) (/3 - a) (7 - a) == 0. 


or, as this may be written, 


1, 2a , a'' 

1 . / 3 + 7 > i^y 

1, S -p 6 , 8e 


= 0 . 


Hence writing x+a' for x, the last-mentioned equation is 'the condition in order that 

the equation ^ ^ ^ . 

(x - a) (x - /3) (x ~ 7) (x - 8) (a- - e) - 0 

may be transformable into 

^ a(a-^')(a-7')(a-8')(a-6') = 0. 

where ^' + y' = 0. S'-f e' = 0. that is, into the form x(a?--^'^)(x--S'-‘) = 0. Or replacing 
y, if we have 

(a, b, c, ih y)« = «(a-ay)(a-^y)(a-72/)(a-Sy)(a-6y), 

then the equation in question is the condition in order that this may be transformable 
into the form (a', 0, o', 0, e!, O]!®, 2/)“; that is, in order that the 184hic invariant I 
inav vanish. Hence observing that there are 15 determinants of the form 111 question, 
and that any root, for instance a. enters as a» in 3 of them and in the simple power 
a in the remaining 12, we see that the product 


a«n 


1, 2a , a» 
1, /3 + 7. 

1 3 + «. Se 


20—2 
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contains each root in the power IS, and is consequently a rational and integral 

function of the coefficients of the degree 18, viz. save as to a nunierical factor it is 

equal to the invariant I, And considering the equation (a, . i/)' = 0 as representing 

a range of points, the signification of the equation 7=0 is that, the pairs (A 7) and 
(^1 0 being properly selected, the fifth point ci is a focus or sibiconjugate point of 

the involution formed by the pairs (;S, 7) and (S, e). 


Article Nos. 257 to 267. — I'heory of ike determination of the Character of an 
Equation j Auxilutrs ^ Facultcttive (tncl Nonfaoidtutive space. 

2.57. The equation (a, b, c,..'$co, 3/1)“ = 0 is a real equation if the ratios a : 6 : c,.. 
of the coefficients are all real. In considering a given real equation, there is no loss 
of pnerality in considering the coefficients (a, b, c..) as being themselves real, or in 
taking the coefficient a to be = ] ; and it is also for the most part convenient to 
write y = l, and thus to consider the equation under the form (1, b, 1)" = 0. 

It will therefore (unless the contrary is expressed) be throughout assumed that the 
coefficients (including the coefficient a when it is not put = 1) are all of them real ; 
and, in speaking of any functions of the coefficients, it is assumed that these are 
rational and integral real functions, and that any values attributed to these functions 
are also real. 

2vj 8. The equation (1, b, c,..5a;, 1)” = 0, with a real roots and 2/3 imaginary roots, 
i^s said to^ have the character ar+ 2/9i; thus a quintie equation will have the character 
nr, 3r + 2f, or ?- + 4(, according as its roots are all real, or as it has a single pair, or 
two pairs, of imaginary roots. ’ 

259. Consider any m functions (A, 7?, ... /iT) of the coefficients, (m= or <«). For 
given values of (A, i?, ... 1C), non comtai that thex’e is any corresponding equation (that 
is, the corresponding values of the coefficients (b, c, ...) may be of necessity imaginary), 
but attending only to those values of (A, which have a corresponding equation 

or corresponding equations, let it be assumed that the equations which correspond to 
a given set of values of (A, have a determinate character (one and the same 

foi all such equations): this assumption is of courae a condition imposed on the form 
of the functions (A, ...AT); and any functions satisfying the condition are said to 

be auxiliars. It may be remarked that the n coefficients (b, 0 , ...) are themselves 
anxiliars; in fact for given values of the coefficients there is only a single equation, 
which equation has of course a determinate character. To fix the ideas we may con- 
sider the auxiliars (A, as the coordinates of a point in w-dimensional space, or 

w..spaGe. 

Any given point the is either ^'facultative/^ that is, we have 

ang thereto an equation or equations (and if more than one equation then by 
wnaT3 precedes these equations have all of them the same character), or else it is 
non-faciiltative, that is, the point has no corresponding equation. 

.^61. The entile system of facultative points forms a region or regions, and the 
entire system of non^facultative points a region or regions; and the wi-space is thus 
divided into facultative and iion-facultative regions. The surface which divides the 
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facultative and noii'-facultative regions may be spoken of sinijoly as the bounding 
surface, whether the same be analytically a single surface, or consist of portions of more 
than one surface. 

262. Consider the discriminant i), and to fix the ideas let the sign be determined 

in such wise that B is H- or — according as the number of imaginary roots is 

= 0 (mod. 4), or is = 2 (mod. 4) ; then expressing the equation i) = 0 in terms of the 

auxiliars {A, we have a surface, say the discriniinatrix, dividing the ?a-space 

into j’egions for which D is +, and for which i) is — , or, say, into positive and 
negative regions. 

263. A given facultative or non-facultative region may be wholly positive or wholly 

negative, or it may be intersected by the discriniinatrix and thus divided into positive 
and negative regions. Hence taking account of the division by the discriniinatrix, hut 
attending only to the facultative regions, we have positive facultative regions and 

negative facultative regions. Now using the simple term region to denote indifferently 
a positive facultative region or a negative facultative region, it appears from the very 
notion of a region as above explained that we may pass from any point in a given 
region to any other point in the same region without traversing either the bounding 
surface or the discriminatrix ; and it follows that the equations which correspond to 
the several points of the same region have each of them one and the same character ; 
that is, to a given region there correspond equations of a given character, 

264, It is proper to remark that there may very well be two or more regions 

which have coiTesponding to them equations witli the same character; any such regions 
may be associated together and considered as forming a kingdom ; the number of 
kingdoms is of course equal to the number of characters, • viz, it is — or 

^ (u + 1) according as n is even or odd ; and this being so, the general conclusion 
from the preceding considerations is that the whole of facultative space will be 
divided into kingdoms, such that to a given kingdom there correspond equations having 
a given character; and conversely, that the equations with a given character correspond 
to a given kingdom. Hence (the characters for the several kingdoms being ascertained) 
knowing in what kingdom is situate a point {A, B, ... K), we know also the character 
of the corresponding equations, 

265, Aliy conditions which determine in what kingdom ia situate the point 

(A, i?, .,.Z) which belongs to a given equation (1, 6, dotermine 

therefore the character of the equation, it is very important to notice that the form 
of these conditions is to a certain extent indeterminate; for if to a given kingdom 
we attach any portion or portions of non-facultative space, then any condition or 
conditions which confine the point (A, J5, ... AT) to the resulting aggregate portion of 
space, in effect confine it to the kingdom in question ; for of the points within the 
aggregate portion of space it is only those within the kingdom which have corre- 
sponding to them an equation, and therefore, if the coefficients (6, o, ...) of the given 
equation are such as to give to the auxiliars (A, A, ... /f) values which correspond to 
a point situate within the above-mentioned aggregate portion of space, such point will of 
necessity be within the kingdom. 
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26(j, In tliG CEisG wJiGVG tliG mixiliEtL's urc fcliG coefficients (h^ Cj **•), to finy ^’iveu 

values of the auxiliars there corresponds an equation, that is, all space is facultative 

space. And the division into regions or kingdoms is effected by means of the 

disex iininatrix, oi* 8 X 1 x 1 x 106 D ~ Ot ixloiie. Thus ui tixe case of the quadx'ic equation 
(1, c€, y\e, 1)= = 0 the w-space is the plane, We have D^si?-y, and the disoriniinati-ix 
is thus the pai'abola aP—y = Q, There are two kingdoms, each consisting of a single 
region, viz. the positive kingdom or region (.r2-y = +) outside the parabola, and tlie 
negative kingdom or region (!t^-y = —) inside the parabola, which have the characters 
2 j and 2x, or correspond to the cases of two x’eal roots and two iinaginaiy roots, 

respectix'ely. And the like as regnx'ds the cubic (1. ar, y, z'^Q, 1)» = 0; the m-space is 
here ordinary space, D = ~ Qasyz - hf ~ z\ and the division into kingdoms 

is effected by means of the surface D = 0; but as in this case there xxro only the 
two characters Sr and r+ 2r, there can bo only the two kingdoms II = + xuid D = - 
haviug these characters Sr and r + 2'i respectively, and the determination of the 
character of the cubic equation is thus effected without its being necessary to proceed 
further, or inquire as to the form or number of the regions determined by the 

surface i) = 0: I believe that there are only two regions, so that in this case also 

each kingdom consists of a single region, But proceeding in the same manner, that 

IS. with the coefficients themselves as auxiliai-s, to the case of a qiiartic equation, the 

TO-space is here a 4-diinen8ioual space, so that we cannot by an actual geometrical 
discussion show how the 4-8pace is by the discriminabrix or hypersurface D = 0 divided 
into kingdoms having^ the charactoro 4r, 2r + 2i, 4i respectively. The employment 
therefore ^ of the coefficients themselves as auxiliars, although theoretically applicable to 
an ^ equation of any oixler wliatever, can in practice be applied only to the cases for 
xvhiclx a geometrical illustration is in fact unnecessary. 

2C7. I will consider in a diffex-ent manner the case of the quavtic, chiefly a.s an 
instance of the actual employment of a surface in the discussion of the character of 
an equation; for in the case of a quiiitic the auxiliars are in the sequel selected in 
such manner that the surface breaks up into a plane and cylinder, and the discussion 
is in fact almost independent of the surface, beiixg conducted by means of the curve 
(I* ^ Sylvesters Bicorn) which is the intei'scction of the plane and cylinder. 


Article Nos. 268 — 273. — Jpplfmtwn to the Quartio equation, 

268. Considering then the quartic equation {a, b, c, d, 1)< = 0 (I retain fox- 
symmetry the coefficient a, but suppose it to be =.1, or at all events positive), then 
if I, J signify as usual, and if for a moment 

= ftkZ - 3cd)0 + 25”, 

X = 3ttJ+2{b^-ac)I, 

xve have identically 

f + X“) = 9 (6® — aoy Z® — (b^ ~ aoY (P - 27 <7®) - 
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(see . my paper, '‘A discussion of the Sturmiaii Constants for Cubic and Quartic 
Equations , Quart Math, Joarn.y vol. iv. (1861) pp. 7 — 12), [290]. And I write 

.r ^ “ aCf 

2/ ~ 3a./4~2 (6^-ac)/, 

269. I borrow from Sturm's theorem the concUisioii (but nothing else than this 
conclusion) that (.r, y, z) possess tlie fundamental property of auxiliavs (that is, that the 
quartic equations (if any) corresponding to a given system of values of (rt?, y, z) have 
one and tlie same character). The foregoing equation gives — a square 

function, and therefore positive ; that is, the facultative portion of space is that for 
which — a^z — is =+. And the equation 

(9y2 -z)-y^=0 

is that of the bounding surface, dividing the facultative and non -facultative portions 
of space. 


270. To explain the form of the surface we may imagine the plane of coy to be 
that of the paper, and the positive direction of the axis oi z bo be in front of the 
paper. Taking z constant, or considering the sections by planes parallel to that of «;y, 

z-0, gives y^ (9t^^ — y) = 0, viz, the section is the line y==0, or axis of ai twice, 
and the cubical parabola y — oj'*. 

(^=+) (^ = -“) 




.2==+, the curve — — has two asymptotes y = ± 4^.8?, parallel to and equi- 

Jy ^ z 

distant from the axis of co, and ijonsists of a branch included between the two 
pai’allel asymptotes, and two other portions branches outside the asymptotes, as shown 
in the figure (z = +). 
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the cutve a, has no real iisyinptote, and consists of a single 

teh, resembling, in its appeamnce the cubical parabola as shown in the figure 

Taking .r as cotistant. or considering the sections by planes pamllel to that of zy, 
the equation of the section is . = which is a cubical parabola, meeting the 

them the same general form; and one of m Xtn fig ’T ortt“ Pla^'af 

in the fisrure is bhn<{ nf ^ i ^ ^ <^octea line (the double point 

the^^lons b, pknes p„alWfo that rf^rpTv;lJr»i.o<™ inTe 6gu,'» (fl'” 

app«r;„?:jrutz “LfZZ"’' f'"-..'".*'" 

awe ,h. „i„™ of fc pLrwr Lr ,h! f ‘ ‘ ‘’'"t ™- 

A' ftcultoJve, «■ ..on-slCir -T If*”"®' ““-““"Hxtive, S taltative, 

facultative. There are thus in all tl *f ^a ^ fneiiltative, C nou- 

A' aiul B conZad to T ■'=P»“ A'. B. C, „<l 

easy hy eousicr;-. '"/STrr t “f “ " 

2 .H-IK, Hence, far “ n.”* nuftir' f. ““I T'T 

(A cl', C), and if (., j,, V ^ ’ ‘"o "<Pom 

is in the region B, the oharacter is 4r, 

” ^ > It ii, 

in .■taMn^Te," fclt^LZeZfS^^^^ «f the eh.r»ter is really made 
IS a mere oorollaq.; t„ „b„i„ these it is only ni«ly ‘to“Llb ttaf'‘™‘ 

+ , « - + j 2 / _ q- includes the whole of facultative region B, 
that is. {le. y, z) being each positive, the character is 4r; 

^ = 4-, a‘=+, Just- 
in elude each a part and together the whole 
of facultative region A', 


« = -, y^. 
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that is, z being +, but (ar, y) not each positive, the character is 4i; 

include each a part and together the whole 
of facultative region G, 

z = — , x = - , y = + does not include any tacultative space, 

that is, z being — , the character is 2r + 2i ; and the combination of signs z = — , 
m =£ — , y = + is one which does not exist. 

The results thus agree with those furnished by Sturm’s theorem ; and in particular 
the impossibility of z ~ , ® = — , y ~ -V appears from Sturm's theorem, inasmuch as 

liis combination would give a gain instead of a loss of changes of sign. 


it; — -r , y = T 
« = + , 2/ = ~ 


Article Nos. 274 tt) ^So.—Betermination of the characters of the quintic equation. 


274. Passing now to the case of the quintic, I write 


J = 0, 
K= Q. 
Q', 

L — U, 

I = W] 


viK. 

12- 

nre 


J is the (luartinvariant, K and D are octinvariants {D the discriminant), i is 
thic invariant, and J is the 18-thic or skew invariant. Hence aho J,V, I L~J 
invariants of the degrees 4, 8, 12 respectively; and forming the combinations 


os 


2» i - ja _ J 

~jl . y~j^> 


Z = Jt 


I MS«me that (., y, *) »« f” «■» ““““S “““ 

pL-esont memoiv the coiLsidomtions which sustain this assumption. 

275. The separation into regions is effected as follows:-We have identically (see 
ante, No. 256) + 

or putting for K its value = tis 

= (J»-2>'i)’‘(/“-3».2'»i) 

+ BJ (- 4/“ + 61 . 2*<' + 144 . 2^L=) 

+ B^J^{ 6/»-2'».29£) 

+ (_4J»- 2'»i) 

+ W: 


0. VI. 


21 
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or writing as above 


whence also 


this is 


A' “ 


2»Z.-/3 
j3 > y 


n 

,p’ 






■or, what is the same thing, 


+ j/ { 36(l+.«)’-iy.(lH-a;)-4} 

~r{ ^(1+aO -6) 

+ y»{-i(H-«) - 4} 

+ y*, 




+ 2/ (72a:’ H- 205a) + 125) 
■S-f(- 29a)- 17) 

+ 2/’ (-a- -9) 

+ y.2 

= y) suppose. 


276. Hence also writing z~J, we have 

y) = 2.2®“j, = + , 

■or the equation of the bounding surface may be taken to be 

(a), y) = 0, 

that is, the bounding surface is composed of the plane z = 0, and the cylinder 
4* (®* y) ~ 0. Taking the plane of the paper for the plane ^ = 0, the cylinder meets 
this plane in a curve y)=.0, which is Professor Sylvester’s Bicorn: this curve 

•divides the plane into certain regions, and if we attend to the solid figure and instead 
of the curve consider the cylinder, then to each region of the plane there correspond 
■in soizdo^ two regions, one in front of, the other behind the plane region, and of these 
legions m solido, one is facultative, the other is nou-facultative (viz, for given values 
of (*i y\ whatever be the sign of y), then for a certain sign of z, z^{ai, y) will 
he positive or the solid region will be facultative, and for the opposite sign of 
z,z^{a>,y) will be negative or the region will be n on-facultative). It hence appears that 
we may attend only to the plane regions, and that (the proper sign being attributed 
to that IS to J) each of these may be regar-ded as facultative. It is to be added 
that the diserimmatrix is in the present case the plane y = 0, or, if we attend only 
to the plane figure, it is the line y = 0; so that in the plane figure the separation 
into regions is effected by means of the Bicorn and the line y = 0. 
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277, Rg verting to the equation of the Bicorn, and considering' first the form at 
infinity, the intersections of the curve by the line infinity are given by the equation 

(2y rt;)— 0, viz, there is a threefold intersection = and a simple interseetion 
2 ^ = 0 ; the equation y® = 0 indicates that the intersection in. question is a point 
of inflexion, the tangent at the inflexion (or stationary tangent) being of course the 
line infinity ; the visible effect is, however, only that the direction of the branch is 
ultimately parallel to the axis of {t\ The equation 2y — indicates an asymptote 
parallel to this line, and the equation of the asymptote is easily found to be 
2?y — /?; 4-5 — 0, 

278, The discussion of the equation would show that the curve has an ordinary 
cusp ; and a cusp of tlie second kind, or node-cusp, equivalent to a cusp and node 
the curve is therefore a unicursal curve, or the coordinates are expressible rationally 
in tGinns of a parameter (/>; we in fact have 

whence also 

^ (0 + 2 ). 

279, The curve may be traced from these equations (see Plate, fig, 2, where the 
bicorn is delineated along Avith a cubic curve afterwards referred to): as (f> extends 
from an indefinitely small positive value e through infinity to -l-€, Ave have the 
upper branch of the curve, viz, 

gives /r=oo, y = -oo, point at infinity, the tangent being horizontal, 

(/> — cc, gives a? = — I, y = the node-cusp, tangent parallel to axis of y, 

(^ = -2, gives <v = 0, y = 0, the tangent at this point being the axis of a’, 

c/) = -:i. — 6, gives rt? = co, 2/ =+, point at infinity along the asymptote; 

and as 0 extends from w — — 1 + € to /r - — e, we have tlie lower branch, viz, 
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281. The foi’m of the Eicorn, so far as it is material for the discnssioii, is also 

shown in the Plate, fig. 3 , and it thereby appears that it divides the plane into three 

regions ; viz. these are the regions PQR and S, for each of which ^ (ic, y) is , 
and the region TU, for which y) is — H-; that is, for PQR and S we mnst have 

and for TU we must have i/= 4 ’. Hence in connexion with the bicorn, con- 
sidering the line 7 /= 0 , we have the six regions P, iJ, S, T, U, It has just been 

seen that for P, Q, R, S we have / = - , and for T, U we have / — + ; and the 

sign of J being given, the equations (c = — then fix for the seveml 

regions the signs of 2 ”X-“P and P, as shown in the subjoined Table; by what 
precedes each of the six regions has a determinate character, which for P, 8, and U 
(since here P is =~) is at once seen to be and which, as will presently 

appear, is ascertained to be or for P and for Q and T, 


282. We have thus the Table 


P, P=4., 

Q, P = + , J= — 

T , P = + , t/ = + 
P, P = -, 

U, P--, 


2”P - P = q- ] r^7\ 


2 »P - P = ± ) 


> V H- iiy 

\ 

y 3r + 2i ; 


so that we have the kingdom 5r consisting of the single region P, the kingdom 
r4'4; consisting of the regions Q and Z and the kingdom 3 r 4 - 2 z consisting of the 
regions M, jS, and P. 


283. For a given equation if P is the character is 3 r + 2 i; if P==-f, P=+, 

the character is r + 4i; if P- + , */=-, then, according as is = 4 . or ia 

, the character is 5?* or ?’4 4z, But in the last case the distinction between the 
characters or and 7’4 4i may be presented in a moi’e general form, involving a 
parameter g., arbitrary between certain limits. In fact dravving upwards from the 
origin, as in Plate, fig, 3, the lines 2y = 0 and ir 4 y = 0 , and between tliem any 
line ^ whatever the point (a?, y), assumed to lie in the region P or Q, will 

lie in the one or the other region according as it lies on the one, side or the other 
side of the line in question, viz. in the region P if a?-h/i,y is in the region Q 
if cc + m 2 / is = -f . But we have 

, 2^^L^P + uJD 

+ 

and J being by supposition negative, the sign of 2 »P-P 4 /z/P is opposite to that 
of o)^^y. The region is thus P or Q according to the sign of and 

completing the enunciation, we have, finally, the following criteria for the number of 
real roots of a given quiiitic equation, viz. 


If P = ^, 


IfP = +,/=.+, 


the character is 3 r + 2 t, 
then it is r+ 4 i. 



AN EIGHTH MEMOIR ON QIJ ANTICS. 165 

Bub if D — -I-, , then /t being any number at pleasure between the limits -hi 

and — 2, both inclusive, if 

-h ijlJD = + , the character is or, 

= „ r + 4i. 

2H4, The characters or of the region P and r4-4i of the regions Q and T may 
be ascertained by means of the. equation (a, 0, c, 0, e, O][0, If-O, that is 

6^M^-hlOc0^ + oe)-O; 

th( 3 rc is always the real root 0 — 0, and the equation will thus have the character 5r 
or ?*-i-47! according as the reduced equation a0^ + lOc0‘-^ -f- = 0 has the character 4?' 
or 4/, .11; is clear that {a, e) must have the same sign, for otherwise 0^ would have 

two r{5al valuGB, one positive, the other negative, and the character would be 2r-l-2i, 
And (ff, o) liaving the same sign, then the character will be 4r, if 0^ has two real 
positive values, that is, if is and the sign of c be opposite to that of 

a, and e, or, what is the same thing, if ce be =-; but if these two conditions are 
not satisfuid, thiiu the values of 0® will bo imaginary, or else real and negative, and 
in either (3asc the cluxracter will be 4?*. 

2^5, Now, for the oejuation in question, putting in the Tables 6 = d=/=0, we find 

I) — 256 ae^ {ae - 5o^)®, 

J = 16 oe {ae + 3c^), 

- ♦/’* — 2*^ 0(3® (2 (ae — — o- {ae + 3c®)®} 

— 2^8 CO® {ae “ oc®) (2a®o® + 4- Sao^o -h 5c®). 

Wo liavo by supposition that is, ac — 4-; hence J has the same sign as ce\ 

wliouco il* »/ = 4" » then also cc = 4“) and the character is that is the character of 
the i’( 3 giun T is .Bub if t/ = — , then also cc=^ . But ae being = + , bhe sign 

of 2^1/i - is the samo cus that of cc {ae - 6c"), and therefore the opposite of that of 
(tc-oc": hence P-'h, the quartic equatipn has the character 4?’ or U 

according as 2"/.'- J® is =4- or Hence the region P has the character 6r and 

the region Q the character t 4- 4i ; and the demonstration is thus completed. 


Article Nos. 286 to 


203 ..--.Heiimite's new form of Tsohihni-uusen’s transformation, and 
applieation thereof to the qiiintie. 


2H(). M. Horinifco domonstmtes the general theorem, that if /(«, y) be a given 
(|uantic ’of the «-th order, and <((>(», y) any covaviant thereof of the order n-2, then 
^iOUHiclering the equation f{x, 1) = 0, and writing 


z 


1 ) 
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(where //(aj, 1) is the derived fimctioii of /(or, 1) in rogiird (io Ihun oliininiitiug 
0), wo have mi equation in Zy th(5 coeflfioionts whereof are all ()f them invariants of 
2/). 

2SV. In particular for the quin tic /(»^', y) — (a, &, c, dy Oy f^iVy y)\ if 

y)> ?/)> y)^ ?/) 

are any four covariant eiibica, writing 

^ ^ 01 I) d' it' 0u 0^', I ) H- V (A;, Or, :i ) -I- w 04 {.'Vy I) 



(viz. tho minierator is a covariant oubio involving the indoUnuniiiatti (;o(diiei(»ntH 
t> Vy to) then, in the transformed o<|uatioii in z, th (5 eoelllcitmts are all of tinnn 

invariants of tlio given quintio. Conducting tho investigation by luoan.s of a eortaiii 
canonical form, which will be roforrod to in the sequel, he tln^ signirieution oI‘ his 
foil]’ covariant cubics, these being respectively covariant cubi(*s of tli(‘ degrees o, 7 , 
and 9, defined m follows; vk starting with the form 


a y 
by 

C y 


' ?A’, yiv-y 

by V y 

0 y d y 

d y V y 


~ a"' 
(/ 
0 
/ 


iW'^ofy y)'\ su|)poHe, 


=:-3A ^-ii(Ay By Oy If^Wy yy\ or {-HAy - By - C\ 
and considering ako tho quadric covariant 

(a, /3, y\wy yfy « //, 

then 0,, (jj.jy 03 , 0 ,j are derived from the form 

, — y (/3m + 2yy), (2ofrt; q- By)Yy 

VIZ. we have 

0i(«?, y) 7^, Oy I)^(Vy y)\ 

0ti ?/) “- + 3 ( 4 !, By Cy If^Xy y)^ (— 2fl[rt?q-/Qy), 

{0a (^> y)] 3 (yi, By Oy D\iCy y) (— — 27 ^, %aiV q- ByY} 

[04 {(Vj y)\ — q- 3 (4, By Oy ^ ^ 27 ^, 2(xw q- ^y)\ 

where y)] nncl y)} are the funotiona originally called by him AJa,, y) and 

y)\ those ultimately so called by him arc ^ ^ ^ ' 

y) = 4{^.(®. y)}+ J<f>^(te,y), {J^O), 

<f>, (j>0, y) = 4 («,, J,)} + fiJ^^ ^ 
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where i/r, («, y) is the cubicovamnt {-21A^D + QABG~2B^,.^c, yf of y), 

= (—3^1. ~B, — 0, —SD'^o), yY, ut suprd. 

The covariant (pi(a!, y) has the property that if the given quintic (»,...][», yY 
contains a square factor (lx + myY, then {x, y) contains the factor h + my : {<^a (<^\ y)] 
and y)\ are covariants not possessing the property in question, and they were 

for this reason replaced by («, y) and {x, y) which possess it, viz. </)a {x, y) contains 
the factor lx Amy, and y) contains {hi a myY, being thus a perfect cube when 

the given quintic contains a square factor. 

288. Tlie covai-iants <^, {x, y) and 03 {x, y) are included in my Tables, viz. we have 

y) = -M) of 142, 143, 

02 (*^*> y') ~ >> >» 

(observe tliat in K the firat coefficient vani.shes if a = 0, 5 = 0, which is the property 
just refewed to of 03 (.‘i!, y)); the other two covariants, as being of the degree 7 and 9, 
are not included in my Tables, but I have calculated the leading coefficients of tliese 
covai'iants respectively, viz. 

Table No. 86 gives leading coefficient (or tliat of .■«*) in 03 (», y), and 

Table No. 86 gives leading coefficient (or that of »’) in 04 (.r, y) [and by means 
thereof ^ve have the values of the covariants in question], 

The coefficients in question vanish for a = 0 , 5 = 0 , that is, 03 (a', y) and ^^{x, y) 
then each of them contain the factor y\ if the remaining coefficients of 04 (aj, y) were 
calculated, it should then appear that for a = 0 , 5 = 0 , those of x'^y, x\f would also 
vanish, and thus that 0 j {x, y) would be a mere constant multiple of f. 

1’able No, 8.6 [= leading coefficient of \QBJ — 15D(?]. 


ahnp 

+ 1 


... 

1 

aW/'* 

+ 16 


- 

94 

aWf 

-32 


H- 

8G 


+ 16 

a%dhf 

+ 

106 




— 

96 



xYp 


63 



aVdiif 

- 

188 



rtW 


32 



a^cdY 

-H 

60 




-l- 

68 





36 


+ 32 +416 


abhl/^ 

+ 64 

5V' 

- 144 

- 64 

¥def 

ah^cT 

- 48 

5V 

+ 135 

cd^cdaf 

+ 184 

hh'^qf 

+ 108 

id^c^ 

- 135 

h^Gdrf 

+ 288 

ahhl^f 

- 272 

h^ede^ 

-460 

abW 

+ 243 

hhl^e 

+ 80 

aho^f 

- 06 

h%hlf 

- 360 

ahc^d?/ 

+ 212 


H- 136 

ahcHe^ 

+ 148 

bWe 

+ 360 

ahod^e 

-412 

Po(B 

- 160 

ahd^ 

+ 144 

boy 

+ 108 

achlf 

- 36 

ba*de 

- 180 

aohl^e 

- 48 
+ 124 I 

6e*d’ 

+ 80 

aAiy 

- 48 




+ 1119 +1294 



168 


AN EIGHTH MEMOIR ON QUANTICS. 


[405 


Table No. 86 [= leading coefficient of iS']. 


x^eef* + 9 


— 

9 

amip + 

120 

a¥ep 

- 576 


4 * 

192 

+ 21 

d'%cdp 

- 

162 

rtW/^ _ 

21 

a¥dpp 

+ 672 

¥c6p 

_ 

1440 

a\lof^ ~ 78 


+ 

99 

aWcp H* 

486 

ah^e^f 

- 359 

hhlp 

— 

192 

fdey + 48 

a%iPeP 

+ 

309 

aWcdep— 

2160 

aWef' 

+ 3456 

hHdf 


1080 


a%deP 


12 

- 1 - 

1023 

aWcdp 

- 864 


4- 

2025 


a%e^ 

— 

240 

idh^dp + 

120 

ahhde\f 

+ 2094 

¥ddp 

+ 

2592 




81 

— 

1053 

ahhe^ 

- 3915 


+ 

3646 



H- 

1026 

a%hU + 

1314 

ahht^ef 

+ 528 

¥edhf 

4* 

6280 



- 

768 

idhi^ep ~ 

1863 


46 

h^edd 


13500 


idcdp 

- 

738 


2538 

alrc\lp 

- 2592 



4800 


w'cdh'^f 


564 

d^bchlaf 

2310 


-- 9747 

//W 

+ 

7800 



•J* 

1056 


672 

ab-dWed 

- 8496 

Wg\P 

„ 

648 



+ 

756 

idhcd^f -f 

2820 

ah^chle^ 

+ 26610 

Iddkhf 



14040 



- 

696 


7812 

<d)^Gd\f 

4* 8544 

Iddd 

4* 

3076 





(rhd^f - 

3024 

aly^cd^e 

- 16650 

hH^d;\f 

4* 

9120 





a^bd^e' + 

4672 

ahhl^e 

+ 720 

Iddd-d 

+ 16350 


j 



o?G\}p - 

324 

ahoP 

+ 972 


— 

19200 





a^G^e-f 'V 

3888 

ahc^def 

-h 24048 

IrW 

+ 

4800 





a^Ghl^ef - 

8748 


- 4464 

Wef 


4860 


1 



c^ohle^ — 

4800 

ahc\bf 

- 15984 

Wdf 

— 

3240 





+ 

4248 

(dm\Pe^ 

- 30108 

hWd 

_ 

8100 





+ 

14620 

abcH^e 

+ 35088 

b'^ohPe 

4 - 

9000 





ired^e — 

11448 

abed 

- 8640 

bdd^ 



2400 





(dd* + 

2592 : 

a&ef 

7776 









1 

aehl\f 

+ 5184 









i 

t mhW 

-h 12960 









1 

1 

aehfe 

- 14400 









! 


+ 3840 




± 78 


±3258 

± 41253 

± 124716 


4- 68640 


[The values thus are <^3(3?, y) = iGSJ-loiX?; y)~S'.] 

289. The equation in e is of the form 







where D is the discriminant of the quintic and 9(, 5), 6. 2) denote rational and 
integral functions of the coefficients {a, h, 0 . d. e, /). And the covariants </.. {x, y), 
( a ') y ), 08 ( a , y ), 04 ( a , y) having the values given to them above, the actual value 
of 91 is obtained as a quadric function of the indetenninates (t, v, w), viz. this is 

= [D,i= - 65i)<v - D (i), - IQAB)^] + D [- 2Auw + 9 (5i) - lOAD,) tu% 

where D, = 264-B + 16C', these quantities, and the quantitj' JS^{=1)^’‘ — 10 ABDi + dJiW} 
afterwards spoken of, being in the notation of the present Memoir as follows: 

A= J (=<?), 

5= -K 

G = QL + JIC (^^-0U-\-GQ), 

D == B (= g'), 

A= 9(16X-//0, 
iV = 1 162 (18i» - JKL ~ IP). 
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290. If by establishing two linear relations between the coefficients (t, u, v, w) 
the equation 91 = 0 can be satisfied (which in fact can be clone by the solution of a 
quadric equation), then these quantities can be by means of the relations in question 
expre.ssed as linear functions of any two of them, say of v and iu\ and then the next 
coefficient S3 will be a cubic function (v, w)’, and the equation S3 = 0 will be satisfied 
by means of a cubic equation {v, w)'* = 0, that is, the transformed equation in z can 
be by means of the solution of a quadric and a cubic equation reduced to the trinomial 
form 

(S ® 

and M. ilermito shows that the equation 91 = 0 can be satisfied as above very simply,, 
and that in two different ways, viz. 

20 ],. r. 91 = 0 if 

~ QBDtv - ( A - lOAB ) = 0, 

Bn" — 2D, mo — (9BD - lOil A) = 0, 

that is, N denoting as above, if 

, SBD + ^fNi) D, + ^N 

t — — ,, » — j— », 

292. 2°. Writing the expression for 9( in tho form 

D, (P - nv'‘ + 2Dim - 10^ Ac’) + BD{\9Ai? - — it” + 9A<-=), 

then 91 = 0, if 

_ 2 )ua -I- 2Dmo — IdADvfi — 0, 

10,4 D** — Qtv - + 9 Dio^ = 0. 

These equations, writing therein 

M=Z7+64Tf, w=W, 

V2 V2 

hecoiTiG 

~ oA 7“ + 3v'S2T+ + 104 UW+ (264’ - 9D) Tf'’ = 0, 

the first of which is satisfied by the values 

T=.pW-~U, 7=pF + -tf; 

P P 

and then substituting for T and 7, the second equation will be also satisfied if only 
p’ = 64 + SVA 


O. VI. 
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Article Nos. 293 to 295 ,— Hermite’.s a. 2 )}Mcalion of the foregoing results to the deter- 
minaiion of the CharaGter of the qidntio equation* 


293, By considerations relating to the form 


~ |[I>i{2 - &Bmv -D{D,- 10 AB ) + D [- Bu? + ^D^mo + OBD - 10AD,w^]|, 

M, Hermite obtains criteria for the character of the quintic equation f (je, 1) = 0, 

294. If B = — , the character is Sr + 2i, but if D = + , then expressing the fore- 
going form as a sum of four squares affected with po.sitive or negative coefficients, 
the character will be 5?* or 2 4 - 4f, according as the coefficients are all positive, or 
are two positive and two negative. Whence, if N denote as above, then for 


and 


J^ = + , A’’=— , Di = + , B = -, character is or, 
i) = + , W=-, 


I) = + , iV = + 


character is r + 4t'; 


and further, the combination 2) — h, N~ — , = B = + cannot arise (Hermite’s first 

set of criteria). 


296. Again, from the equivalent form 

^ |a Hh Wim - lOAw^) + BD (10Au'= - Uv - u? + Ww^) 

whioh, if ffl, ffi' are the roots of the equation 1OA0 -|-D = 0, is 

" B { !)-»' - ~ w'j j + ~r~- [^(t - 3<»w)^ _ 0) 5 w) 

then by similar reasoning it is concluded that 

B = -\-, 25A’ — QB = -t-, j4 = — , N — — , character is 5r, 

= 2BA“-9i) = -f., A = ~, 


B — -p , 25,A* — 9 JO “ -l- , ri. = 4" , 
X> = -J-, 25A^~9B = -, 

(Hermite’s second set of criteria.) 


r + 4d. 
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Article Nos. 296 to 803.— wii/t the Gntei'ia No. 283 : the Nodal Cubic. 

296, For the discussion of Hermite’s results, it is to be observed that in 
notation of tlie present Memoir we have 


A = J, 

B = ~ K = — (^J- — D), 

D = I), 

= ^ {3\ 2"^ - UJL (/= - D) - (/» - D)’}, 

or, putting as above, 

2»i-/» D , ,1 . . , 2>>A , J^-B 

= ^ and therefore l + a;=-^, l-y~ -j—-, 

we have 

A = J, 

— tIf (y “ i)» 

D = Jhj, 

B\ = (® + J/)) 

N = {9 (1 + wf - 8 {1 + w) (1 - 2/) - (1 - yn 

- ^ . {y'' - 8y^ + S.'TJ/ 4 9®’* 4 lly 4 lOa], 


It thus becomes necessary to consider the curve 

(ft?, 2/) = J/** ”* "h 112/ + 


the equation whereof may also be written 

QcO’^^y + 6 = (2/ - 1) V^25 - Qy. 


297. This is a cubic curve, viz. it is a divergent parabola having 
line 9^‘+4y + 6— 0, and its ordinates parallel to the axis of 
a node at the point a? “ — 1, y — q- li that is, at the nodr 
curve is thus a nodal cubic; Ave may trace it directly fro 
to bo noticed tliat qud, nodal cubic it ' is a uniciirsal curve 
therefore rationally expi^essible in terms of a parameter 


we in fact have 


81 («? + !)= 






whence also 


dy -18(-^- 4) 
da? — i6) * 
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298. We 

see 

that 



00 , gives 

a? =: 00 , 

j ~ ^ GO , point at infinity, the direction of 
parallel to axis of x. 

the curve 


}> 

X — 0, 

y = 0, the origin. 


ir = 8, 

}» 

a; = — 1, 

y — 4-1, the node, tangent parallel to axis of y. 



]» 

^ 4 3Qfi 

y = ^^, tangent parallel to the axis of y, 


= 4 , 

j> 

> 

\ 

!l 

y— tangent parallel to axis of a?. 


\(/' = 0, 

» 


y = 4*l, the node. 


t=-l. 

» 

II 

1 

y=^o. 




.* = -76#, 

y = - 41§, the cusp of the bicorn. 


^jr = ~cO, 


I8 = — 00 , 

y = — CO, point at infinity, direction of curve 
axis of X, 

parallel to 

299. The 

Nodal Cubic 

13 shown along with the Biconi, Plate, fig, 2; 

it consists 


of one coutinnous lme> passing from a point at infinity, through the cusp of the 
bicorn, on to the node-ciisp, then forming a loop so as to return to the node-ousp, 
again meeting the biconi at the origin, and finally passing off to a point at infinity, 
the initial and ultimate directions of the curve being parallel to the axis of co, 

300. It may be remarked that, masmuch as one of the branches of the cubic 
touches the bicorn at the node-cusp, the node-cusp counts as (4 + 2-) C intersections; 
the intersections of the cubic with the bicorn are therefore the cusp, the node-cusp, 
and the origin, counting together as (2 -f 6 + 1 ==) 9 intersections, and besides these the 
point at infinity on the axis of a;, counting as 3 intersections. This may be verified 
by substituting in the equation of the cubic the bicorn ^-values of od and y, But 
to include all the proper factors, we must first write the equation of the cubic in the 
homogeneous form 

(9a? + 81/ + bzy zy (25^ — Oy) — 0, 

and herein substitute the values 

(X) : y \ = 2 ) 2 ^- 4 ) ; (^ + 2 ^ - 3 ) ;((/>+ 1 ) ; 

the result is found to be 

((</) + 1) Qy - (2<jb + 3)^ (4</)3 4- 4^® 4 18</) 4- 27)} =: 0, 

that is . 

-9(^«((/) + 2)(4^-p3)^-0; 

and considering this as ail equation of the order 12, the roots are </> = 0, 3 times, 
^ — 2, 1 time ; — f , 2 times, and = 00 , 6 times. 

301, The cubic curve divides the plane into 3 regions, which may be called 

respectively the loop, the antiloop, and the extra cubic; for a point within the loop 
or antiloop, y) is for a point in the extra cubic y) is If in 

conjunction with the cubic we consider the discriminatrix, or line y = 0, then we have 
in all six regions, viz. y being = three which may be called the loop, the triangle, 
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and the upper region; and y being three which may be called the right, left, 

and under regions respectively; the triangle and the other region form together the 
antiloop. 

302, It is now easy to discuss Hermite’s two sets of criteria; the first set becomes 


y = +, y-i=^-. 

Jix + y) =+> 

y)-“, character 5r, 

11 

Jiy-i)iie + y) =+. 

•v/r y) — 

y character 

-h 

11 


file, y) = +J 

?/ = +. y-l-+. 

Jix + y) = 

y) = “, cannot exist. 


Eeferring to the Plate, fig. 4, which shows a portion of the cubic and the bicorn, 
then 1° the'" conditions = y) = - imply that the point {o>, y)_is within the 

loop or within the triangle of the cubic ; the condition i/-l=- brings it to be 
within the triangle, and for any point within the triangle we have « + 2 / = -, wlieuce 
also the condition J" (a? + y) = + becomes J =-\ hence the conditions amount to 
J- = _, (x, y) within the triangle; but by the geneiul theory {<«, y), being within the 
triangle, that is, in the region P or T, if P=-. will of necessity be within the regmn 
P; so that the conditions give P=-, (», y) within the region P; the eoiTCsponding 
character being or, which is right. 

2 / = +, file, y) = -, the point («, y) must be within the loop, or ivithin the 
triangle; if {®, y) is within the loop, then 2 /-l = + , x + y-1, and the condition 
/(w- !)(«! + 2 /) = + becomes P = -, that is, we have J = - and {x, y) within the loop, 
that is, in the region T. And again, if (a-, y) be within the triangle then 
x + v=,+. and the condition Jiy-1) (w + y) =+ still gives P=-; but P=-, ami 
(x, y) within the triangle, that is, in the region T or P, will of necessity be in 
the region P; .so that in either case we have J=-, (®, y) m the region T, which 
agrees with the character r + 

3 “. 2 / = +, file, 1 /) = +, Qe, y) is in the upper region, that is, m the region 
Q or P; if (a), y) is in the region Q, then of necessity J~-, and if in the region I, 
then of necessity P = + , that is, we have 

P = — , (iB, y) in the region Q, or 
J=+, (a?, y) in the region P, 

which agrees with the character + 

And it is to be observed that the portions of P under 2° and 3 respectively 
make up the whole of the region P, and that 3“ relates to the whole of the regmn q, 
SO that the conditions allow the point (so, y) to be anywhere m Q or i, w ici is 

right, 

40 . y) = -, iie, y) is in the loop or the triangle; and then 2 /-l = + 

implies that it is in the loop, whence x + y =+, and the condition dix + yj- 
becomes P = ~; we should therefore if the combination existed have J ix, y) 
within the loop, that is, in the region P; but this is impossible. 


174 


AU EIGHTH MEMOIR. OR QUANTICS. 


[405 


303. Hermite’s sGconcl set of criteria are 

y — <7"= y) = -, chai-acter or, 

y = +, ^-y = +, /=-, 2 /)= + ' 

y = +, ^~y = +> «7=+, ^character rH-4i. 

y = +, ^-y=-, ; 

1®. If ^ = +, 'tfr (a-, ff) = —, then the point (a-, y) must be situate within the loop 
or Avithin the triangle; and recollecting that at the highest point of the loop Ave haA^e 
y = ^, the condition ^~i/=+ is satisfied for every such point, and may therefore be 
omitted. The conditions therefore are J = («, y) Avithin the loop, that is, in the 

region T, or Avithin the triangle, that is, in the region P or the region T-, but for 
any point of T the general theory gives J'= +, and the conditions are therefore J = -, 
ipi, y) within the region P; Avhich agrees Avith the character or. 

2°. y=z-i-, ^ (-B, y) = + , that is, (.'c, y) is Avithin the upper region, that is, in the 

region Q or T \ and — ^ = 4-, (», y) will be Avithin the portions of Q and T Avhich 
lie beneath the line y = ^; but J— — , and therefore (««, y) cannot lie in the region 
T\ hence the conditions amount to /==— , {x, y) Avithin that portion Avhich lies 
beneath the line j/ = ^ of the region Q. 

3°. y = +, ^ — y = (a!, y) lies beneath the line 2/ = ^, viz. in one of the 

regions P, Q or T\ but */=+, (po, y) cannot lie in the region P or Q; hence the con- 

ditions give </= +, («, y) Avithin the portion Avliieh lies beneath the line y = ^ of the 
region T, 

y — that is, (a?, jy) lies above the line 2/ = ^, and therefore in 
one of the regions T or Q ; and by the general theory, according as (so, y) lies in T 
or in Q, we shall have P *= + or J — hence the conditions give 

J = ~, (w, y) Avithin the portion Avhich lies above the lino y = ^, of the region Q. 

P =+, (x, y) Avithin the portion Avliich lies above the line 2/ = ^i of the region T. 

2 , 3 , and 4 , each of them agree Avith the character' r + 4r, and together they imply 
J=—, (tti, y) anyAvhere in the region Q, or else J~+, (x, y) anyAvhere in the region P; 
which is right. 


Article Nos, 304 to 307.~Heumite’s third set of Gntmia; eomparismi with No. 283, 

and remarks. 

304. In the concluding jiortion of his memoir, M, Hermite obtains a third set of 
criteria for the character of a quintic equation ; this is found by means of the equation 
for the function 

cd (00 - 0,) (01 - 0,) (0^ - 0,) (0, - 0,) (0, - 6,) 

of the roots (6„, 0^, 0^, 6^, 0^) of the given quintic equation (a, b, o, d, e, f^0, 1)“ = 0. 
The function in question has 12 pairs of equal and opposite values, or it is determined 
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by an equation of the form (u^, 1 )’’^ = 0 , which equation is decomposable, not rationally 
but by the adjunction thereto of the square root of the discriminant, into two equations 
of the form (w**, 1 )“ = 0 ; viz. one of these Is 

+ u'" (a + 3 VA) 

+ M* [ J (a — V A)* + A] 

— a" cl 

+ [J (a + Va)= + A] a 

+ (a-SVAjA** 

+ Ai' = 0, 

and tlie other is of course derived from it by reversing the sign of VA, I have in 
the equation written (a, d) instead of Hermite’s writing capitals A, D; the .sign — 
of the term in instead of +, as printed in his memoir, is a cori'ection communicated 
to me by himself. The signification of the symbols is in the author’s notation 

a = SVi, 

d = 4.6''(^i>-^A). 

A = 50 D, 

whence, in the notation of the present memoir, the expressions of these symbols are 

a = 5*J, 

d = -iB'o(2»L-J^~§JJ)), 

A = 5®i). 

306, From the equation in u, taking therein the radical VA as positive, M. Herinite 
obtains (d <0 a mistake for d> 0 ) the following as the necessary and sufficient con- 
ditions for the reality of all the roots, 

A = +, a + 3VA = -, d = -|-, character 6 r 

(Hermito’s third set of criteria), 

306. It is clear that a+3VA = - is equivalent to (a = - and 
we have a“ — 9A = 6“(126J“-9i)), so that these conditions for the chi 

D = 126J^-9D = +, 2«i- = - 

Now, writing as above, 

2"i -JO D 

js > 2 /- j 3 > 

these are 1 / = +,/=“, = = the conditions 3 / = -!- 

(io, y) is in the region P or the region Q; and the condition «- 
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line A’ — = 0 lies between the lines a + 2 / = 0 , and so does not cut either 

the region P or the region Q) restricts (a, y) to the repon P ; and for every point 
of P 2 / is at most = 1 , and the condition y = + is of coui'se satisfied. The con- 
dition, 125./“ — 9 P = - 1 -, is thus whoil}' unnecessary, and omitting it, the conditions ai'e 

7J = +, J= — , — P — |i/'P = 0 , character 5r, 

which, — ^ being an admissible value of /jt, agrees with the result ante, No. 283. 

307. It ma}' be remarked in passing that if 12345 is a function of the roots 
(a,, A 3 , afi, Aj, Ao) of a quintic equation, which function is such that it remains 
unaltered by the cyclical permutation 12345 into 23451, and also by the reversal 
(12345 into 15432) of the order of the roots, so tliat the function has in fact the 
12 values 

a, = 12845, /3, = 24135, 

Oa = 13425, /9a = 32146, 
as = 14235, /9s = 43125, 
a, = 21435, /94 = 13245, 
as = 31245, /95 = 14325, 
a, = 41325, /3„ = 12435, 

then <p{a, / 3 ) being any unsymmetrical function of (a, /9), the equation having for its 
roots the six values of /S) (viz. 0j), ^(aa, /9a) . . , (a^, /9s)) can be expressed 

rationally in terms of the coefficients of the given quintic equation and of the square 
root of the discriminant of this equation. In fact, v being arbitrary, write 

i = Haft) - ^ (a, y3)), jl/=irs a)), 

then the interchange of any two roots of the quintic produce.s merely an interchange 
of the quantities L, ilf; that is, 

L-^M and (i - ilf) (a„ Aj, Aj, Aj, Aj) 

are each of them unaltered by the interchange of any two roots, and are consequently 
exjjressible as rational functions of the coefficients; or observing that fi(A,, Ag, Aj, a^, Aj) 
is a multiple of VP, we have L a function of the form P 4 QVP; the equation 
i = 0 , the roots whereof are ^ (a,, ^ 1 ) ... k = ^ (a,, /9«), is consequently an equation 
of the form P-pQVP=P, viz. it is a sextio equation {*^v, 1 )“ = 0 , the coefficients of 
which are functions of the form in question. Hence in particular 

= 12346 = (a, — Ag)’ (Ag — A,)” (Ag - Aj)* (Ai — Aj)» (Aj - A,)'’ 

is determined as above by an equation 1)'' = 0. Another instance of such an 

equation is given by my memoir "On a New Auxiliary Equation in the Theory of 
Equations of the Fifth Oi'der,” Phil, Trms, vol. CLi. (1861), pp. 263—276, [268], 
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Article Nos. 308 to 317.— Hebmite’s Ganonioal fwrm of the qumtic. 

308, It was I'cmarked that M. Heniiite’s investigations are conducted by means 
of a canonical form, viz. if A{—J, =G) be the quartin variant of the given quintic 
(a, h, c, dy e, f'^x, yf, then he in fact finds {X, F) linear functions of («, tj) such that 
we have 

{a, h, Cy dy e, fjxy yf-if, ij>, fie, fjf, \%X, 7)' 


(viz. in the tranafoi'med form the two mean coefficients are equal; this is a convenient 
assumption made in order to render the transformation completely definite, rather than 
an absolutely necessary one) ; and where moreover the qnadiicovariant B of the trans- 
formed form is 




or, what is the same thing, the coefficients (\, /t, Vfc, V/?, V) of the transformed form 
are connected by the relations 

\lji! — q* 3A/ = 0, 

X'lJt, — VA? 4* 3& = 0, 

XV — Zfifj! + 2/c = V3., ^ 


the advantage is a great simplicity in the forms of the several co variants, which 
simplicity arises in a great measure from the existence of the very simple covariant 

operator ^^7 . (viz, operating therewith on any co variant we obtain again a covarianb), 

ft-A. Cv J. 


309. Reversing the order of the several steps, the theory of M, Hermite’s trans- 
formation may be established as follows; 

Starting from the quintic 

(a, 6, 0 , d, e, y)\ 

and considering the quadricovariant thereof 

(«. A 7^®. yf ^ 

^(a, /3, 7) are of the degree 2), and also the linear covariant 

Px + Qy 

({P, <3) are of the degi-ee 6), we have 

/3“ — 4a7 = A, 

(«. /8, 75Q. ~Pf^-G, 

viz. the expression on the left hand, which is of the degree 12, and whicl 
an invariant, is = - where 0 is {ut suprA) 


and moreover 




C. VI. 
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The Jacobian c)f the two forms, viz. 

jSa; + 27 ^ j, 

P . Q 

= a>(2a(3-/?P) + i/(/30-2P7). 
is a linear covariant of the degree 7, say it is 

=P\v+qy, 

and it is to be observed that the determinant PQ' - P'Q of the two linear forms 
= -2(a, /9, y^Q, -P)\ that is, it is =2(7. 


310. Hence writing 


^-X+Y), 


whence also 


U 


X~Tn-^. 

r.TW + i, 


the determinant of substitution fi-oni (X, Y) to (T, V) is =2, that from {2\ U) 

'y ^ 

(a, y) is ^2(7, = ^, and consequently that from (A'’, 7.) to {w, y) is =1, 


We have 

AT^-U^^~ {(/3^ - 4«7) (Pa‘ + QyY - (P'«> + QW i 

or putting for F, Q' their values, this is = -^ into 4 («, /9, y\Q, - Pf (aai^ + + yy 

that is, we have 

and we have also 

A'F-U^^\4a [(A + Yf - {X - F)»] = V3 AT, 


+ ^xy +'yy- = A F ~,U‘^=’JaXY, 


consequently 
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SO thi.it, iiausing a moment to consider the transformation from (x, y) to {T, U), we 
have 

(«, b, c, d, e,f1x, b, c, d, e./lQ^T-QU. -FT+PU)’> 

= ;^(a, b, c, d, e, Uf suppose, 

whore (a, b, c, d, e, f) are invanants, of the degrees 36, 34, 32, 30, 28, 26 respectively;, 
it follows that b, d, f each of them contain as a factor the 18-thic invariant 7, the 
remaining factors being of the orders 16, 12, 8 respectively. 

312. That (a, b, c, d, e, f) are invariants is almost self-evident ; it may however 
be demonstrated as follows. Wxiting 

\y^i^ = + 269,. + 3c9(j + Mde + 5e9/, = S suppose, 

{icOjy) = l)bda + 4c9i, + Sddo + 2e9(j + = 8j „ 

then Px-^Qy, P'x+ Q'y being covariants, we have 8P~0, 8Q — P, BP' = 0, BQ' = P', 
whence, treating T, U as constants, B{(yT — QU) = P'T — PU, B{— FT PU) = <i, Hence 

8 («, b, 0 , d, e, flO!!' -qu,- FT + P Cf)' 

= 6(«. b, c, d, e'iQ'T-qu, - FT + PU)* FT-{-PU) 
^^b{a,b,c,d,el „ „ y.{ FT-PU) 

-I- 6 (6, c, d, e, /5 „ „ y . 0, 

the three lines arising from the operation with 8 on the coefficients (a, b, c, (?, e, /) 
and on the facients Q'T — qU and —P"T + PU respectively; the third line vanishes of 
itself, and the other two destroy each other, that is, 

8 («, b, 0 , d, e,f'^q'T-qU, - FT +PUy -0, and similarly 
8, (a, b, 0 , d, e, fWT-QU, - FT+ PUy = 0, 

or the function (a, b, e, d, e, f^q'T- qU, -PT + PUy, treating therein T and U as 
constants, is an invariant, that is, the coefficients of the several terms thereof are all 
invariants. 

313. The expre-ssions for the coefficients (a, b, c, cl, e, f) am in the first 
obtained in the forms 

a= 2 (L +!iMG +100% 
h=:-2(L' + M'G)A, 
c= 2{L +MG-2(P)A-\ 

A = -2{L'-M’G), 
e- 2(7 -SMG + 2G^)A-^, 
t = -2(L'-bM'G)A-', 
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where, developing M* Hermite’s expressions, 


nL = 

24J/= 

212/' = 

Uiir - 

jVB + 1 

A^li - 1 

ABI + 1 

/+i 

+ 1 

A^G - 1 

GI + !> 


jPBT- + 6 

A^B^ - 3 



A^JiG ~ 24 

ABC + 12 



+ 9 

(7^ + 24 



- 39 i 




A^B^G + 9 




ABG^ + 108 




C'* + 72 





and substituting these values, we find 


36a = 

36b = 

36c = 

36d = 

36e = 

36f= 

A’B + I 

A^BI - 3 

AW + 1 

ylj5/ - 3 

yI^J] + 1 

ni - 3 

A^O^ + 1 

A‘1P + 6 

A*3G - 39 

AW + 9 

A^(3 - 54 

A^BC - 36 

ABCB + 388 
(P + 1162 

AGI - 24 

A^C + 1 

AW + 6 

AWG- 27 
AW^ + 9 

yl’C* - 42 
BG- + 144 

Cf - 12 

yl^C + 1 
AyP + 6 
AWG - 15 
yl7i* + 9 
A(P -30 
JPG + 36 



I have not thoiiglit it worth while to make in these formulce the substitutions A — */, 
B — -K, G-9L^JKi which would give the expressions for (a, b, c, d, e, f) in terms 
of J, Z, L. 


314, Substituting for {x, y) their values in terms of (Z, F), we have 
(a, b, 0 , d, e, f^as, yf 

.. A r, 

=(\, (I, V, v', (I'l X'JZ, F)’ suppose, 
aa? + ^(ey + 73 /^ = '^AXY ; 

“9/ - W* + 79 ® = - ^ -^9;,ar, 

(“9/-;Sa^» + 73**y(a, b, c, d, e, f'$w, yf 

= il9j*9j“(X, ju., v, fjf, V, X'$-3r, F)' 
= mA{vX + v'Y)-, 


and by what precedes 
this gives 
and thence 
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the left-’hand side is a lineav co variant of the degree 5, it is consequently a mere 
numerical multiple of and it is easy to verify that it is =120(Pa;rhQy). 

(In fact writing 6 — cZ = e - 0, the expression is {Sd^d/ “ -h 

the only term which contains x is a-/‘\ 9y^9aj^* .a? ; but for 6=fZ=e = 0, 

Table J gives Px^a^cf% and the coefficient 120 is thus verified.) But P.^**fQy 


V(? V(7 /- 

IS and we have thus Av — Av' = , whence not only p = v\ —vJc 

V A v A 


suppo.se, but we have further k = 


G 


a result given by M. Hermite. 


316. Substituting for = jy' the value V/o, we have 
(a, 6, c, d, 6, /$/», ijf 


0, A + + ^-Q-tyA)7. 

= (X, IJ., •Jk, V*. fi', 7J\x, Yy\ 


and Ave liavo then ttie'^ + 0a!y + >Yy‘‘ = '\fAXY, viz. the left-hand side being the quadri- 
covai’iant of (a, b, o, d, e,f\(o, y)', the equation shows that the quadricovaiiant of the 
form (\, fi, '\/Te, ^k, jjf, F)'> is =’^AXY, and wo thus arrive at the starting-point 

of Hermito’s theory. 


316. The coefficients (X, /t, ‘^Je, 'Jk, /A, X') of Hermite’s form are by what precedes 
invariants; they are consequently expressible in terms of the invariants A, B, G (and J). 
M. Hennite writes 

XX' ~g, y,iM' = h, 

and he finds 

>jA^g~Sh + 2k, 

or, what is the same thing, 

A^ + 8AB+G , _AB + G G 

V2"« ’ vr*’ 

Avhich give g, h, k in terms of A, B, 0, and then putting 

P 

A = (S/c’ + 16M — ghy — 24/tfc*, = 

(the equation = is in fact equivalent to the befoi’e-mentioned expression of 1 
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in tevms of tlie other invariants), the coefficients (X, fi, X') are expressed in terms 
of y, h, k, that is of A, B, (/, viz. we have 

' 72 V/A =h{(j~ my - 91c {g + IQk) + (c/ - 16ji:) Va. 

24 = DA''’ + 1 6kk — f/h — Va, 

24 ViV = yA-' + 1 m - gh + VA, 

^ 72 V^X' = h {(j - - 9* (</ + 16/i!) - {(/ - 16/tf) Va ; 

the.se values of {X, fi, /i', could of courae be at once expressed in terms of {J, K, L), 
but I have not thought it necessary to make the transformation. 

317. It has been already noticed that the linear covariant (G, ~Px-\-Qy), was 


= V^(Vi-, V/bJZ. 7), 

it is to be added that the septic covariant (P'oj + Q'y) is 

= -^klX, 7), 

and that the canonical forms of the cubicovariants <j>i (.«, y), &c. are as follows : 


^,{X. 7) =\/A(ii, 3V4 S^k, fitX, 7y. 

4„iX, 7) = A{g„ \/k - x/k,-iiftX, 7)’, 


(f(Z, 7)) = Vr»(^, - ^fk,- Vi, fi'^X,7y, 
{^4 (Z, 7)} = A= {ii, - 3 Vi, 3 Vi, - ijr§X, 7)», 


t,{Z, 7) = V^» 


(2 Vi® — %jik y* (Ay 
3( + fi/i' ’^k —i/Jc), 

-3( -2iAk), 

— (2 Vi® — 2/Ak + nfi'^ ), ) 


(TZ, 7)», 


4>, (Z. 7) = Vil® (6/r, - Vi, Vi, 5ii\X, 7y, 

^4(Z, 7) = VJ®|' (7VI/t +96(2Vi®-3/ti + /*y)), 

I - 3 (3 VI Vi - 96 ( Vi® + liii' Vi - 2/4i )), 
+ 3{3VJ. Vi — 96( Vi®+ fifi' Vi — 2/4'i)), 

, - (7 Viy + 96 (2 Vi® - 3/i + j 

or, as the last formula may also be written, 


Yy 


<f>,ix, 7) = Va» 


{(1g - m + llOi) - 64X/4' Vi),"' 
-3{(3^ + 151i- 90k) ^/k -64xy }, 
+ 3 ((3(ir + 151i - 90i) Vi - 64X/i'® ), 
fi3/t + ]10i)^' -64X'/tVi) j 


X, Yy. 
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It is in fact by means of these comparatively simple canonical expressions that 
M. Hermite was enabled to effect the calculation of the coefficient ?(. 


Article Nos, 318 to 326, — Theory of the imaginary linewr transformations which lead to 

a veal equation, 

318. All equation (a, Z>, c, ...Jo;, y)’‘’ = 0 is real if the ratios a : 6 : c, &c. of the 

coefficients are all real. In speaking of a given real equation there i>s no loss of 

generality in assuming that the coefficients (a, 6, o, are all real; but if an equation 

presents itself in the form (a, c, 0 with imaginary coefficients, it is to be 

borne in mind that the equation may still be real; viz, the coefficients may contain 
an imaginary common factor in such wise that throwing this out we obtain an 
equation with real coefficients. 

In what follows I use the term transformation to signify a linear transformation, 
and speak of equations connected by a linear transformation as derivable from each 
other. An imaginary transformation will in genera! convert a real into an imaginary 
equation ; and if the proposition were true iiniversallj^ — viz. if it were true that the 
transformed equation was always imaginary — it would follow that a real equation derivable 
from a given real equation could then be derivable from it only by a real transfor- 
mation^ and that the two equations would have the same character. But any two 

equations having the same absolute invariants are derivable from each other, the two 

real equations would therefore be derivable from each other by a real transformation, 
and would thus have the same character; that is, all the equations (if any) belonging 

to a given system of values of the absolute invariants would have a determinate 

character, and the absolute invariants would form a s^'^stem of auxiliars. 

But it is not true that the imaginary transformation lends always to an imaginary 
equation ; to take the simplest case of exception, if the given real equation contains 
only even powers or only odd powers of a*, then the imaginary transformation n) : y 
into is) : y gives a real equation. And we are thus led lio inquire in what cases an 
imaginary transformation gives a real equation, 

319. I consider the imaginary transformation a) : y into 

(a-^bi)cD’\^(c + di)y ; (e -\rfi) + (g hi) y, 
or, what is the same thing, I write 

a? == (a “H 6i) X + (c H- di) Y, 

y == +/0 X 4- (y + hi) F, 

and I seek to find P, Q real quantities such that Pa;+ Qy may be transformed into 
a linear function RX-{-SY, wherein the ratio R : S is real, or, what is the same 
thing, such that RX -f SY may be the product of an imaginary constant into a real 
linear function of (X, F). This will be the case if 

q. Qy ^ (1+ {P (aX + cF) + (3 (cX + y F)), 



184 


AN EIGHTH jMEMOIR ON QXJANTICS. 


[405 


that is if 

P {bX + d 10 + Q ifX + A Y) ^0{P («X+ cY)a^Q {eX + fl% 
which implies the relations 

bP^fQ^0{aP + eQ\ 
dP + liQ = 6 {cP + yQ)> 

or^ Avliat is the same thing, 

{h^ae)P^{f^e6)q^{^, 

{d^ce)P ^{h^(jd)Q^Q, 

and if the resulting value oi P \ Q he real, the last-mentioned equations give 
(ag — ce) 0'^ — (ah ’hbg-’ of--- de) 0 + AA - c^= 0, 
and 6 being known, the ratio P : Q is determined rationally in terms of ft 

320. The equation in 0 will have its roots real, equal, or imaginary, according’ as 

{ah ’hbg — cf- def — 4 (ag - ce) (bh - df), 

that is 

— 2ahbg — 2ahcf— 2ahde — ^hgcf -2hgde — 2ofde 
+ ^adfgh 4* ^hceh 

is ^0, or ; and I say that the transformation is subimaginary, neutral, and 

superi magi nary in these three cases respectively In the subimaginary case there are 
two functions Paj-fQy which satisfy the prescribed conditions; in the neutral case a 
single function ; in the superimaginary case no such function, But in the last-mentioned 
case there are two conjugate imaginary functions, PrtJ + Qy, which contain as factors 
thereof respectively two conjugate imaginary functions . TJX 4 FF. 

321, Hence replacing the original co, j/, X, F by real linear functions thereof, the 

subimaginary transformation is reduced to the transformation co : y into hX : where 

h is imaginary ; and the superimaginaiy transformation is reduced to a? 4 iy : Q) — iy 
into k(X q-zF) ; (-3 l — iF), where k is imaginaiy As regards the neutral transformation^ 
it appears that this is equivalent to 

a?— (a4- 4 (o-^di) F, 

v= (ff + hi)Y, 

mth the condition 0 = {ah + hgy‘ — ^gbh, —{ah-hgf, that is, Ave have ah — hg = 0, or 
Avithoiit any real loss of generality g==a, h = b, or the transformation is 

a) — ((i + U)X + (c + di) T, 
y = (a + bi) Y, 

that in, a : y = X + loY Y, Avliere k is imaginary. 
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of th?fori7'’*^ equation after any real transformation thereof, is still an equation 

{a, 3 /)’' = 0 ; 

and if we consider first the neutral transformation, the transformed equation is 

(a, ,.. 5 Z+/f 7 , 10" = 0; 

this IS not a real equation except in the case where k is real. 

transformation, starting in like manner from 
(a, ... yr— 0» this may be expressed in the form 

+ 7 + Sf, . . . , 7 - Si, a - -p a- _ i^yn _ 

viz. when in a real equation («, y)" = 0 we make the transformation : y into 
oi+yj : (c-iy, the coeificiente of the transformed equation will form as above pairs of 
conjugate imaginaries. Proceeding in tlie last-mentioned equation to make the trans- 
formation on + ty : (c~iy into k{X-^iY) : X-iY, I throw h into the form 

cos 2^ + i sin 2 <f}, = (cos <f> + i sin c^) ^ (cos - i sin <jt) 

(of course it is not here assumed that ^ i.s real), or represent the transformation as 

that ofal-k^y : a--^y into (ooh <l> + i sin i>}(X + iY) : (oosi>- ism ^)(X -iY)-, the trans- 
formed equation thus is r/ v / ? 

® ~ / 3 ^$(cos (f>+i sin {X + iY), (cos <f)-i sin 0) (X ~ f F))" = 0. 

The left-hand side consists of terms such os (A'^ -f F*)«-2« into 

(7 + Bi) (cos s0 q- i sin s<j>) (X + iY)’ + (y~ St) (cos 80 - lisin s0) (X - iY)\ 
viz. the expression last written down is 

= (7 cos 80 - S sin 80) {(A -i-fF/ + (X - fF)*} 

- (7 sin 80 -f 8 cos 80) ~ -i-10'' | ^ 

and observing that the expressions in { ] are real, the transformed equation is only 
real If ( 7 Cos_« 0 - 8 sm 80)^(7 8in80 + Scos80) be real, that is, in order that the traiis- 
foimed equation may be real, wo must have tan 80 = real ; and observing that if tans0- 
be equal to any given real quantitj^ whatever, then the values of tan 0 are all of thorn 
real, and that tan 0 real gives cos 0 and sin 0 each of them real, and therefore also 0. 
real, it appears that the transformed equation is only real for the transformation 

w + iy : = (cos0-|-;3in 0 )(A + iF) : (cos 0 -fsin 0 )(Z-i:i’^, 

wherein 0 As real; and this is nothing else than the real transformation ® : y into 
A cos 0 1 sin0 ■ Z 8 in 0 -fFcos0. Hence neither in the case of the neutral trans- 

formation or in that of the superunaginary transformation can we have an imaginary 
transformation leading to a real equation. ® ^ 

0. VI. 


24 
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324. There remains only the subimaginary transformation, viz. this has been reduced 
to : y into hX : Y, the transformed equation is 

(a,...pX, y)-‘=o. 

and this will be a real equation if some power 1i» oi k {p not greater than «) be 
real, and if the equation y)« = 0 contain only terms wherein the index of a; 

< 01 - that of y) is a multiple of p. Assuming that it is the index of y which is a 

multiple, the form of the equation is in fact y*’)”*=0; (n = my) + a), and the 

transformed equation is 7i’)“ = 0, which is a real equation. 

325. It is to be observed that if p be odd, then writing h^-K (K real) and 

taking k the real p-th root of K, then the very same transformed equation would 

be obtained by the real transformation x : y into kX : F; so that the equation 
obtained by the imaginary transformation, being also obtainable by a real tiunsfor- 
mation, has the same character as the original equation. 

326. Similarly if p be even, if K be real and positive, the equation = K has 

a real root U which may be substituted for the imaginary and^ the transforined 
equation will have the same character as the original equation ; but if K be negative, 
say /£* = — 1 (as may be assumed without loss of generality), then there is no real 
transformation equivalent to the imaginary transformation, and the equation given by 
the imaginary transformation has not of necessity the same character as the original 
equation ; and there are in tact cases in which the character is altered. Thus if p — 2, 
and the original equation be x(x\ or = then making the transfor- 
mation X : y into iX : F, the transformed equation will bo X (Z^ — = 0 or 

giving imaginary roots + aY^ — 0 corresponding to real roots = 0. 


Article No. 327 , — Application to the amiliars of a quintic* 

327, Applying what precedes to a quintic equation (a, 2/)'’=0, this after 
any real transformation whatever will assume the form (a',. . 2 / 0 ^ = O; and the only 

eases in which we can have an imaginary transformation producing a real equation of 
an altered character is when this equation is (a\ 0, g\ 0, e\ yy-0 (o' not =0), or 

when it is {a\ 0, 0, 0, e', Oja;', when it is ® 6oV)==0, or 

6e'y ’*)=:0, In the latter case the transformation f into X ^ — 1 : F gives the real 
equation Z (aX^ - 5e'F^) - 0, I observe however that for the form (a', 0, 0, 0, e\ OJ®, 2/)S 
and consequently for the form (ct, ... y)® from which it is derived wo have 

J" = 0 ; this case is therefore excluded from consideration. The remaining case is 
(a', 0, o', 0, e\ Ojir', fy = 0, which is by the imaginary transformation a/ ; y' into iX : F 
converted into (a', 0, -o', 0, e\ 0][Z, F)'^ = 0; for the first of the two forms wo have 
J = 16 a'cV^ and for the second of the two forms / = - 16 a'o'o'®, that is, the two values 
of J have opposite signs. Hence considering an equation (a, 6, c, rf, o, /$«?, yj == 0 for 
which J is not == 0, whenever this is by an imaginary transformation converted into 
a real equation, the sign of J is reversed ; and it follows that, given the values of 
the absolute invariants and the value of J (or what is sufficient, the sign of J), the 
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clififereiit real equations which correspond to these data must be derivable one from 
another by real transformations, and must consequently have a determinate character ; 
that is, tlie Absolute Invariants, and J, constitute a system of anxiliars. 


Annex. — Analytioal Theorem in relation to a Binary Qiumtic of any Order. 

The foregoing theory of the superiraaginary transformation led me to a somewhat 
remarkable theorem. Take for example the function 

{a, h, cfix H- A’, 1 - kccf, 

or, ns this may be written, 

k‘^ h 1 

c, 2h, a or ( c, 26, a \k, l)®(a', 1)^ 

00 2b, 2a 2c, - 26 26, 2a - 2c, - 26 

1 I - 26, 0 , - 26, c 

then the determinant 


c, 26, a 

26, 2a — 2o, — 26 
a, — 26, c 

ia a product of linear functions of the coefficients (a, 6, c); its value in fact is 
= - 2 (a + c) (rt + 2bi + ciO (a - 2bi + ci% = - 2 (a + c) [(a - c)= + 46=]. 
To prove this directly, I write 

a' = a — 2hi + ct=, 

6' = a — ci\ 
c' = a + 26i + cir, 

and we then, have 


0, 

26, 

a 

1. 

2 , 

1 1 

26, 

2a - 2c, 



0 , 

a, 

-26, 

0 


-2#, 



(1, i i% (2, 0, -2i?), (1, -i, #) 

= ( c, 26, , a) 

(2b, 2a- 2o, -26) 

( a, -26, c) 




- 2W, 


Ob’, 

o! 

26', 


iV I , = a'b'e' I — 2f’, i- 

0, ~2i 

2 , 1 
24—2 


-2ic' 

o' 


2i, 

1 , 


188 


AN EIGfITH MliMOIR ON QUANTICS. 


whence observing that the determinants 


1. 2,1 

} 

-2i=, i= 

0 

1 


2i, 0 , - 2i 

- 2i= 


1. 2 . 1 


[40 S 


■are as 1 : — 2, we have the requii-ed relation, 


c, 2b, a 
2b, 2a — 2c, —26 


= - 2a'6'o', = - 2 (a + o) {(a ~ c)“ + 46=}. 


a, - 2b, c 


It is to be remarked that the determinant 


1, 

2 , 

1 

, taken as the multiplier of 

c, 

26, 

. a 


0 , 

- 1 


2&, 

2a. - 2c, 



- 2i\ 



1 a, 

-26, 

0 


is obtained by \yriting therein a = b = o, = 1 ; and multiplying the successive lines 
thereof by 1, i? (1, l a,ve the reciprocals of the binomial coefficients 1, 2, 1), the 
proof IS the same, and the multiplier is obtained in the like manner for a function 
of any order; thus for the cubic (a, b, c, dp+dj, l-jbo;)’, 



h? 


k 

1 

= 0^ 

- d. 

3c, 

-Sb, 

a 


3c, 

-6b + M, 

3a — 6c, 

36 

(0 

-86, 

1 

CO 

66 - 3d, 

3o 

1 

a, 

36, 

3c, 

d 


the multiplier is obtained from the determinant by writing therein o = 6 = o = d = l, 
and multiplying the successive lines by 1, i>, viz. the multiplier is 


-1, 3, -3, 1 

h —i, ~i, i 

3f», Si\ 


and the value of the determinant is found to be 


9 (a - Shi + 301^ - di») {a-b{-oi‘ + di=) (a + 6i - ci= - (a + 36i + 3 ct= + 
= 9 ((a - 3c)= + {Sb - dy) ((a + o)» + ^6 + d)=). 
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But the theory may be presented under a better form ; take for instauee the cubic, 
• t * kO Jg 

VIZ, writing - and j for (v and k respectively, we have (a, b, c, d^ki/ -h h, ly - ka)y 


• y 


kp 

p 

— d, 

’3c, 

-Zb. 

a 

x-y 3c, 

— 66 + 3c?, 

3a “ 6c, 

Zb 

,xy'^ *“ 36, 

3a — 6c, 

66 “ Zdy 

3c 

a, 

36, 

3c, 

d 


a bipartite cubic function iy(os^ and the determiuaut formed out of the 

matrix is at once seen to be an invariant of this bipartite cubic function. 

Assume now that we have identically 

(a, b, 0 , y)’ = (a', b', c', (tv + iy), 

vh. this equation written under the equivalent form 

(a', b', o', d'lX, r)» = (a. b, 0 , d5Z+ F, i{X - Y)y, 
determines (a', b', o', d') as linear functions of (a, b, o, d), it in fact gives 
al = (a, b, 0 , djl, - if = a - 3W + 3ci* - di^, 

b' = {a, h, c, d'^l, - if (1, i) =a- bi- ci^ + di^ 

o' = (a, b, 0 , djl, - i) (1, if -a+ bi- oP - di\ 

d' = (a, b, 0, djl, if =^a + ‘6bi + Boi^ + di’‘, 

then observing that Icy + 1(0 ±i{ly— hx) = (® ± iy) (T ik + 0> 

(tt, b, c, d^ky + 1 x 1 , ly- kxf = («', b', o', (® + iy) (— ik + 1), \{x- iy) {ih + l)^, 

and if in the cxpi’ession on the right-hand side we make the linear transformations 

aj + iy = k' V2, — ih + l= y V2, 

a; — iy = — iy' V 2 , ik + l^ — il' */2, 

which are respectively of the determinant + 1, the transformed function is 

= {a', b', o', d'lya/, -I'y'f, 

that is, we have 

(a, b, 0 , d'^ky + h, ly-kxsf = {a!, b', o', d'^^x', -I'y'f . ^ 
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The last-mentioned function is 

p k'H’ iiv°- 

a' . . . ■ 

a/y . -36' 

• • -l-3c . 

y'- . . . -d' 

and (from the invariantive property of the deterininant) the original determinant in 
equal to the debermiiiant of this new form, viz, we have 


- d, 

3c, 

- 

-36, 

a 

= da'b'c'd', 

3Cj 

— 66 "h 3rf, 

3a- 

- 6c, 

36 


-36, 

3a — 6c , 

66- 

-3fi, 

3c 


a, 

36, 


3c, 

d 



- 9 [(^t - 3c)^ + (36 - df] [(a + of + (6 + dy ] , 

which is the required theorem. And the theorem is thus exhibited in its fcr\u^ 
connexion, as depending on the transformation 

(ft, yy = (a', . . (® -f fy), ^(x-iy))^ 


Addition, 7ih Octohevy 1867. 

Since the present Memoir was written, there has appeared the valuable pax3or by 
MM. Clebsch and Gordan "Sulla rappresentazioiie tipica delle forme binarie,** Aimtdi 
di Matematicat t, l. (1867) pp, 23 — ^79, relating to the binary quintic and sextic. On 
reducing to the notation of the present memoir the formula 95 for the represontatioii 
of the quintic in terms of the covariants a, /3, which should give for (a, b, c, cl, o, f) 
the values obtained ante, No. 312, I find a somewhat different system of values ; viz, 
these are 


36a *= 36b- 

A^B + 1 - 1 

A^G + I A^BI- 3 

A^JP + 6 ^'AGI + 24 

A^BC- 39 
A^B^ + 9 

A^G^ - 54 

A'^B^C^ 126 
ABC^ +288 
G^ +1162 


36o= 36cl = 

A^B + 1 *AU 1 

A^C + 1 ABI 3 

A^JP +6 *01 ^ 12 

A^BG - 27 
A^B^ + 9 

_ 42 
*AB^C -- 90 
BC^ + 144 


366- 


A^B 

+ 1 

*A^r - 1 

A*G. 

+ 1 

ABI ■■ ■ 3 i 

A^BP 

+ 6 


A^BG 

- 15 


Al? 

+ 9 


ACB 

~ 30 


»B^G 

-64 



I 


where I have distinguished with an asterisk the terms which have different cbefficioutH 
in the two formulao. I cannot at present explain this discrepancy, 
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ON THE CURVES WHICH SATISFY GIVEN CONDITIONS. 


[From the Fkilosophical Transactions of the Royal Society of London, voL clviil (for the 
year 1868), pp. 75—143. Eeceived April 18,— Read May 2, 1867.] 

The present Memoir relates to portions only of the subject of the curves which 
satisfy given conditions) but any other title would be too narrow: the q^uestiou chiofly 
considered is that of finding the number of the curves which satisfy given conditions ; 
the curves are either curves of a determinate order r (and in this case the conditions 
chiefly considered are conditions of contact with a given curve), or else the cuives aie 
conics; and here (although the conditions chiefly considered are conditions of contact 
with a given curve or curves) it is necessary to consider more than, in the fonner 
case the theory of conditions of any kind whatever. As regards the theory of conics, 
the Memoir is based upon the researches of Chasles and Zeutheu, as I’egards that of 
the curves of the order r, upon the researches of De Jonquiferes: the notion of the 
quasi-geometrical representation of conditions by means of loci in. hyper-space ^ is 
employed by Salmon in his researches relating to the quadric surfaces which satisfy 
given conditions, The papers containing the researches referred to are inoliided in the 
subjoined list. I reserve for a separate Second Memoir the application to the present 
question, of the Principle of Oorrespondence, 

List of Memoirs and Works relating to the Gnrves which satisfy gimn co 7 iditions. 

%oith remarks. 

De Jonquibres: “Thdorbmes gdndraux concernant les courbes gdomdtriques planes 
d\m ordre quelconque,*' Idouv. t. vi. (1861), pp. 113—134. In this valuable memoir is 
established the notion of a series of curves of the indeco N ; viz. considering the curves 
of the order n which satisfy 3) — 1 conditions, then if N denotes how many 

there are of these curves which pass through a given aibitrary point, the series is 
said to be of the index N. 

In Lemma IV it is stated that all the curves of a series of the index N can 
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be analytically represented by an equation F{y, x)=-0, which is rational and integral 
of the degree N in regard to a variable parameter X : this is not the case ; see 
Annex No. 1. 

Chasles: Various papers in the Gomptes RendnSy t. lyiit. et seq, 1864 — 67* The 
first of them (Feb, 1864), entitled Determination du nombre des sections coniques 
qui doivent toucher cinq coiirbes donnfe d’ordre qnelconque, on satisfaire k diverses 
aiitres conditions/’ establislies the notion of the two characteristics (/t, v) of a system 
of conics which satisfy four conditions; viz. p is the number of these conics which 
pass through a given arbitrary point, and v the number of them which touch a given 
arbitrary line, The Principle of Correspondence for points on a line is ©.stablivshed in 
the paper of June— July 1864, Mauy of the leading points of the theory are repro- 
duced in the present Memoir. Tlie series of papers includes one on the conics in space 
which satisfy seven conditions (Sept. 1865), and another on the surfaces of the second 
order which satisfy eight conditions (Feb. 1866). 

Salmon: ''On some Points in the Theory of Elimination,” Quart Math, Joimi, 
t. VII, pp, 327 — 337 (Feb. 1866) ; " On the Number of Surfaces of the Second Degree 
which can be described to satisfy nine Conditions,” Ibid, t, viit, pp. 1 — 7 (June 1866), — 
which two papers are here referred to on account of the notion which they establish 
of the quasi-geometrical representation of conditions by means of loci in hj^per-spaee, 

Zeuthen: Nyt Bidrag ... Contribution to the Theory of Systems of Conics which 
satisfy four conditions, 8*". pp. 1—97 (Copenhagen, Cohen, 1865), translated, with an 
addition, in the Nouvelles Annales. 

The method employed depends on the determination of the line-pairs and point- 
pairs, and of the numerical coefllicients by which these have to be multiplied, in the 
several systems of conics which satisfy four conditions of contact with a given curve 
or curves. It is reproduced in detail, with the enumeration called "Zeutheu's Capitals,” 
in the present Memoir. 

Cayley: "Sur les coniques ddtermindes par cinq conditions d’intersectiou avec line 
courbe donnee,” Ooiniytes Sendit^, t. Lxiii. pp. 9—12, July 1866. Results reproduced in 
the present Memoir. 

De Jonquib’es: Two papers, Gom2)ies Mend'tis, t, LXIII, Sept, 1866, reproduced and 
further developed in the “M^moire sur les contacts multiples d’oidre qiielconquo des 
courbes du degr^ r qui satisfont k des conditions. donndes de contact avec une coiirbo 
fixe du degi’d m; siiivi de quelques rdflexions snr la solution d‘un grand nombro de 
questions concernant les propridtds projectives des courbes et des surfaces algdbriqiies,” 
Grellej t, lxvi. (1866), pp. 289 — 822, — contain a general formula for the number of curves 
C^' having contacts of given orders a, 6, c, . . with a given curve which formula 
is referred to and considered in the present Memoir. 

De J onquibres : Recherches sur les sdries ou systbmes de courbes et de surfaces 
aigdbriques d’ordre qnelconque; suivies dhme rdponse &c. C .Paris, Gauthier Villars, 
18660). 

^ The foregoing list is not complete, ami the remarks arc not intondod to givo even a Bketoli of the oon* 
tents of the works compiiBCd therein, but only to show their bearing on the present Memoir, 
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Article Nos. 1 to 23. — On the qiiad-geomebical representation of Gonditions, 

1. A condition imi^osed upon a subject gives rise to a relation between the 

parameters of the subject; for instance, the subject may be, as in the present Memoir, 

a plane curve of a given order, and the parameters be any arbitrary parameters com 

tained in the equation of the curve. The condition may be onefold, twofold, ... or, 
generally, i'-fold, and the corresjjonding relation is onefold, twofold,... or A-fold accord- 
ingly. Two or more conditions, each of a given manifoldness, may be regarded as 

forming together a single condition of a higher manifoldnesa, and the corresponding 
relations as forming a single relation ; and thus, though it is often convenient to con- 
sider two or. more conditions or relations, this case is in fact included in that of a 
/?-fold condition or relation. In dealing with such a condition or relation it is assumed 
that the number of paraineters is at least for otherwise there would not in 

general be any subject satisfying the condition; when the number of parameters is 
= A?, the number of subjects satisfying the condition is in general determinate. 

2. A subject which satisfies a given condition may for shortness be termed a 
solution of the condition; and in like manner any set of values of the parameters 
satisfying the corresponding relation may be termed a solution of the relation. Thus 
for a A;-fold condition or relation, and the same number k of parameters, the number 
of solutions is in general determinate. 

3. A condition may in some cases be satisfied in more than a single way, and 

if a certain way bo regarded ns the ordinary and proper one, then the others are 

special or imp)TOper : the two epithets may be used conjointly, or either of them 
separately, almost indifferently. For instance, the condition that a curve shall touch a 
given curve (have with it a two-pointic intersection) is satisfied if the curve have 
with the given curve a proper contact; or if it have on the given curve a node or 

a cusp (or, more specially, if it be or comprise as part of itself two coincident curves) ; 

or if it pass through a node or a cusp of the given curve : the first is regarded as 

the ordinaiy and proper way of satisfying the condition; the other two as special or 

improper ways; and the corresponding solutions are ordinary and proper solutions, or 

special or improper ones accordingly. This will be further explained in speaking of 

the locus which serves for the representation of a condition. 

4. A set of any number, say o), of parameters may be considered os the coordi- 

nates of a point in w-dimensional space; and if the parameters are connected by a 
onefold, twofold,,., or A-fold relation, then the point is situate on a onefold, twofold,,., 
or A?- fold locus accordingly ; to the relation made up of two or more relations corresponds 
the locus which is the interBection or common locus of the loci corresponding to the 
several component relations respectively. A locus is at most <y-fold, viz, it is in this 
case a point-system. The relation made up of a- Wold relation, an i-fold relation, &c., is 
in general (/c -h 2 &c.) fold, and the corresponding locus is (&+•? + &c.) fold accordingly. 

6. The order of a point-system is equal to the number of the points thereof, 

where, of course, coincident points have to be attended to, so that the distinct points 

of the system may have to be reckoned each its proper number of times. The locus 

0. yi. 25 
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corresponding to any linear j-fold relation between the coordinates is said to be a j-fold 
ornal locus; and if to any given A-fold relation we join an arbitrary (&)-/i7)fold linear 
relation, that is, intersect the ft-fold locus by an arbitrary (o) — A;) fold oinal locus, so as 
to obtain a point-systein, the order of the &-fold relation or locus is taken to be 
equal to the number of points of the point-system, that is, to the order of the point- 
system, And this being so, if a A?-fold relation, an l4o\d relation, &c, are completely 
independent,’ that is, if they are not satisfied by values which satisfy a less than 
(i; 4 - / q- foe.) fold relation, or, what is the same thing, if the A?-fold locus, the J-fold 
locus, &c., have no common less than (& d- J + &c.) fold locus, then the relations make 
up together a (A? + J-f fold relation, and the loci intersect in a (/^ d- J + &c.) fold 
locus, the orders whereof are X'espectively equal to the product of the orders of the 
given relations or loci. In particular if we have Aj d- J + — o), then we have an 

ft) -fold relation, and corresponding thereto a point-system, the orders whereof are 

respectively equal to the product of the orders of the given relations or loci. 

6. A i-fold relation, an Z-fold relation, &c., if they were together equivalent to a 

less than (Ai q- J d- &c.) fold relation, would not be independent; but the relations, assumed 
to bo independent, may yet contain a less than (Ajd-J-H &c.)fold relation, that is, they 
may be satisfied by the values which satisfy a certain less than (A? d- J + &c.) fold relation 
(say the common relation), and exclusively of these, only by the values which satisfy 
a proper (A) d- J d- &< 3 ,) fold relation, which is, so to speak, a residual equivalent of the 
given relations* This is more clearly seen in regard to the loci ; the Aj-fold locus, the 
Z-fold locus, &c. may have in common a less than (& + J d- &c.) fold locus, and besides 

intersect in a residual (A; d- J + &c.) fold locus. (It is hardly necessary to remark that 

such a connexion between the relations is precisely what is excluded by the foregoing 
definition of complete independence.) In particular if A? d- Jd- &g, = w, the several loci 
may intersect, say in an (oi)-“y)fold locus, and besides in a residual (w-fold locus, or 

point-system. The order (in any such case) of the residual relation or locus is equal 

to the product of the orders of the given relations or loci, less a reduction depending 
on the nature of the common relation or locus, the determination of the value of 
which reduction is often a complex and difficult problem. 

7. Imagine a curve of given order, the equation of which contains ew arbitrary 

pEU'ameters ; to fix the ideas, it may be assumed that these enter into the equation 

rationally, so that the values of the parameters being given, the curve is uniquely 

determined. Suppose, as above, that the parameters are taken to be the coordinates 
of a point in cw-dimensional space; so long as the curve is not subjected to any 
condition, the point in question, say the parametric point, is an arbitrary point in the 
ft) -dimensional space; bub if the curve be subjected to a onefold, twofold,.,, or A)-fold 
condition, then we have a onefold, twofold,... or A)- fold relation between the parameters, 
and the parametric point is situate on a onefold, twofold, ... or A)-fold locus accordingly ; 
to each position of the parametric point on the locus there corresponds a curve 
satisfying the condition, that is, a solution of the condition. In the case where the 
condition is co-fold, the locus is a point-system, and corresponding to each point of 
the point-system we have a solution of the condition; the number of solutions is 
equal to the number of points of the point-system. 
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8. Considering the general case where the condition, and therefore also the locus. 
IS /c-fold, it is to be observed that every solution whatever, and therefore each special 
solution (if any), corresponds to some point on the /c-fold locus; we may therefore have 
on the /c-fold locus what may be termed "special loci,” viz. a special locus is a locus 
such that to each point thereof corresponds a special solution. A .special locus may of 
course be a point-system, viz. there are in this case a determinate number of special 
solutions corresponding to the several points of this point-system. We may consider 
the other extreme case of a special /f-fokl locus, viz. the /c-fold locus of the pai-ametric 
point may break up into two distinct loci, the special /c-fold locus, and another A'-fold 
locus the several points whereof give the ordinary solutions; we can in this case get 
rid of the special solutions by attending exclusively to the last-mentioned /!-fold locus 
and regarding it as the proper locus of the parametric point. But if the special locus 
be a more than /c-fold locus, that is, if it be not a part of the /;-fold locus itself, but 
(as supposed in the first instance) a locus on this locus, then the special solutions cannot 
be thus got rid of: we have the /c-fold locus of the parametric point, a locus such 
that to every point thereof there corresponds a proper solution, save and except that 
to the points lying on the special locus there coiTespond special or improper solutions. 
It is to be noticed that the special locus may be, but tliat is not in every case, a 
singular locus on the /c-fold locus. 

9. Suppose that the conditions to he satisfied by the curve are a /c-fold condition, 
an /-fold condition, &c. of a total manifoldness =<». If the conditions are completely 
independent (that is, if the corresponding relations, ante, No. 6, are completely indepen- 
dent), we have a /c-fold locus, an /-fold locus, &c., having no common locus other than 
the point-system of intersection, and the number of curves which satisfy the given 
conditions, or (as thus has been before expressed) the number of solutions, is equal to 
the number of points of the point-system, or to the order of the point-system, viz. it 
is equal to the product of the orders of the loci which correspond to the several con- 
ditions respectively; among these we may however have special solutions, corresponding 
to points situate on the special loci upon any of the given loci; but when this is 
the case the number of these special solutions can be separately calculated, and the 
number of proper solutions is equal to the number obtained as above, less the number 
of the special solutions. 

10. If, however, the given conditions are not completely independent (that is, if 
the corresponding relations are not completely independent), then the /c-fold locus 
the /-fold locus, &c. intersect in a common (a> — y) fold locus, and besides in a residual 
point-system. The several points of the (w -j) fold locus give special solutions— in fact 
the very notion of the conditions being yrop&'ly satisfied by a curve implies that the 
curve shall satisfy a true (/c -f / -|- &c.) fold, that is, a true to-fold condition; the proper 
solutions ai-e therefore comprised among the solutions given by the residual jDoint- 
system, and the number of them is as before equal to the order of the point-system, 
or number of the points thereof, less the number of points which give special solutions; 
the order of the point-system is, as has been seen, equal to the pi’oduot of the orders 
of the /c-fold locus, the /-fold locus, &o., less a reduction depending on the nature of 

25—2 
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the common (a)-j)fold locua, and the difficulty is in general in the determination of 
the value of this reduction. 

11. In all that precedes, the number of the parameters has been taken to bo a> ; 
but if the parameters are taken to be contained in the equation of the carve homo- 
geneously, then the parameters before made use of are in fact the ratios of these 
homogeneous parameters ; and using the term henceforward as referring to the homo- 
gen eons parameters, the numbers of the parametei's will be —o) -f 1. 

12. I assume also that the equation of the -curve coutains the parameters linearly ; 
this being so, the condition that the curve shall pass through a given arbitrary i)oiut 
implies a linear relation between the parameters; and the condition that the curve 
shall pass through j given points, a j-fold linear relation between the parameters. It 
follows that the number of the curves which satisfy a given A-fold condition, and besides 
pass through (o-k given points, is equal to the order of the /tJ-fold relation, or of llio 
corresponding fc-fold locus; and thus if we define the order of the fc»fold condition to be 
the number of the curves in question, the condition, relation, and locus will be all of 
the same order, and in all that precedes we may (in place of the order of the relation 
or of the locus) speak of the order of the condition. Thus, subject to the modifications 
occasioned by common loci and special solutions as above explained, the order of the 
(fc -P J + &c.) fold condition made up of a fc-fold condition, an i-fold condition, &c., is 
equal to the product of the orders of the component conditions; and in particular if 
/c-pi + &a = 0 ), then the order of the w-fold condition, or number of the solutions thereof, 
is equal to the product of the orders of the component conditions, 

13. The conditions to be satisfied by the curve may be conditions of contact with 
a given curve or curves. In particular if the curve touch a given curve, the para- 
metric point is then situate on a onefold locus, It is to be noticed in reference hereto 
that if the given curve have nodes or cusps, then we have special solutions, viz. if 
the sought for curve passes through a node or a cusp of the given curve ; and each 
such node or cusp gives rise to a special onefold locus, presenting itself in the first 
instance as a factor of the onefold locus of the parametric point; this is, however, a 
case where the special locus is of the same manifoldness as the general . locus (ante^ 
No. 8), and is consequently separable; throwing off therefore all these special loci, we 
have a onefold locus which no longer comprises the points which correspond to curves 
passing through a node or a cusp of the given curve; the onefold locus, so divested 
of the special onefold factors, may be termed the ''contact-locus” of the given curve. 
To each point of the contact-locus there corresponds a curve having with tlie given 
curve a two-pointic intersection, viz. this is either a proper contact, or it is a special 
contact, consisting in that the sought for curve has on the given curve a node or 
cusp, or (which is a higher speciality) in that the sought for curve is or contains as 
part of itself two or more coincident curves (antp,. No. SY Tn n, noinf. in nrAnnvD.l nn 
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the order v which totich a given curve of the oi*cler 'in and class % the order of the 
contacfcdocus is = n -f (2r - 2) ??i, 

14. If, then, the curve touch a given curve, the parametric point is situate on the 
contact-locus of that curve, If it touch a soconcl given curve, the parametric point is 
in like manner situate on the contact'-locus of the second given curve, that is, it is 
situate on tlie twofold locus which is the intersection of the two contact-loci; and the 
like ill the case of any number of contacts eacli with a distinct given curve. But if the 
curve, instead of ordinary contacts with distinct given curves, lias either a contact of 
the second, or third, or any higher order, or has two or more ordinary or other contacts 
with the same given curve, then if the total manifoldiiess be = k, the parametric point 
is situate on a /i;-fold locus, which is given as a singular locus of the proper kind on 
the onefold contact-locus ; so that the theory of tlio contact-locus corresponding to the 
case of a single contact with a given curve, coiiOains in itself the theory of any 
system whatever of ordinary or other con tacts with tlie same given curve, viz, the 
last-mentioned general case depends on the discussion of tlie singular loci which lie on 
the contact-locus, And similarly, if the curve has au}'' number of ordinary or other 
contacts with each of two or more given curves, we have here to consider the inter- 
sections of singular loci lying on tlie contacfc-loci which correspond to the several given 
curves respectively* or, what is the same thing, to the singular loci on the intersection 
of these contact-loci ; tliat is, the theory depends on that of the contact-loci wliich 
belong to the given curves respectively. 

15. Suppose that the curve which has to satisfy given conditions is a line; the 

equation is aoo -\-hy cz-Q, and the imraineters {a, 6, c) are to be taken as tlie 
coordinates of a iioint in a plane, Any onefold condition imposed upon the lino 
OHtahlishcs a onefold relation between 1>ho coordinates {a, 6, c), and the parametric point 
m situate on a curve; a second onefold condition iinpoaocl on the lino establishes a 
second onefold relation between the coordinates (a, 5, c), and the parametric point is 
thus situate on a second curve; it \s therefore determined as a point of intersection 
of two ascertained curves. In particular if the condition imposed on the line is that 

it shall touch a given curve, the locus of the parametric point is a curve, the con- 

tact-locus; (this is in fact the ordinary theory of geometrical reciprocity, the locus in 
question being the reciprocal of the given curve ;) and the case of tho twofold condition 
of a contact of tho second order, or of two contacts, with the given curve, depends 
on the singular points of the contact-locus, or reciprocal of tlie given curve ; in fact 
according as the line has a contact of the second order, or has two contacts with the 
given curve (that is, as it is an inflexion-tangent, or a double tangent of the given 

curve), the parametric point is a cusp or a node on its locus, the reciprocal curve: this 

is of course a fundamental notion in the theory of reciprocity, and it is only noticed 
here in order to show tho bearing of tho remark (ante^ No. 14) upon the case now 
in hand where the curve considered is a line. 

16. If the curve which has to satisfy given conditions is a conic 

(a, 6, 0 , f, g, Ih^cG, y, zf == 0, 

we have hero six parameters (a, 5, c, f, g^ h)y which are taken as the coordinates of a 
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point iu 5-dimensioiial space. It may be remarked that in this 5-dimeiisiomil space we 
have the onefold cubic locus a6c - c//— = 0, which is such that to any 
position of the parametric point upon it there corresponds not a proper conic but a 
line-pair; this may be called the discriminant- locus. We have also the threefold locus 
the relation of which is expressed by the six equations 

= = a6-A^=^0, ^/fc-a/=0, hf-hg^O, 

which is such that to any position of the parametric point thereon, there corresponds 
not a proper conic but a coincident line-pair. I call this the Bipoint-loGU8(i), and 

I notice that its order is == 4 ; in fact to find the order we must with the equations 

of the Bipoint combine two arbitrary linear relations, 

(* Jcb, 6, c, /, g, h) ^ 0, 

&, c,/, g, A)^0; 

tlie equations of the locus are satisfied by 

a : t : c : / : ^ : A = <21^ : ; 7^ : i 37 ; ya \ 

(where a : ^ : 7 are arbitrary) ; and substituting these values in the linear relations, 
we have two quadric equations in (a, 7), giving four values of the set of ratios 

^ : 7) ; that is, the order is - 4 , or the Bipoint is a threefold quadric locus. 

17 . The discriminant-locus does not in general present itself except in questions 

where it is a condition that the conic shall have a node (reduce itself to a line-pair) ; 

thus for the conics which have a node and touch a given curve (?n, n), or, what is the 

same thing, for the line-pahs which touch a given curve {m^ ?i), the parametric point is 
here situate on a twofold locus, the intersection of the discriminant-locus with the con- 
tact-locus. It may be noticed that this twofold locus is of the order 3 {n + 2??t), but 
that it breaks up into a twofold locus of the order 3 ?i, which gives the proper solutions; 
viz. the nodal conics which touch the given curve properly, that is, ono of the two 
lines of the conic touches the curve; and into a twice repeated twofold locus of the 

order 2 m which gives the special solutions, viz. in these the nodal conic has with the 

given curve a special contact, consisting in that the node or intersection of the two 
lines lies on the given curve. By way of illustration see Annex No. 2, But the con- 
sideration of the Bipoint-locus is more frequently necessary. 

18 . Suppose that the conic satisfies the condition of touching a given curve; the 

parametric point is then situate on a onefold contact-locus (a, A, c, /, g, h)^ = 0 (to fix 
the ideas, if the given curve is of the order m and class n, then the order q of the 
contact-locus is — ?i + 2 vi), The contact-locus of any given curve whatever passes 
through the Bipoint-locus; in fact to each point of the Bipoint-locus thei’c corresponds 
a coincident line-pair, that is, a conic which (of course in a special sense) touches the 

given curve whatever it be; and not only so, but inasmuch as we have a special 

^ In framing tho epithet Bipoint, the coinoident line-pair ie regarded as being really a point-pair: see 
:pogt. No. 30. ^ I i 
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contact at each of the points of intersection of the given curve -with the coincident 
line-pair regarded as a single line, that is, in the case of a given curve of the w-th 
order, m special contacts, the Bipoint-locus is a multiple curve on the corresponding 
contact-locus. 

19. If the conic has simply to touch a given curve of the order nii and clas.s )(j, then 

the order of the condition (or number of the conics -which satisfy the condition, and 
besides pass through four given points) is equal to the order of the contact-locus, that 
is, it is If the conic has also to touch a second given curve of the order 

m.i and class Ka, tlien the order of the twofold condition (or number of the conics 
which satisfy the twofold condition, and besides pass tlirough three given points) is 
equal to the order of the intersection or common locus of the two contact-loci; and 
these being of the orders + ^vii and Ui + 2 m 3 respectively, the order of the intersection 
and therefore that of the twofold condition is = (n, •+• 2rni) (ji, -t Swa). But in the next 
succeeding case it becomes necessary to take account of the singular locus. 

20. If the conic has to touch three given curves of the order and class (?n,, 

(f>h, «!i), (Wa, %) respectively, we have here three contact-loci of the orders ni-f-2??i,, 
Jia-I- 2??%, -f 2 ??Z 3 respectively; these intersect in a threefold locus, but since each of 
the contact-loci passes through the threefold Bipoint-locus, this is part of the iutersection 
of the three contact-loci ; and not only so, but inasmuch as they jjass through the 
Bipoint-locus «ii, mj, i}^ times respectively, the Bipoint-locus must be counted 

times, and its order being =4, the interaection of the contact-locus is made up of the 
Bipoint reckouing as a threefold locus of the order 4TOim9?tt3, and of a residual three- 
fold locus of the order 

(7ii + 2ni,) (?!3 -f 2 «t 3 ) (^s + 2 m 3 ) - 4m,mim3, 

= 71i« 2«3 + 2 -t- &c.) + 4 + &c.) + ; 

and the order of the threefold condition (or number of the conics which touch the 
three given curves, and besides pass through two given points) is equal to the order 
of the residual threefold locus, and has therefore the value just mentioned. 

21. In going on to the cases of the conics touching four or five given curves, 
the same principles are applicable; the contact-loci have the Bipoint (a certain number 
of times repeated) as a common threefold locus, and they besides intersect in a residual 
fourfold or (as the case is) fivefold locus, and the order of the condition is equal to 
the order of this residual locus; hut the determination of the order of the residual locus 
presents the difficulties alluded to, ante, No. 10. I do not at present further examine 
these cases, nor the cases of the conics which have with a given curve or curves 
contacts of the second or any higher order, or more than a single contact with the 
same given curve, 

22. The equation of the conic has been in all that precedes considered as con- 
taining the six parameters (a, b, o, f, g, /i); but if the question as originally stated 
relates only to a class of conics the equation whereof contains linearly 2, 3, 4, or 6 
parameters, or if, reducing the equation by means of any of the given conditions, it 
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can be brought to the form in question, then in the tatter case we may employ the 

equation in such reduced form, attending only to the remaining conditions; and in 
either case we have the equation of a conic containing linearly 2, 3, 4, or o parameters, 
which parameters are taken as the coordinates of a point in 2-, 3-, or 4-dimensional 
space, and the discussion relates to loci in such dimensional space. This is in fact 
what is done in Annex No. 2 above referred to, where the conics considered being 
the conics which pass through three given points, the equation is taken to he 
fyz f gzcG + hxif = 0, and we have only the three paraineters (/, f/, h ) ; and also in 
Annex No. 3, where the conics pass through two given points, and are represented by 

an equation containing the four parameters (a, 6, c, It) : I give this Annex as a some- 

what more elaborate example than any which is previously considered, of the application 
of the foregoing principles, and as an investigation which is interesting for its own 

sake. See also Annexes 4 and 6, which contain other examples of the theory. The 

remark as to the number of parameters is of course applicable to the case where the 
curve which satisfies the given conditions is a curve of any given order r ; the 
number of the parameters is here at most “^(r 1) (r + 2), and the space therefore 
at most '|■r( 7 *-h 3 ) dimensional; but we may in particular cases have parameters, 

the coordinates of a point in cu-dimensional space, where (o is any number less than 

23. I do not at present consider the case of a curve of the order r, or further 

pursue these investigations; my object has been, not the development of the foregoing 

quasi-geometrical theory, so as to obtain thereby a series of results, but only to sketch 

out the general theory, and in particular to establish the notion of the order of con- 
dition, and to show that, as a rule (though as a rule subject to very frequent exceptions), 
the order of a compound condition is equal to the product of the orders of the 
component conditions. The last-mentioned theorem seems to me the true basis of the 
results contained in a subsequent part of this paper in connexion with the formuhe 
of De Jonquibres, post, No. 74 et seq. But I now proceed to a diflFerent part of the 
general subject. 

Article Nos. 24 to 72. — Reproduotion and Development of the Researches of 

Chasles and Zeuthen. 

24. The leading points of Chasles's theory are as follows: he considers the conics 
which satisfy four conditions (4A'), and establishes the notion of the characteristiGS 
(/A, v) of such a system, viz, /u., = (4X *), denotes the number of conics in the system 
which pass through a given (arbitrary) point, and v, =*= (4X/), the number of conics in 
the system which touch a given (arbitrary) line. We may say that jjb is the parametric 
order, and v the parametric class of the system. 

26. The conics 

(.••/). (://). (•///), (////) 

which pass through four giveft points, or which pass through three given points and 
touch a given line, &c-, ... or touch four given lines, have respectively the characteristics 

( 1 . 2 ). ( 2 . 4 ), ( 4 , 4 ), ( 4 , 2 ), ( 2 , 1 ). 
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26. A single condition (X) impo.sed upon a conic lias two representative imrabers, 
or simply representatives, (a, /3); viz. if {iZ) be an arbitrary system of four conditions, 
and (^, v) the ohai'acteristics of (4^), then the number of the conics which satisfy 
the five conditions (Z, 4il) is = a/i + /3v. 

27. As an instance of the use of the chaiucteristics, if X, X\ X'\ X"\ X"" be 

any five independent conditions, and («, /9), ... /3"") the representatives of these 

conditions respectively, then the niunbcr of the conics which satisfy the five conditions 
(Z, Z', Z", X'", X"") is 

= (1, 2, 4, 4, 2, !][«, /?)(«', /S'") (a"", /S"") 

viz. this notation stands for laa'a"a"'«""+ 22aa'a'V"y3"" ... + l/S/3'/3"/3"'/9"". 

28. In particular if A be the condition that a conic shall touch a given curve 
of the order m and class n, then the representatives of this condition are (n, w), 
whence the number of the conics which touch each of five given curves (m n) . 
(m"", n"") is 

= (1, 2, 4, 4, 2. m""). 

29. A system of conics (4Z) having the characteristics (/t, r), contains 
2v~/x. line-pairs, that is, conics each of them a pair of lines ; and 

2^-j/ point-pairs, that is, conics each of them a pair of points (coniques 
infmiment aplaties). 

aO. I stop to further explain these notions of the line-pair and the point-pair; 
and also the notion of the line-pair-point. 

A conic is a curve of the second order and second class; qiicb curve of the second 
order it may degenerate into a pair of lines, or line-pair (but the class is then =0): 
qticl curve of the second class it may degenemte into a pair of points, or point-pair 
(but the oixler is then = 0). The two lines of a line-pair may bo coincident, and 
we have then a coincident line-pair; such a lino-pair (it must I think be postulated) 
ordinarily arises, not from a line-pair the two lines of which become coincident, but 
from a proper conic, flattening by the gradual diminution of its conjugate axis, while 
its transverse axis remains constant or approaches a limit different from zero; the 
conic thus tends (not to an indefinitely extended but) to a terminated line(»)j in other 
words, the tangents of the conic become more and more nearly lines through two fixed 
points, the terminations of the terminated line ; and these terminating points, which 
continue to exist up to the instant when the conjugate axis takes its limiting 
value =0, aie regarded as still existing at this instant, and the coincident line-pair 
as being in fact the point-pair formed by the two terminating points. Similarly the 
two points of a point-pair may be coincident, and we have then a coincident point- 

1 A line is regevdod as extending from any point A thereof to B, and then in the same dircotion, from B 
through infinity to A j it thus oonsists of two portions separated by those points 5 and considering either portion 
aB removed, tho remaining portion is a terminated lino, 

0. VI, 


26 



202 


ON THE OUBVES WHICH SATISFY GIVEN CONDITIONS, 


>I0G 


pair; such a point-pair (it must in like manner be postulated) ordinarily arises, not 
from a point-pair the two points of which become coincident, but from a proper ooiiio 
sharpening itself to coincide with its asymptotes, and so becoming ultimately a ]Hiir 
of lines through the coincident point-pair; and the coincident point-pair is roganliHl 
as being in fact the line-pair formed by some two lines through the coincident point- 
pair, 


31. In accordance with the foregoing notions we may with propriety, and it will 
in the sequel be found convenient to speak of a point-pair as a line terminatocl by 
two points on this line, and similarly to speak of a line-pair as n point toriniiiati!il 
(that is, the pencil of lines through the point is terminated) by two lines through tlin 
point. 


32. If in a point-pair thus considered as a line terminated by two points l.lio 
two points become coincident (the line continuing to exist as a definite line), or, whiit 
is the same thing, if in a line-pair thus considered as a point terminated by two 
lines, the two lines become coincident (the point continuing to exist as a (hdiiiito 
point), we have a lino-pair-point; viz. this is at once a coincident line-pair run I a 
coincident point-pair; it may also be regarded as the limit of a conic tho nxos of 
which, and the ratio of the conjugate to the transverse axis, all ultimately vanish : 
it may be described as a line terminated each way at a point thereof, or as a point 
terminated each way at a line through it. Tlie notion of a liuo-pair-poiiit first 
presents itself in Zeutlien’s researches, as will presently appear; but it may bo iiobumil 
eie that liiie-pair-points, and these the same line-pair-poirits, may present thomsolvuH 
among the liiie-paire, and among the point-pairs of tho .systom of conics 4<X. 


33. Eetummg to the foregoing theory of characteristics, I remark that tho fmnhi- 
raental notion may be taken to be, not the characteristics (/i, v) of tho conics w]ii<di 
satisfy four conditions, but in every case tho number of tho conies which satisfy fivo 
symbTr^’ subjected to any oonclitioii, wo may consider tho 


0‘:X (”/), (.■.//), (:///), (.////), (/////) 


denoting the number of the conics which pass through five 
p^s through four given points and touch a given line, &c. 
given lines ; these numbers are respectively 


given points, or whioh 
or which touch fivo 


= 1. 2, 4, 4, 2, 


1 . 


So for the conics which satisfy a given condition 
conditions 6Z, we have respectively the numbers 


X, or two conditions 2X, ..., 


00. (A/), (://), (.///), (////) 

2^. (•••). ( : /). i’ll), ( III) 

3-^. (0. (•/), ill) 

(.). ( /) 

6Z, 


or fivo 
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where the X, ^X, &c. belong to the symbols which follow: read (Z::), (Z/./), &c., 
or, as we may for shortness represent them, 




p"\ 


v\ 

p" 


V , 

p 

^ > 

V 






viz. the single condition Z has the five characteristics (/u."', . , . t"'), . . . j the four 
conditions 4A , the characteristics (/i, v) as in the original theory ; and the five 
conditions 5Z a single characteristic 

34. Wo thus see the origin of the notion of the representatives (a, /Q) of a 
single condition Z ; for considering the arbitrary four conditions the characteristics 
whereof are ' {/i, v), and assuming that the single chamcteristic, or number of the conics 
(Z, 4iZ), is =«/t + /3v, and taking for (4^) successively the conditions 

00 , (.*./), (://), (.///), (////), 

having respectively the characteristics 

(1, 2), (2, 4), (4, 4), (4, 2). (2, 1), 

we have 

/«.'" = la + 2A 

v'" =2a+ 4;8, 
p"" = 4a -I- 4/9, 

<r"' = 4a + 2/3, 
t"' = 2a + 1/9, 

that i,s, the characteristics {p!", v'", p'" , or"', t" 0 of a single condition Z are not 
independent, but are rojiresen table ns above by means of two independent quantities 
(a, /3); or, what is the same thing, we have 

which being satisfied, the representatives (a, /9) are given by 

« = ^ (2t'" - p!"), /3 = i (2/.'" - t"'). 

36. I find that a like property exists as to the characteristics (p", v", p", a") of 
the two conditions 2Z, viz. these are not independeiib but are connected by a single 
linear relation, 

v" + fp"~<7" = 0. 

This may be proved in the case where the conditions 2Z are two separate conditions 
(Z, Z); viz. let the representatives of these be (a, /S), (a', /3') respectively, then 

26—2 
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combining with them the three arbitrary conditions X", X'", X'" having ro.specbivoly 
the representatives (a", /3"), we have the general equation 

{X, X', X", X"', .Y"")=(l. 2, 4, 4, 2. IJa. /S)(a', ^9') («", /5'')(a"'. 
taking heroin 

(r, X"', r")=(.-.), (:/). (■//;. (///) 

successively, and observing that the representatives of (•) ai’e (1, 0) and tliose of (/) 
are (0, 1), we thus obtain for (g", ?/', p", cr"), characteristics of {X, A"), the values 

Ai" = (l, 2. 4][«. /3)(a', n 
v" =(2, 4, 4$«. 0)(cc', n 
p" =(4, 4, 2][«. y3)(a', /9'), 

^" = (4, 2. 15 «, /9)« ;8'), 

(viz. /i = laa + 2 («^' + a'^) + 4^9' , &c.), and these values give identically 

2/'-3v" + 3p"-2o-" = 0, 

which 13 the foregoing equation. And I assume that the theorem extends bo blio 

case of two inseparable conditions 2Z, but in this, case I do not oven know Avhoro 
the proof is to be sought for, 

The characteristics {p!, v', p’) of the three conditions 3Z are in general indopondoufc. 

Z WE ^7 representatives of the condition 

Z, and (p, p) the cliaracteristics of the conditions then 

(Z, i:Z) = ap-\- 

this 18 the most convenient form of the theorem but no /-« /oi « i j? 

of the characteristics (p'", p"' Tt il-^ functions 

offect an expression for (Z, 4^i in ’term; of the clmracSst^" of Z l^d Trl^octfvoly! 

(/a, V, p) of 2Z, viz. we have ^ 3 ^ + tP - <r - 0) and the characbcnafcica 

(2Z. 3^)= /,( - 

»ndiZ!i Z, .1," tp„T. Jitr (f 

conditions SZ te topninUe oondition, Z' Z" rnspootivoly, and tho 

(«■". n (of”, «■”) L; ® « e">. 

2* " >■ “-(2,*,4,25 ,, 

f ( ■ • 2J „ . ), 4 j jj 

2. 15. . )| . ’ 


), 
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and with these values the function 


(X, X\ Z'\ Z'", Z""), =(1, 2, 4, 4, 2, l$a, y3)(«', /9') (a", /9")(a'". /S'"). /S"") 

is found to be expressible as above in terms of (/t, p), y', p\ a ') ; but I do 

not know how to conduct the proof for the inseparable conditions 2X and ^Z. 


37. It may be remarked by way of veiification that writing successively 

. (3^) = (-.). (=/),(• //).(///), 

that IS, 

V, p) = (l, 2, 4), (2, 4, 4), (4, 4, 2), (4, 4, 1), 

we have in the first case 

(2Z,".)= 

— f X 4- § v' + 1 p' - f 0-' 

+ — v' 

= A*' + + =/U.', 

and similarly in the other three cases, 


(2Z.//) = ^', (2Z.//) = p', {2Xlj/) = c-'. 

38. Lot (p,, p, p, (7) be the characteristics of 2Z, (p,~^p + ^p-a- = 0), and 
(/, v', p', a-') the characteristics of 2^”, (fJ.' - ^ v' + y ~ <r' = 0). Then in the formula 
for (2Z, SZ), writing successively for SX 


{2X •), characteristics (u, p, p), 
and 

(2^/). » (v, p, 0 -), 

we obta,in expressions for the characteristics (2Z, 2Z<) and (2Z, 2Z {) of (2Z, 2Z), viz. 
eliminating from the formula, first the (<r, o-') and secondly the (>, /*'). each of these 
may be expressed in two different forms as follows; 


(2Z, 2Z>) 
hP'Pf 
+ lvv' 

~^(y + pfp) 

+ i (p-p' + p'p) 
- i (vp + v'p) 

i (TO-' 



- i (p<^' + p'o) 
+ i W + v'p), 


{2X, 2ZJ) 

-|w' 

-ipp 

- i ipv' + fi'v) 
+ i {vp' + v'p) 

+|pp' 

- i {pa-' + p'a) 
+ i {va' + i/a) 
-l{vp'+v'p), 
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the two expressions of the same qiiantib 3 ' being of course equivalent in virtue of the 
relations between (/i, v, p, a) and (pf, u\ p\ a') respectively. 

The characteristics of {Xy Z\ (X, 2^), (A'', ^Z) are at once deducible from the 
before-mentioned expression of (X, ‘^Z). 

39. Zeuthen's investigations are based upon the before-mentioned theorem, that 
in a system of conics (4X), characteristics v), there are 2/a— point-pairs and 
^v — fjb line-pairs. If in the given system the number mf point-pairs is =X and the 
number of line-pairs is then^ conversely, the characteristics of the system are 

^ = j (2X 'zcr), J/ — |(X -f* 2tzr), 

And by means of this formula he investigates the characteristics of the several systems 
of conics which satisfy four conditions (4X) of contact with a given curve or curves, 
viz, these are the conics 

(1) (i)(i)(i), (1, i)(i)(i), (1.1) (1.1), (1, 1, i)(i), (1, 1. 1, 1). 

( 2 ) ( 1 )( 1 ) , ( 2 ) ( 1 . 1 ) , ( 2 , 1 )( 1 ) , ( 2 , 1 , 1 ), 

( 2 ) ( 2 ) . ( 2 . 2 ) 

(S)(l) , (3,1) 

( 4 ) 

where (1) denotes contact of the first order, (2) of the second order, (3) of the third 
order, (4) of the fourth oi-der, with a given curve; (1)(1) denotes contacts of the first 
order with each of two given curves, (1, 1) two such contacts with tlie same given 
curve, and so on. A given curve is in every case taken to be of the order m and 
class «, with S nodes, k cusps, t double tangents, and i inflexions (mi, Hj, 8i, ti, h] 
ma, ?ia, &o.. as the case may be). The symbols (1), &c. might be referred to the 
corresponding curves by a suffix'; thus (I),,, would denote that the contact is with a 
given curve of the order m (class n, &c.) ; but this is in general unnecessary. 

40. In a system of conics satisfying four conditions of contact, as above, it is 
comparatively easy to see what are the point-pairs and line-pairs in these several 
systems respeotively ; but in order to find the values of X and w. each of these point- 
paii-s and line-pairs has to be counted not once, but a proper number of times; and 
it is in the determination of these multiplicities that the difficulty of the problem 
consists. I do not enter into this question, but give merely the results. 

41. For the statement of these I introduce what I call the notation of Zeuthen’s 
Capitals. We have to consider several classes of point-pairs and the reciprocal classes 
of iine-paii-s. A point-pair may be described (ante, No. 31) as a terminated line, and 
a line-pair as a terminated point ; and we have first the following point-pairs, viz. : 

A, line terminated each way in the intersection of two curves or of a curve with 

itself (node). 

B, tangent to • a curve, terminated in a curve, and in the intersection of two 

curves or of a curve with itself. 
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G, common tangent of two curves, or double tangent of a curve, terminated each 
in a curve. 

D, inflexion tangent of a curve terminated each way in a curve : 
and the corresponding line-pairs, viz. ; 

A', point terminated each way in the common tangent of two curves or the double 
tangent of a curve. 

B', point of a curve terminated by the tangent of a curve, and by the common 
tangent of two curves or double tangent of a ciu've. 

G', intersection of two curves, or of a curve with itself (node), terminated each 
way by the tangent to a curve. 

D', cusp of a curve terminated each way by the tangent to a curve : 

all which is further explained by what follows ; thus in the case (1) (1) (1) (1), 
~ the value of .d is given as (= SmiWiaTOsttij). Here 

A is the number of the point-paira terminated one way in the intersection of any 
two vii, vii of the four curves, and the other way in the intersection of the remaining 
two Wj, ^4 of the four curves. But in the case (1, 1)(1)(1), =(1, l)m(l)„„ the 
value of A is given as = Bmiiiii + m?/i, , mnii. Here A denotes the number of the 
point-pairs, which are either (Swimj) terminated one way at a node of m, and the 
other way at an intersection of ?«„ or else (mvi, . mni^) terminated one way at an 
intersection of m, mi, and the other way at an intersection of m, and so in other 
cases. 

42. This being so, we have 

(1)(1)(1)(1), 

A = 'Zmim,i .m3?»4(=S miirhmuVi^, 

B = XmiVtn . TOj . «4 (= 3S«ijTO3Wi,?j4 ), 

0 = 2m, . ma . (= 2m]7»3n,,»4 ). 


.d'=2ni?i2 .ihih (=3 ). 

B' = Xihni . . W 4 (= 32?ii?ianam4), 
O' = 271, . «a . m,W4 (= 2?liJ7aWa7»4). 


(1, 1)(1)(1). =(1, 

A = Bmim, + mith . mvi^, 

B = BtiiVii + Sttimi 

+ mmi (n — 2) nh + mmn (n ~ 2) mi 
+ (m — 1) -H imn, 7ii (m - 1) 
-I- iniVhn (m — 2), 

0= rntimi 

+ mh (m — 2) 7)13 -I- TtMa {m - 2) wi, 
-t- 71,713 . i 7?i (m — 1), 

1) = 4m,?)7a. 


1 

2 


4 


3 


A ' — 771,77.3 + 7177, . 717?3, 

B' — T7?la7ia + TTTl,?!, 

+ 7771, (771 — 2) 77a -t- 77772 (m — 2) 77, 
+ 7777,7773 (77 - 1) 77?7a??7j (?7 - 1) 

+ 77,773777 (?7 — 2), 

G' = 877,773 

■f ??77?7, (71 — 2) TTa -h m??7a (?7 — 2) 77, 
•f 777,7773 . ^77(77 - 1), 

H' = /I£77,773. 
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(1. 1)(1, 1), ={1, 1)„.(1, 

= SS, + ^ mfli, (mWi - 1), 

B = Sn^ (wi ~ 2) + SjH (m — 2) 

+ m«ti (n — 2) (to, — 1) + »w?ii (?i, — 2) (m — 1) 
G= T («ii — 1) +Tj.i«i(m-1) 

+ mil (in — 2) («h - 2), 

Dll (fih — 1) + *1 • J in (in' “ 1)- 


(1, 1, 1)(1) = (1, 1, 1)™(1),„, 

A = Swim,, 

B — S (?i — 4) nh + Sn, (m — 2), 

+ mitii (n - 2) (in — 3), 

G = T (wi — 4) irii + im, . ^ (in — 2) (wi — 3), 
B— — 3)wii. 


1 

A'= 

TTi 



+ - 1) 

2 

B'^ 

rnii 

(n - 2) 

+ TiWi (n — 2) 




(ni — 

2)(iii- 

• 1) + mil (m, — 2) (w 

4 

0' = 

S.i 

111 («i 

-2) 

+ §1 . ^ w (?i — T ) 



+ mm. 

, (n- 

2)(wj- 

2), 

3 

D' = 

K.^ 

lll (w, 

-1) 



1 

A' = 

niDif 

2 

B' = 

T (m — 4) 7^ + nui (71 - 2), 



+ 2)(n — 8), 

4 

0’ = 

S (u — 4s) 7 ii + mQiii , ^ ■*“ 2) (?t “-8), 

3 

B'=> 

K {n — 3) Wi. 


(1, 1, 1, 1), = (1. 1. 1. 1).». 

il = iS(S-l), 

B=! S(n — 4) (in — 4), 

G = T . 4 (m - 4) (wi - 6), 

B= i . J (m — 3) (in — 4). 


1 

2 

3 

4 


4' = iT(T-l), 

B" = T (ni — 4) (}i ~ 4), 
(?= S.i(«-4)(«-6), 
D'= k.H«-3)(»-4). 


43, Secondly, we have the ijoint-paii's : 


B, tangent to curve from intersection of two curves or of a curve with itHolf 
(node), and terminated at the point of contact and the last-mentioned point. 

F. tangent to a curve at •intersection ivith another curve or with itself, and 
terminated there and at a curve. 


G, common tangent of two curves or double tangent of a curve, terminated at 
one of the points of contact and at a curve. 

B, ui siiprd. 

lining cusp of a curve with intersection of two curves or of a cui'vo 
If, and terminated at these points. 

I, line from cusp of a curve touching a curve, and terminated at the cusp and 

at a curve. 

J, Inflexion tangent of a curve, tei’minated there and at a curve : 
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and the corresponding line-pairs, viz. 


E, point on a curve in common tangent of two curves or double tangent of a 
curve, and terminated by this tangent and by tangent to a curve. 

F , point on a curve in common tangent of this and another curve or in double 

tangent of this curve, and terminated by this tangent and by tangent to a 
curve. 

B', ut snpnl 

H', intersection of inflexion tangent of a curve with common tangent of two 
curves or double tangent of a curve, and terminated by these lines, 

I , intersection of inflexion tangent of a curve with a curve, and terminated by 
this tangent and by tangent of a curve : 

and this being so. 


(2)(1){1). =(2),„(1V.{1),„.. 

E = n, WljTOa, 

F = mini • + inm ^ . ■hi,, 

G = iin^ . Dll + mil . Dh, 

B = imiVia, 

H = KDliDl^, 

I — KMiWa -h KIliDli. 

{2)(1. 1) = (2),„(1, 1)„... 

E = Si7i,, 

F — in. Dll {ini ~ 1), 

G = n?ii {nil — 2), 

D = t . ^mi (m, - 1), 

E==kBi, 

I = Kill (m, — 2 ). 

( 2 , 1 )( 1 ), =( 2 , 1 ).„( 1 )„,. 

E = (ir- 2),7 >w?Ii, 

F = DiiUi (w — 2) -H ^Bdii, 

G = 9in, (7» — 2)-{- 2 t?Wi, 

B — i (in — 3) Dll, 

IT=Kmini, 

I ~K(n- 8) Dh + Kill (m - 2), 

J = W»i. 

C. VI, 


3 

3 

6 

2 

1 

2 

3 

3 

6 

2 

1 

2 

3 

3 

6 

2 

1 

2 

5 


E' = in, HiUi, 

F - mil . Dh -1- nih . Dh, 
G' = DlDh . Ill + Dllh . ih, 
B’ = Klhih, 

If = llhlh, 

f = m-iih + inijiii- 


E — Tj7?l, 

F=ii.ni 

G' = Dm, (78, - 2), 

B' = k. In, (ill - 1 ), 

I' — m, (n, — 2). 


E = (di~ 2), nn,, 

F -nil, (71-2) -b2T7i,, 

G' = mvi, (71 - 2) 4- 2S?ii, 
B' =« (71-3)711, 

H' — mill, 

I' = t(m — 3)7ii-f mi(7i— 2 
J' —Kill. 
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( 2 , 1 . 1 ), -< 2 , 1 , 1 )„. 

j? =! S (» — 4), 

(? = 2t (m — 4), 

I) = t . ^ (m — 3) (m — 4), 

£r= 

I = « (« — 3) (m ~ 4), 

J = t(m — 3), 


3 

3 

6 

2 

1 

2 

6 


44. Thirdly, we have the [joint-pairs : 


S' — T (mi - 4), 

F = 2T(n -3), 

0' = 2S(n -4), 

i)'= 

n'= IT, 

r = i(m~Z)(n-4s), 
J' = «(«— 3). 


K, common tangent of two curves or double tangent of a curve, terminated at 
points of contact. 


Lj line from cusp of a curve touching a curve, and terminated at cusp and point 
of contact. 


ilf, line joining cusp of a curve with cusp of a curve, and tei’ininated by the two 
cusps. 


N , inflexion tangent terminated each way at inflexion, viz. this is a line-pctir-poiiii, 

O, cuspidal tangent terminated each way at cusp, viz. this is a line-paii'-point ; 


and the corresponding line-pairs : 

K , intersection of two curves or of curve with itself (node), and terminated by 
the two tangents. 


Jj , intersection of inflexion tangent of a curve with a curve, and terminated by 
the inflexion tangent and the tangent at the intersection. 

M, intersection of inflexion tangent of a curve with inflexion tangent of a curve, 
and terminated by the two inflexion tangents. 

F', =0, line-pair -pouU as above. 


O', = N, Une-pair-paint as above : 
which being so, we have 
( 2 )( 2 ), =( 2 )«( 2 ),„,. 

K — niii, 

L = KJl, + • 
ilf = KK,. 


9 

3 

1 


K' ~ mriti, 

L' = twii -f t,m, 
M' = 
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( 2 , 2 ), =( 2 , 2 ),„. 

K = r. 

L = K(n — 3), 
M = ^k(k — 1), 

=i, 

0 = K. 


9 

3 

1 

2 

1 


K'=^ 3, 

L' = t(m~S), 
= - 1 ), 
N'^ K, 

O' = i. 


45. Fourthly, we have the point-pairs : 

P, tangent of a curve at its intersection with another curve or itself, terminated 

each way at the point of contact — line-pair-point. 

Q, common tangent of two curves or douhle tangent of a curve, terminated each 

way at one of the points of contact — line-pair-point, 

J, lit supra. 

B, cuspidal tangent terminated at cusp and at a curve: 
and the corresponding line-paii’s: 

P', = <2, line-pair-point 
Q', =P, line-pair-point 
J', tit suprd,. 


B , inflexion of curve terminated by the inflexion tangent and by tangent to a 
curve : 


which being .so, we have.' 
( 3 ){ 1 ), -( 3 ), 

P =mnii, ■ 

Q = titii , 

J = mil ) 

B = KtUi , 

(3, 1), =(3, 1)„.. 

P = 2S, 

Q = 2 t , 

J= i (m-3), 
B = K (m — 3). 


2 

2 

6 

4 

2 

2 

5 
4 


P' = mil , 

Q' =mmi, 

J' = Kill, 
ly = m,. 

Q' = 2t, 

P' = 2S, 

P== «(ji-3), 
2J'= i(w-3). 


46. And lastly, we have the point-pairs N, 0 (line-pair-points) and the line-pairs- 
W, O' (Ime-pair-points), tit suprdi, and 


(4), =(4)„. 
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47. Where in all cases the central column of figures gives the numerical factors 
which multiply the corresponding capitals, thus we have 

for (1)(1)(1)(1) 

\ — jji, = A +25+ 4(7, 

- 2/a - 1/ — + 25' + 4(7' : 

for (1, 1)(1)(1), 

A — 2v— / a“4 +25 +4(7 + 3I>, 

=4' + 25' + 4(7' + 3i)', 

and so on. 

48, The elements (?/a, % S, at, t, a) of a curve satisfy Pllicker's six equations, and 
Zeiithen uses these equations, in a somewhat unsystematic wa}^ to simplify the form 
of his results. 


It is convenient in his formute to write 3 wa + a, =3?a + a;, ==2 a, and to express every^ 
thing in terms of (w, n, a), viz, we have for this purpose 

2S = m2_ m + Sn-Sa, 

2t^7i^ 71 — 3a. 

But I make another alteration in the form of his results j ho give«s, for install co, 
the characteristics of (1, 1)(1)(1) as 

fl = /a'" + /a" (7?liWa + 7?la7l|) + /a' 7li?Aa, 

^ + v" (mi7A3 + 7?Vh) + v' 7hn2 , 

/a' =2m( 7/A+ 71-3)+ T, =(1, 1/. ), 

/a" =/ =271 ( 7?a + 2?a-6) + 2t, =(1, 1 :/ ), 

/a'" = v" =: 2/a (27/a + « - o) + 2S, = (1, 1 . //), 

^"'-27a ( W+ /a-3)+ S, =(1, 1///), 

viz. the fom- components have really the significations (1, I.-.) set opposito to them 
r^pectively ; Md accordingly, instead of giving the formute for the two charactorisbics 

(1, 1)(1)(1), I give those for the four chaiueteristics (1, 1.-.), &c. of (1, 1) thus in 

every case obtaining formula which relate to a single curve only. Subject to the lust- 
men lone mia ion o foiin, I give Zeuthen’s original expressions in Annex 6 ; but 
here m the text I express them as above ui terms of (m, n, a), viz. 

49, We have the formulae 

(1) 

( :: )= n+im, 

( .•./) = 2n + 4OT, 

{ !//) = 4tt + 4»i, 

(•///) = 4w + 2m, 

( ////) = 2a + 2w; 
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(1. 1) 

(.’.) = 2»i“ + Imn + ~ 2?n — \n — |a, 

(:/)=■ 2m“ -f- 4mw + — 2m — n — 3«, 

{’ //) ~ + imu + 2«’ ~ Dt — 2?j. — 3ct, 

(///) = + 2«® — Jm - 2)i — f a, 

(1. 1, 1) 

( : ) = I + mn“ + ^ - 2m^ ~ Swm — J — ?jO- ^ w _|. a (- 3m - f n + 1 3), 

(• /) = ^ + 2m=n. + 2?n?i2 + i ji* ~ — 4»m - ^ — ■yi w -j- a (- 3m - 3?!, + 20), 

<//) = i ?»’ + m'n + 2m»'' + f «» - - 3mn - 2?i’“ - m - ^ + a (- f m - 3« + 13) ; 

(1. 1, 1. 1) 

f • ) = tV + 1 4* i ^ 

— ^ m® — 3m®ft — 2mtt* — — Jjfy- — 21m>i — 71® + vi + n 

+ « (— 1 7«“ ~ 8 «mi — H- ^m + t’- 7t ~ + a . 

( / ) = tjV + i ^ mn’ + -j^ «•* 

- ^ni’ - 2m®» — 3m»(.“ — ^ m® — 2l7ren — -jn, + i|i 

+ a (- f m® - 3?n« - 1 ji® + ^ ?» + 7i _ Hj^z) + a® . § ; 

(2) 

(••.)- «. 

{:/) = 2«, 

(•//)-2«, • 

(///)= «; 

(2, 1) 

( : ) = 12??i + 12 ji + (2m + w — 14) a, 

{' !) — 245)t + 24ft + (2?ft + 2ft — 24) a, 

( //) =: 12?ft + 12ft + ( 7ft -H 2n — 14) a ; 

(2, 1. 1) 

( • ) = 24m® + 36 ??mi + 12ji® - 168«i ~ 168»i + a ( w® + 2m'' 

( / ) ~ 12m‘'‘ + 36'7ftft + 24ft® - 168m - 168ii + a (Jm® + 2m 
(2, 2) 

( < ) ~ 27??j. + 24ft — 20a + ^a®, 

( / ) = 24?ft + 27ft — 20a + ^a* ; 

(3) 

( : ) = — 4 to - 3ft + 3a, 

(•/) = — 8m — 8ft + 6a, 

( //) = — 3»i - 4w + 3a; 
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(3. 1) 

( . ) = - 8m= - 12w?! ~ 3n® + 56 j« + 53}i + a (67u + 3» - 39), 

( / ) = - 3m® - 127 ?i« - Sii- + 53??j. + 66?t + a (3?ji 4 &n - 39) ; 

(4) 

( • ) = — 10m — 8?i + 6a, 

( / ) = — 8 ot - lO?! + 6a, 

60, By means of blie foregoing forraulse I obtain, as will presently be shown, the 
following formute for the number of the conics which satisfy hve conditions, viz. : 

(6) = — ISj/i — lo« + 9a ; 

(4, 1) = - 8m® - 20 »jm - 871® + 104ni + 104n + a (67)i + 6}i - 66) ; 

(3, 2)= 120m + 120a + a(-4w-4?i-78) + 3a®; 

(3, 1, 1) = - f m» - 10}>i®« - lOwm® - f + loa m® + 116 ??m 7 + ifa ji® - 434m - 43471 
+ a (f m” + 077171 + f 77® - iyi 771 - 71 + 291) - f a® ; 

(2, 2, 1) = 24777® + 6477777 + 2477® - 468777 - 46871 

+ a (- 8777 - 877 + 327) + a® (J777 + ^77 - 12) ; 

(2, 1, 1, l) = 6m® + 30m®7i + 3077777“+6?7®- 174m®-34877777-l74?7® + 1320777+I820?7. 

+ a m» + ?77®77 + m7i® + ^ 77® - -yi m‘ - 2677777 - yi 77® + agfi m + afa 77 - 960) 

+ a®(— 1777 — f 77 + 28); 

(1, 1, 1, 1, 1)(^)— + + + Ty 77777* + ,f47y77® 

- iV m* - f 777*77 - 2777*77® - ^ 77777® - 77* 

- 777® - ^ 7?7®77 - 77777® - yig*. 71® 

+ -4^ m® + A§i777?7 + i|fi77® - 7/7 - 41^77 

+ a(- 1777» - ^ 777®77- f 77777®- ^77® + + 237)777 + 77® - a|l 7)^ - a|l .p 486) 

+ a’’(§»K + J«-15). 

61. I observe that by means of the above-mentioned expressions of (Z, 4^) and 
(2Z, 3^, the foregoing results, other than those for (6), (4, 1), &c., may be presented 
in a somewhat different form, viz. we have 

(42)(1) = 77(.) + w(/), 

where ( • ) denotes (4^ •). (/) denotes (4,2/), and so in other cases, the understood 
term being 32 or 22, as the case may be. 

* In my paper in the Cowtp7es Remlm, 1 gave erroneously the oooffioieuts , -[ n(... I 'S'' ) 
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(3^(2) = (./)ia; 

{3^)(1, 1) = 

+ ( • / ) {mn - 5a) 

+ ( 

(2i;)(3) = (.•.)( |«i+ n-fa) 

+ (:/)(-3-W“5« + |a) 

+ (,•//) (-|w-5nH-|a) 

+ (///)( «Ji + |n-fa); 

(2-^) (2, 1) = ( ) {— 3m — 3w + a (— 5??i + + 2)) 

+ (*/){ §m + 5«. + «( |m4-^«-4)} 

+ (■//){ + + ^m + |n-4)) 

+ (///) {—3m-S9j. +a( im-]«, + 2)); 

(2^)(1. 1, 1) = 

(•■• + + + + + |m- §»-!)} 

+ ('/)( tV + 3)} 

+ (•//)( A + i‘>n’‘n + §TOM“ + ^ «» + - iwwi -^n^- ?t + a m - + 3)} 

+ (///){ A 91,9 _ .j ^ 0m» + 5 ^ 9i 9 + w + a (- | m + f w - 1)) ; 

in all which forinulaa it is to be recollected that we have 

(.•■)~^(:/) + |(-//)-(///) = 0, 

to which may be joined 

(Z) (4X) = a (4X . ) + 6 {4>Xf), 

where a, b are the representatives of the condition (Z), and where (4A'') is to be con- 
sidered as standing successively lor (4), (3, 1), (2, 2). (2, 1, 1), and (1, 1, 1, 1), the 
values of (4A’-) and (4>Xf) being in each case given by the foregoing Table, 

62, The formulae are very convenient for the calculation of the numbe 
conics which satisfy five conditions of contact ^vith two given curves j i'’ 
example, (SZ), =(3),„,, denotes the condition of a contact of the third 
given curve (m,), then writing for symmetry (2),„ in place of (2), we have 

(3)hi, (2)»v = Ja (3 • 

= «(— 4mi — 4 ji, -I- 3«,), 

63. To obtain the foregoing expressions of (6), (4, 1), (3, 2), (3, 1, 

(2, 1, 1, 1), and (1, 1, 1, 1, 1), I assume that the given curve breaks 
curves (m, 71 , «) and (jti^ n\ or, as we may for shortness express it, in 
m and m\ 
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We have then 






= s - -- ::i f 

h«ve this contact with th. curve Writmg tins under the form 

(5W-(3)m-(6)»t' = 0, 

and observing that (6),. is a 

functional equation <J)(m + iw, ?^ + n, a + «) > > ) ‘rv > 

(ft (pn, n, Cl) = o.vi + hn + cct, 

where », h. e ™ «.bit..ry eonsUrnt.. bnt a. the solnti^ f ‘7::’'”“™“' 
regard to w, n, we have a = 6, or the solution is <f>(m, n, a)-a{m+n)+c . 

54. Similarly we have 

(4. l)»,+m'-(4. l).n' = (4)«t(lW + W'»'(^)»‘> 

viz the conics which have with the aggregate curve m + m' the contacts (4. 1) are 
made up of the conics which have the two contacts 4 and 1 with the cuiv 
with the other curve, or the contact 4 with the one curve and the contact 1 with 
the other curve, The expression on the right-hand side is a known function of (m, n, o). 
( 7 >i', n, a') ; hence the form of the functional equation is 

(ft (m + m', n + n', a + a') - <f>{m, n, n', a‘)=F{m. n, a, m’, n\ o'); 

and any particular solution of this equation being obtained, the general 
found by adding to it the term mi + hi + W. Assuming that the particular 
symmetiical in regard to {m, n\ then the term to be added is as ® ^ ^ 

And similarly for (3, 2), (8. 1, 1). &c.; that is. in every case we have a solution 
tainiiig two arbitrary constants a, c, which remain to be determined. 

56. Now in every case excqpt (5),„ the number of intersections of the 

the curve is > 6 (viz. for <4, 1)„, and (3, 2),„ the number is 7, for (3, 1, 1) and 

f2 2 11 it is 8, and for the remaining two cases it is 9 and 10 respectively ) ; lenc 
if’ the given curve m be a cubic, the number of conics satisfying the prescribcc 
conditions is =0; and since a cubic may he the general cubic or a “o^al or a 
cuspidal cubic, we have the three cases (w, n, a) = (3, 6, 18), (3, 4, 12), and (3, 3, ). 

We have thus in each case three conditions for the determination of the constants 
a, c; so that there is in each case a verification of the I’esulting formula. 

56. In the omitted case (6)»„ when the curve m is a cubic, the theory of the 
conics (5)„j is a known one, viz. the points of contact of these conics, or the “ sextactic 
points of the cubic, are the points of contact of the tangents from the points o 
inflexion; the number of the conics (6)„. is thus -(n-3)4, viz. in the three cases 
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respectively it is = 27, 3, and 0. Hence for determining the constants we have tlie 
three equations 

9« + 18c==27, 

7 ot + 12c — 3, 

Get -h 10c = 0, 

which are satisfied by (i = -15, c = 9, and the resulting formula is 

(5) = — 15 m — 1 5n + 9a. 

In the particular ca.se of a curve without node.s or cusps, this is (.5) ~12n — 15m, 
= w (127)4 -27), which agrees with the result obtained in my memoir "On the Sextactic 
Points of a Plane Curve,” PMl, Trans, voi. ci,v, (1865), pp. 645 — 678, [341]. 

57. The subsidiary I’esuits required for the remaining cases (4, 1), &c. are at once 
obtained from the foregoing formulas for (4^) (1), (SZ) (2), &c. ; for example, we have 

(4)ot (!))«' = »'(— 10?)4— 8)4 + 6«) 

+ ni' (— 8»4 — 10)4 + 6 a), 

with like expressions for (3, !),» (!),„>, &c., 

(3))b (2),b' = ^a' (— 8))4 — 8)4 + 6a), 

{3)m (1)1 )in' = (in'* — 1•)4' ) (- 4?)4 - 3)4 4 - 3a) 

• 4- {m'n' — fa' ) (— 8m — 8)4 + 6 a) 

+ (in4'* — ^7)4') (— 37)4 — 4)4 + 8a) j 
with like expressions for (2. 1 ),b( 2),„., (2, l)„v(l, 1),„-, &c. &c. 

58. Calculation of (4, 1), We have 
(4, l)„n.„i' — (4, l)„i — (4, 1 ),b' == (4)»i (l)»r + (4))ii' (l)))i, 

= - 167)47)4' - 20 (7)474' + m'n) — 167474'+ 6 (a74' + a' 74 ) + 6 (mi' + a'm), 
the integral of which is 

(^) 1 )to = — 87)4* — 207)474 — 874“ + a (7)4 + 74) + 0 (67)4 + 6)4 + O). 

The particular cases ( 7 ) 4 , n, a) = (3, 6, 18), (3, 4, 12), (3, 3, 10) give respectively 

0 = 25S + 9ft + 18c; 

0= -h 7ft "1 12cj 

0 = 36 “h 6(t + 10c, 

satisfied by ft = 104, c = — 66, 

C, VI. 
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•if*. Calculation of (3, 2). We have 

a 2),,. -(3, 2),„. = (3),„(2V + (3),„. (2)„„ 

, . , . = - 4 («ta' + m'c() - 4 Cm' + n'a) + 6ac(' : 

I he integral is v / \ > / 

. , „ 2),„ = a (/« + n) + a (” 4 ?jj. — 4ji. + c) + 3a“ 

aiHl, as before, ' ' 

324 + })« + . 18c = 0, 

!)6 + 7« + 12c = 0, 

C0 + (i(£ + l0c = 0, 

'arislieil hy a = 120, c = - 78. 

(iO. tor the calculation of (.3, 1, 1) we have similarly 

(•% 1. 1. l),„-(3, 1. 1)„, = (3)„,(1, l)«r + (3),„.(l, :i);„ 

4- (3, l)tH (!)»,.' 4- (8, 

fht fiinetioi^ o^^ calculated from tlie values ..f 

•iw)’i the more co.nplicatod ca.ses whieh 

-e be calculated - ‘-'■ 

values so obtained be verified bv npr l expiessions of (3, 1, 1), &c., aiifl ||n- 

except that the terms in i + « nS . ® foregoiiig expression for (3, I, | >. 

and the snbseijiient cases give onlv the T- + + i ““1 I shall in i.JiIh 

In the present case these are ^ equations which detoriniiio tlio coiiHtniiLs. 

-332 + 9a + i8c = o, 

-454'4'7a4-12c= 0, 

bb Tile miiiainiiig ,, ^2 2, IW2 7 i i\ 1 

'■ '■ “<> a. I. 1. 1, 1). Wo bovo 

' (2,2).a)., + (2, 2).,(1,. . 

~I^14 + 9« + 18c = 0, 

~ 048 + 7ft + l2o a 0, 
sadsfietl by o = _4(3g_ ^.^327 " + *5“ + lOo = 0, 

Again, 

(2i 1, 1, l)„+„.-(2, 1 1) /o 1 1 IV 

(2, 1, l)„^(l)„^,q.(2, 

+ (2, 1),„ (1, l)„^, q. (2, 


.+ (2k(l. 1. l)„r + (2V(l, 1 , i),„. 
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and 

5400 + 9a + 18c = 0, 

2280 + 'Ia + 12c = 0, 

1680 + 6ft 4- 10c = 0, 

satisfied by a = 1320, c=-960; and finally, 

(1, 1, 1, 1, 1)„, 1, 1, 1, 1V-(1, 1, 1, 1, 1),„, = (1, 1, 1, 1),„(1), „. + (!, 1, 1, l)„,.a),n 

and + (1> !)»► (1. IV + (1. 1* IV' (1. 1)„„ 

“ 30618 + OOffi -f- 180c = 0, 

14094 + '70f{+ 120c =0. 

10692 -f- 60ft 4" 120c = 0, 

satisfied by 10ft = 6318, 10c = 4860, that is, ft = -atM>, o = 486. 

62. The contacts of a coiiio with a given curve which have been thus far considered 

are contacts at unascertained points of the curve; but a conic may have with the given 
curve at a given point thereof a contact of the first order, the condition will be denoted 
by (2); or a contact of the second order, the condition will be denoted by (3), and so on. 

It is to be observed that the conditions (2), (3), &c. are sibireciprocal, the contact at a 

given point of tliej3urve is the same tiling as contact with a given tangent of the curve; 
but if we write (1) to denote the condition of passing through a given point of the 
curve, this is not the same tiling as the condition of touching a given tangent of the 
curve ; and this last condition, if it were necessary to deal with it, might be denoted 

I attend only to the condition (!)► The expressions for the number of 
conics which satisfy such conditions as (1), (2), &:c. are obtainable in several wa 3 ^s. 

63. (1*^) When tlie total number of conditions is i, the question may be solved 

by Zeuthen's method, viz. by determining the line-pairs and point-pairs of the system 

with the proper iiiiinorical coejfificients, and thence deducing tlie values of the 
characteristics (4.^-) and (4^/). A few cases are in fact thus solved in Zeuthen*s work. 

64. (2'") By the foj-egoing functional method. It is to be observed that there is a 

difference in the form of the functional equation, and that the general, solution is 
always given in the form, Particular Solution -f Constant, so that there is only a single 
constant to be determined by special considerations. To take the simi^lest example, let 
it be required to find the number of the conics {^Z) (1, 1) : writing for shortness in 

place hereof (1, 1), or (in order to mark the curve (m) to which the symbol has 

reference) (1, let^ the curve be the aggregate of the curves (m) and 

Regarding the point 1 as a given point on the curve (m), that is, an arbitrary point 

in regard to the curve (m% we have thus the equation 

(I> ““ (1> l)Hi. ( * l)mS 

where the right-hand side is known; and so in general the form of the functional 
equation is always 0 (m + m') - (m) == (/iven value, that is, 

n + Uf a) = given function of (m, n, a, n\ o'); 

28—2 
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these cases ^ \ \-l)> ( //), And (///), Ave have in the first of 

(1) l)iii+«i’ — (1, 1)„, = «' + 2»i,', 

I‘rm,'L?SL7to‘iiT-27w; hi«;i ”)(•*)“ ,,+ 2 ' “o"'" 7'?*“^! '’f'*' 

other three CAses. ^ +2w- 2 ; anti the like for the 

«» (S' (S'fe''a“'’*dSl/" i?h" “'“'“i™” 

(a T, 1) = (: ;/) ~ 2(,'. 2) = ji + 2«t — 2 , 

:i,L:s”Vt ““ “7 “t’ r 

|■ellmlmng three points and touches the curve -it th • the 

(:■■/) coincide with the conic iulestior wf h T ^ 

the number of the conics (/.I i) fo -n + 2ai 2 2 (.•.2), =2, and 

' ’ -» + 2v«- 2. Similarly, we have the system 

(/. 1, 1 ) = « + 2w- 2, 

( : I, 1, 1 ) = ?i + 2«t — 4, 

( • I, 1, I, l) = n + 2«i-G, 

(1| 1, 1, 1, 1 ) ~ n + 2 -}» — ,s. 

Again, two or even three of the eiven noint« m. ii.^ „ 
any reduction being thereby caused, that is. we have 

^=5^ ^ =a + 2ju-4, 

(• 2, 1, 1 ) = (.3^ j ) = )i + 2'«i-6, 

( 2, I, i, 1 ) = !' 3 ^ 2, l) = >n.2jn-8; 

i» (2, I, T, lTthrpoints'^i'^tndT''co if 

and we have ^ coincide, then there is a special reduction, 

(2, 2. l) = K + 2„i-8[-(m-.2)] = «i + «_G, 

point-pair or infinitely thin cmiir^If ^the” considered as a 

tlio four given points on “7 ^ i«- if 

have theie is no further reduction, biit we 

(4, 1) = a — 6. 

WOO/lin^ 
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66, The exju'essious involving a single (1) may in every case be reduced by the 
ioregoing method to depend upon other expressions j thus we have 

=(•!) - 2 ( 2 ) 

(2^)(I. 2) =(.2) -3(3) 

„ (I. 1, 1) =(-1,1) -2(2,1) , 

{^)(1, 1, 2) =(-1.2) -2(2,2) -3(1,3), 

„ (I, 1, 1, l)=(.l, 1, l)-2(2. 1, 1). 

„ (1,3) =(.3) -4.(4) 

(1.4) =(.4) -S(6) 

&c., 

where, conipiiring for example the equations for 1, 2) and {2Z)(i, 1, 1), it will 

be observed tliat in the first case tlie contacts 1, 2 of the symbol (1, 1, 2) successively 
coalesce with the point T, giving respectively 2 (2, 2) and 3 (1, 3), the exterior factor 
being in each ciise the barred number, whereas the second case, where the contacts 1, 1 
of the symbol (1, 1, 1) ai'o of the same order, we do not consider each of these symbols 
separately (thus obtmning 2(2, 1) + 2(1, 2), =4(2, 1)), but the identical symbol is taken 
only once, giving 2 (2, 1). Thus we have also 

(I, 1, 1, 1, l) = (.l. 1, 1, l)-2(2. 1. 1, 1). 

67, I'he value of a .symbol involving (2), say the symbol ('6Z) (2), is connected 
with that of ^(liZ-/)-, but as an instance of the correction which is sometimes required 
I notice the equation 

(2, 1, 1. 1) = K1. 1. l-/)-{Kw-2)(iR-3) + i(»-2)(»i-3) + 3(3, 1, l)-l-2(5, 1)1, 
which I have verified by other considerations. 

68, We obtain the series of results: 

( 1 ) 

( ::)=l, 

(.*./) = 2 , 

( ://) = 4 , 

(•///) = 4, 

(////) = 2 ; 

(I, 1) 

(.’.)= 11 4- 2m — 2, 

( : / ) = 2iH- 4m — 4, 

(•//) = 4?i + 4m — 4, 

( /// ) =s 4n + 2m - 2 ; 
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( ; )= «-3, 

( •/) = 2a-e, 


( II ) = 2 «- 3 ; 

(1 1. 1) 

( : ) = 2«i’ + 27MH + - Gw - + 8-^a, 

( • / ) = 2jft’ + imn + ?t- — 6»t - 077 + 12 — 3a, 
( // ) — + •Iwot + 2 h* — 8777 — C?7 + 8 — 3a ; 

il 3 ) 

( • ) = - 4777- 377 -4 + 3a, 

( / ) = - 8777-877-4 + 60; 


( 1 . 1 , 2 ) 

( • )= 6777+ 977 + 30 + a (2?77 + 77 — 16), 
( / ) = 2l77i+ 1877 + 30 + a (2777 + 277 - 26); 


( 1 . 1 . 1 . 1 ) 

( • )= 37 / 7 * + 2777=71 + 77777= + J 71= 
( / ) = i«7=+ 2777=77 + 277777= + ^77P 

( 2 ) 


- 4777=- 777777 - |77=+i|,!l777-^77-.3e -|-«(-.%7-§77-hl({). 

- 2777=- 877777 - 377=-yi777 -|77- 30 + a(- 8?77-3?7+2;}) : 


{•••) = !, 
(••/) = 2 , 


(•//) = 2 , 

(///)= 1 ; 


( 2 . 1 ) 

( : ) = 2777 + n-4, 

( • / ) = 2777 + 277 - 6, 

( // )= 777 + 277 - 4; 

( 2 . 2 ) 

( • ) = a-6, 

( / ) = a-6; 

( 2 . 1 , 1 ) 

( • )= «‘’ + 277777 + i77=--?TO-»,7 + 18_|„^ 

^ ( / ) = i777= + 277777+ 77=- Jg _3^' 

(3) 

( : ) = 1. 


(•/) = 2 , 

{//)-!; 
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(3, 1) 

( • ) = ?i + 2m - 6, 

( / ) = 2n + wi - 6 ; 

(4) 

(•) = 1 . 

(/) -1; 

which are the several cases for the conics which satisfy not more than four conditions 
and 


69. For the conics satisfying 5 conditions, we have 


( 6 ) 

(4, 1) 

(3. 2) 

(3, 1, 1) 

(2, 3) 

( 2 , 2 , 1 ) 

(2. 1, :t, 1) 


(i. 4) 

(I, 1. 3) 

(i, 2, 2) 

(T. 1, 1, 2) 

( 1 . 1 . 1 . 1 . 


= 1 , 1 

= III + )t — 6, 

= - 9 + (If, 

= + 2mii + -J^m- + 27 - f «, 

= - 4m - 4n — 6 + 3«, 

= 6m + 6ji + 64 + «(m + n- 15), 

= ^m® + TO“a + mn*+ — fm*- 8mw — §nH + - 75 

+ a(-^m-§u + ^), 

= — 10 m — 8?i — 5 + 6«, 

= — 8m^ — 12m« — 3ft“ + (50 m + 67a + S6 + « (6 ?k + 3n — 45), 

= 27 ?n + 24a + 27 — 23a + ^a^^, 

= + 30jaa + - 3|i?a - — 189 

+ a (m“ + 2mn + - 27m - — |«a, 

1) = + |iia*a + vi\‘‘ + ^ma’ + - 5m’‘n — 4«ia’= - ^a’ 

— J^m® — 5«ia — +160 

+ a (— f «i® — 3?aa — fa® + 4- ff « — -^f^) + Ja®. 


70. The given point on the curve to which the symbols I, 2, &c. refer may be 
a singular point, and in particular it is proper to consider the case where the point 
is a cusp. I use in this case an appropriate notation; a conic which simply passes 
through a cusp, in fact meets the curve at the cusp in two points ; and I denote 
the condition of passing through the cusp by 1k1 ; similarly, a conic which touches 
the curve at the cusp, in fact there meets it in three points, and I denote the 
condition by 2«1 ; 1/el, 2/el are thus special forms of I, 2, and the annexed I indicates 
the additional point of intei’section arising ipso facto from, the point 1 or 2 being a 
cusp. Similarly, we should have the symbols 3/cl, 4/cl, 5/cl ; but it is to be observed 
that at a cusp of the curve there is no p'oper conic having a higher contact than 
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n- . ['ion 

2/cl ; tlius if tile symbol contains or d foriiori if it ...u • YT 

n..n,bB, of the »„ic« » i„ ,f „• '*'1 5-1. tt„. 

>vhiel, need to be consitleml. ‘ ""'J’ “»»» '«! muI 2,1 

7 1, The several modes of investigation which annlv f-. p 

of the fo,egoi„s f<„„, ^ .0 - *,« .p,„ v.i„v\’hrie 

s«e™, 

constant to bo determined by special consklerationr^TL^detr'' ’"T 

Js in some instances conveniently effected bv mon r u 1®'"'^'^''’'!“'“ of the constant 

«ee Annexes x\os. 4 and 3. ^ «f the cuspidal cdiic; 

spending case where tlm given pXfc 0 !!"^^' 

we have ^ an ordinary point. For example. 

(2^)(1, T, l),„+,„- — (1 J 1) = n Y\ - 

Mn fl. ~ « ( 1 . 1 •)/« + m' ( 1 , 1 /)„, 

+ (!),„ ( 1 , .l)„, 

+ K«'- fa') (!./)„, 

I . ^ ) (i //)»«, 

(/A we S ^ successively 2^=(:), (. /) ^nd 

.*h oj/diitrrr” 

■ eo. responding expressions with 1 in that they contain 
in place of h+2w- 3, 2K + 4),i_b. 4« + 4 b(-g, 4.«i + 2« — 3 

targirtrif;!,,Xitoto2^^^ '■“' <“• '• ““ ■■■‘■ih™? «on.ta« 

72. We have 
(1«1) 

(0 = 1 , 

(•••/) = 2 . 

(^//) = i 
(■///) = 4, 

(////) = 2 ; 
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(1a:1, 1) 

( ■’. ) = n+2vi~S, 

( : / ) = 2n + im — 6, 

(•//) = 4?) + 4?)i — 6, 

(/// ) = 4n + 2m-3; 

(!«], 2) 

( : )= a-4, 

( •/) = 2a-8, 

( // ) = 2«-4i 

(f«l, 1, 1) 

( : ) = 2«i= + 2mn + J )i“ — 8)» - i ?t + 1 3 — fa, 

( • / ) = 2ijj“ + 4wii + — 8m — 7?i + 18 — 3a, 

( // ) = m- + 4mn + — 4?tt — 8?H- 12 — 3a ; 

(1*1, 3) 

( . ) = _ _ 3,j, _ 5 ^ gj(^ 

( / ) = -S»i-cS?i-6 + Ca; 

(m, 1, 2) 

( . ) =5 47)1 -|- 87) + 44 ft (2?)i + 7} — 17), 

( / ) = 20}>i + 16)i+42+a(2?)H-2}i- 27); 

(Ul, 1,1,1) 

{ • )=f7»''+2m“?H- 9»/m-2?iH-^)H-^n-674-a(— Sfli,— §71+^B-), 

( / )=iiH'’+27)i’)i+27?m’'+K-§«»’-10«w-4)i“— !jf»i+-^i-64+«(-8TO-3j!-f-iyi);. 

(F*l) 

( :/ ) = 2, 

('//) = 2, 

(///)=l7 

(M, 1) 

( : ) = 2771 + 71 — 6, 

( • / ) = 27)i I- 2?i - G, 

( II )- m + 2n-4i; 

(M, 2) 

(■ • ) = «-7, 

(/) = a_6; 
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( ■ ) = «i“+2m + ^n=-7w--y.n4-21-fa, 

( / ) =i«»’+2mn+ 7i-~pn~ 7n + 18-|a. 

(4. Ihe rcuiainder of thi.s table, being the part where the s^-mbols (•) ami (/) 
<f(* not occur, I present under a somewhat different form as follows : 

f.Q) = 0 , 

<W. 1 ) = 0 , 

(•VI, 2) =0, 

(VI, 1, 1) = 0. 

(2, 3) -(2il, 3) 

( 2 , 2 . 1 ) ^( 2 ^; 2, 1 ) 


= 0 , 

= n - .3, 


«I. 1, I) -IM, 1,1, I) 

<1.4) -(Vi, 4) =1, 

<1.1. -3) -(Vi. 1,3) =(2*1, .3) + („_g), 

(1. 2. 2) _(ia, 2, 2) 

(I 1 ' 1 ' 1 \ I r- ^ ^ ~ - 4) + 3 -I- 2h. - 3 m - -f.. 

(1. 1. 1. 1. 1)-(V1, 1, 1, 1, 1)^(2^^ 

Second ilcnioir. ^ investigations oontaiiHKl in the 

2. “ ^ an tfl i;’" f -) would of oonvso 

such as 2_^l; but I have not tZu t I'’ " 

which contain this new symbol. ° ^ necessary to oonsidor the forniuin) 


fnmtiffnims in extemm of those of Dr t 

./«. .* .. - . ^ " 

r'r ; Ire:.™”"';, t; »' <>' »r «.« 

»» t'fce’ et^eTn?’. P= 1^1. ‘ 

the curve i7«) and the case of contacts distributed at ploasiiro 

t V + o) - (a -f J -f. 0 &o,) — 
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conditions; viz. the number of the curves G^’ is = 1) (6 4- 1) (c + 1)... into 
^ [rm - (a + 6 4” c . ,) Y 

4- [rm 1]^-^ (a 4- i + c , .) [J)f 

4- [rni - (a 4 6 4 c . - 2]^-^ {ah 4 ac 4 be , .) [i)]- 

V i- [nit - (ft 4 1 4 c , . ) — i) - ty (abc ... ) [JJ]\ 

where the curve f/^'^ is a curve mtkoiit oitsps, and having therefore a deficiency 
Z) = ^ — 1) {m 2) - 8 ; the numbers a, b, c, . . arc assumed to be all of them imequah 

but if we have a of them each ^ of them each -b, &g., thou the foregoing 
expression is to be divided by [a]^[/37.,,i and fjt denotes the nuinbor of the curves O'*' 
which satisfy the system of conditions obtained from the given syvstem by replacing 
the conditions of the t contacts of the orders a, c, &c. respectively by the condition 
of passing through a 4 & 4 c . . , arbifciwy points. In order that the formula may give 
the number of the proper curves G*' which satisfy the prescribed conditions, it is 
sufficient that the i?^(7'43)-'{a 4 6 4 c . .) conditions shall include the conditions of 
passing through at least a certain number T of arbitrary points: this restriction 
applies to all the formulaj of the present soctioin 

75, I will for convenience consider tliis formula under a somewhat less general 
form, viz, I will put 2> — 0> moreover* assume that the (r 4 3) - (a 4 i 4 o . .) 
conditions are the conditions of passing through this number of arbitrary points;, 
whence /a = 1, 

, We .have tints a curve G*’ having with the given curve i7”^ t contacts of the 
orders a, o.. respectively, and besides passing through ^r(r4 3J“(ar4&4o..) arbitrary 
points; and the number of such curves is by the formula -(a4 l)(&4l)(c4 1),,,, into 

— (a 4 & 4 c , Y 

4 - (a 4 6 4 0 . — 1]^“^ (a 4 t 4 c . ,) [i)]* 

; 4 [rm - (rt 4 6 4 c , — 2]*“® {ab 4 nc 4 6o , ,) [JOy 

^ 4 [rwi — (a 4 6 4 fi . 0 ^ • • - ) 

where, as before, in the ease of any equalities between the numbers a, 6, c, the 
expression is to be divided by 

76. I have succeeded in extending the formula to the case of a curve with 
cusps: instead of writing down blip general formula, I will take Ruccessively the cases 
of a single contact a, two contacts a, fc, three contacts a, 6, c, &a ; and then denoting 
the numbers of the curves G*‘ by (a), (a, h\ {a, 6, o), &a in these cases respect ively> 
I say that we have 

(a) = (a 4 1) Jf nn — a'l 

l4(xl> I 


— a 


♦ > 


29—2 
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(«, h) ~ (a + 1 ) (6 + 1 ) I [rm -a-hf 

■ + [m - « - ?) — 1]* (ft + h) [i)]* 

.+ , ft6 [./)]“ j 

a{b +1) ([rm -a — h- 1]' 

1 + hJ) 

+ 6 (ft + 1) -ft — - 1]> 

1+ uJjj 

+ ab 


|.| 0 < 


^ W\' 


(«, b, c) = (fl+ 1 ) (b + 1 ) (0 + 1) I' t _ 0 js 

+ [m - ft - i _ 0 - 1]8 (ft +6-1- 

+ [m ~a-b~c-2]' («6 + ao + bo) [./)]: 
ubc 


(>.r^ 


- [2c (ft + 1 ) (6 + 1 ) I' [m — ft — 6 — c — Ip 

^ + [m - ft - 6 - e - 2]' (« + b) [7)]> 
uh [.D]“ 

+ [2ic (ft + 1) j _ ft _ j g _ 2 ji 

t+ ftZ> 

-abe 


} 




J 


M". 


to coDsidor tho is Vte-'InTtiw^oonlLte Kirill * 1 ” ^ 

fa' ( 0 . 4 , «, ti), putlog thereio t„ shortner ^ 

«' 44 +« + d=«, »SH...+rf = A 
.■ 44 +o.< + 

and also the formula for (n h . j \ ■ 

■""I” fa ( 0 , 4 , 0 , d, ,x poltmg tliuoio in „„„„„ 

D. 7. «. .), « y, n y,), 
for the combinations o( (a h c (t a f , 

fare ’ ' ’ <*). («. 4, 0 ), ( 0 , i) oiid (a) loapootivoly. 

(«,4.o,d). (« + I)(4+I)(,+ i,(i+i)^ ], 

+ [»'»»- «-lpa[D]i 
j + [m-«_2p^[i)p 

+ [m-«_3]iy|-2)j3 

S[2)pJ 



406] 


ON TflE GUEVES WHIOH SATISFY GIVEN CONDITIONS. 


[S(i (a + 1) (6 + 1) (o + 1) ^ [)m — 0 ! — 1]“ 'l ] [/c]> 

+ [rm - a - 2]= a' [i)]‘ 

- 5 - [jTO-a~ 3 p/ 3'[i)]a “ 

.+ 7 [-D?/ 

r [?-m-a-2p n[«p 

^ -{- [m — a — 3]' a" [D]' ^ 

.+ /3"W. 

[rm - « - 3]‘ y\ [«]’ 

+ «'"[I>pj 

. . . . MS 


+ [2erf.(« + 1) (b + 1) 


- [Sicci!(«+ 1) 


+ ahcd 


{ 


{a, h, 0 , d, e) = (a + l)(ft + l)(c+l)(<2 + l)(e + l) 


.[Se(a + l)(& + l)(o+l)(fZ + l) 


+ [%de (ft + 1) (J + 1) (o + 1) 


— [tode (ft + 1) (J + 1) 


+ ['Ihode (ft + 1) 


f [/'m — a ]“ 

+ [mt — « — Ip « [Df 
-!- [rm — ft — 2]“ ;S [D]** 
+ [?’«i — « — 3]” 7 [D]* 
+ [j'm — a — 4p S [Dp 
H- e [D]“ 

^ [?7)i — a — ip 

+ [rm — a — 2]“ a' [D]^ 
+ [,.„j-a-8P/3' [DP 
+ [rm ~ a — 4]' 7 ' [D]* 

1+ S' 

f [rm — a — 2]® 

J + [jm-«-8pa" [D]> 

1 + [m-a-4P/S"[Dp 

( [rm — a — 3]“ 

+ [?*m “ a — 4]' a'" [D]' 

+ /5'"[i?Pj 

[rwi. — a — 4]' 

«""[D]>| 


][«P 


][*? 






]][«? 
M“. 
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78. Iij all the.se fonniilaj there is, as before, a numerical divisor in the ease of 
any tsjualitie.s among the numbers «, b, c, &c. And D denotes, as before, the deficiency, 
viz. Its value now is = ^ («i -1) (m- 2 )- S- k; or observing that the class n is 
= m- 2S-3«. we have i) = - ??> + 1 + or say i>= ] + + =i + a if 

A = - IH + 


79. It is to be observed with reference to .the applicability of these forniulai 
within certain limit.s only, that the formuliB are the only formulm which are generally 
true; thus taking the simplest case, that of a single contact a, the only algebriwoal 
o.xine.s-.sion for the number of the curves C"' which have with a given curve Z7«‘ a con- 
tact of the order «, and besides pass through the requisite number + of 

arbitrary points, is that given by the formula, viz. 






Lonsidering the cuiTe U- and the order ,• of the curve O'' as given if « hns 
,h. 1 . 2 ,... „p to , llmittag val,to of «, th, foL,* 1.^^ [ho 

miinbor of ho p„per ooove. O’ .vhioh hov. with Iho givo,, o„„o U” « contoft of [l.o 
m, ,,,l .Oder bepnd this limiting ,h. f„,Ll. „„ |.„go.. le, 1 

te »i;oto e, rr teotoon of „ which w„„,d p,. 

^ ‘ ‘ ® beyond as up to the foregoing limiting value of a. 

of pi»g”to.[rht sTfflS'itf’c'r.j? 

arbitraiy points is sufficientiv m ^ when the number of 

by means If improper curves^ bri’ ® satisfy the conditions speciall)^ 

which touch a^given curve t MmeT /l 
number of the given noil be 4 

given points, and therefore no cmnou].\ comcident line-pair through tho 

the number of the given points is = 2 ' g^'mi conditions; if 

coincident line-pair having at each of iis jmning these points gives «, 

contact therewith, that is, having in ”“ 2 )''''^'' the given ciuwe a special 

with the given curve; if the number of 1 ! . special contacts 

case any line whatever through the eiveu PO'«ls is 1 or 0, tlien in the first 

>»h»tev.r, ,..gm.d.d „ , «in«idlt lin^ C ‘ ““ 

curve; and so in general thevo Ic ^P ' special contacts with the given 

v.i„, .he eS[„['’:; 

improper curves G>-, and for values inferior ^ determinate number of 

infinite series of improper curves O'- Jt conditions may be satisfied by 

De Joiiquibres has determined the rninim.l'^ 1 ^ considerations as these that 
to which the conditions should relate in ord'^^'^'fin * number of arbitrary points 

I refer for his investigation and results to ^ formulas may be applicable : 

remark that in the case -id XVIII of his memoir, 

fomula can be conected so as to give “f improper solutions is finite, the 

-give the number of proper solutions by simply 
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subtracting the number of the improper solutions: but this is not so when the improper 
solutions are infinite in number ; the mode of obtaining the approximate formula is 
here to be sought in the considerations contained in the first part of the present 
Memoir; see in particular ante. Nos. 8, 9 and 10. 

81. The expressions for (a), (a, h), &c. may be considered as functions of rni, 1 + A, 
and K, and they vanish upon writing therein ? 7 a = 0, A=0, « = 0| they are consequently 
of the form {rm, A, «)* + {rm. A, «)• + &e., and I represent hy [a], [a, h], &c. the several 
terms {nn, A, «)’, which are the portions of (a), (a, b), &c. respectively, linear in rm, A, 
and K. The terms in question are obtained >vith great facility ; thus, to fix the ideas, 
considering the expressions for (a, b, c, cl), 

1°. To obtain the term in rm, we may at once write D — /c = 0, the expression 
is thus reduced to 

(a + 1) (6 + 1) (c + 1) (d + 1) {[I'jft — a]^ + [rm — a - !]=> «), 
and the factor in { j being = rm [rm — a — 1]*, the coefficient of rm is 

(a+ l)(b + 1) (c + 1) (d + 1) [- a - If, 

which i.s 

= - (a + 1) (6 + 1) (c + 1) (d + 1) . (a + 1) (a + 2) (a + 3). 

2°. To obtain the term in A, writing rm=0, « = 0, and observing that 
[i)]> = A + l, [7Jp = (A + l)A, [i)]» = (A + l)A(A-l). [D]‘ = (A + 1) A(A - 1) (A - 2). 
&c, give the terms A, A, — A, + 2A, — 6A, t%c. respectively, the term in A is 
(a+l)(6 + l)(c + l)(d + l) r [-a-lpa. llA 

+ [-«-2py9. 1^ 

+ [-a - 3p7.-l 
1+ S. 2, 

= (rt + l)(J + l)(o + l)(d + l) r- «Ca + l)(a + 2)(a + .3)1 A. 

+ fi (a + 2) (a + 8) 

+ 7 (« + 3 ) 

,+ 28 

3°, For the term in k, writing rm = 0, D~l, and observing that [/e]', [«]“, [/e]^ [kJ‘ 
give respectively the terms k, — k, 2«, — 6a:, this is 

= r-2d (a + 1)(8 + l)(o + 1) {[- a — Ip + [— a-2pa' } , 1 

+ Xed {a + 1) (6 - 1) {[- a — 2f + [— a — 3]‘ a" j . — 1 

-%bod(a-l) ([-a-3p+ a'"}. 2 

.+ abod . — 6 
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where the terms in [ { are 

that is, ( + 1 “ ) (« + 2) (at + 3)j (« + 2 — at") (a + 3) and - (« + 3 _ 

-(<i + l)(a+2)(„ + 3). (« + .i + 2)(» + 3).„d-(S + o + <! + 3) 

lespeckvely; whence the whole expression is 

Xcd (5 + (i+2)(o+i)(i + ]), 

! + 2Xbcd (b+o + (l+3) (a + 1 ) 

6 abed 

tlie expression multiplying (« + 2)(a+3) is 

(« + l)(^> + l)(e + l)(a?+i)2f;, =(f^ + l}(i + l)(c+l)(d+i)«. 

and we have moreover ' '' ’ 

their formation ^vould*'LeT^e^^Sdm^^'^^^^^^^ law of 

A abstain from completing the reduction. 

The series of formula is 

[«] = (e + l)m 

+ (cf + 1) a/i^ 

UK, 

[a, = + ..rm 

-(« + l)(i + l)| «(« + i)|A 

, I- a6 I 

a^a + b, fi^ab; and coeflf. of * expressed in terms of a. ^ is =« (1 + « + /9) 
[a,b,c]~ (« + l)(i+l)Cc + l)(« + i)(« + 2) _ 

+ (a + l)(6+l)(c + l)|' «(« + l)(« + 2)) A 
■ - / 9 (« + 2) - 

7 J 

+ I'-S c(fa + l)(& + i)(c+i)(a^.2) 

+ S6o(6 + c + 2)(a+i) 

, — 2 abe 

of a, / 3 , 7 is coefficient of « expressed in terms 
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[a, h, 0 , f^]==-(rt + l)(t + l){c+l)(d+ l)(a + l)(« + 2)(a+3) ..rm 
-(«+ l)(i + l)(c + l)((Z+l) r «(a + l)(aH-2)(a + 3)'| A 

j - /3 {« + 2)(a + 3) 

- 7 (a + 3) 

~2fi 

^ / 

+ Th- S d(a+l)(i + l)(c + ])(d + l)(a + 2)(a + 3)'j «, 

- X cd(G + (l+2) (a + l)(J + l) (a + 3) 

4“ 2X hod {h -|- c 'J- cZ 3^ X) 

^ — 6 abod ^ 

where a = a + Z)+c4-<Z, ..8 = abed. 

, [a, h, c, d, e] = (a + 1) (Z» + 1) (c + 1) (d + 1) (e + 1) (a -i- 1) (a + 2) (a + 3) (a + 4) . . rni, 

+ (« + 1)(Z» + l)(c + l)((Z + l) (e + 1) r a (a + l)(a+2)(a + 3)(a + 4)'j A 

- ^ (a + 2)(a + 3)(a + 4) 

“ 7 (a + 3)(a + 4) 

- 2S (« -}- 4) 

, “ 6e ^ 

+ 1'- 2e (a + l)(6 + l)(c + l)(cZ + l)(e + l)(a + 2)(a + 3)(a + 4)] «, 
+ Xde (fZ + e+ 2) (a + 1) (Z» + 1) (c + 1) (a 4 . 3 )(a 4 . 4 ) 

2Xcd6 (c "}■ fZ “|- 6 4- 3) ^ci -|- 1) + 1 ) (a -|- 4) 

OiXhcdQ (h *1* c “h fZ -|- e 4* 4} (w 1) 

— 24a6ccZe 

/ 

where a = a + J+c + cZ+e, 0=^ Sic.,,., e — abode. 

83. The complete functions (a), (a, b),.(ii, b, c), &e. may be expressed by means of 
the linear terms [a], [a, &], [a, b, e], &c. as follows, viz. we have 

(«) = [«], 

(a, h) = [a] [6] 

+ [ih 

(a. b, c) = [a] [b] [g] 

+ [«][&. c]+[&] [a. c] + [o][a, 6] 

+ [®i b, c], 

(«, i, c. d)= [a][6][o][<Z] 

+ S[a][6][c, <Z] 

+ S[a, i][c, cZ] 

+ S[a][Z>, e. tZ] 

+ [a, b, 0 , d], 


0. VI. 


30 
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.'uid so tin; fhis is easily verifietl for (a, b), and without much difficulty for (a, b, o) 
but ill tlie succeeding ca-ses the actual verification would be very laboi’ious. 

SI.. The theoretical foundation is as follows. Writing for greater diHtinGtuo.s.s 
in place of (a), we have («)„, to denote the number of the curves G'' which liavt' 
with a given curve 17'“ a contact of the order a, and which besides pass through 
.ir(r + 3)-(i points. Let the curve if"* be the aggregate of two curves of tiro (>rdor.s 
in, in respectively, or say let the curve be the two curves m, ni, then we have 

(®)||1+Iir = (fl)m + (®)hi'j 

a functional ei|uation, the solution of which is 


— [tt] 




where [«]„ is a linear function of a, m, or. what is the .same thing, of m, A. at. 
Similarly if («, denote the number of the curves O'- which have witli bho 

EthTirawt ‘ a-i whioi, bj;t 




where is the number of the curves P/ wln’nli , 

orders and with a contact of the nrflev / i i l ^ contact of the 

points, a„0 the JiU I Z ,J PT ‘'““"S'' ““ i>'(f + a) - » - fc 

or tPo 0*. .r thnUnent ir' 

|(«)., (P)..| . («). . (J),, . 

'(«V ) = («)„, . f 

and thence the functional equation 

«t [aU &c. being linear functions of ,a. A. we have 

n . W'"+-'‘' = [4« + [aV. [H«+»r = [!.],„ + [6], 

and thence a particular solution of the on. <•■ 

general solution is therefore ^ ™ ^ l>e fchc 

where • ^ + [a, 6],„, 

tha?^f'^leTermi^S^^^^ A. .. Hence, assuming for fcho 

t« toond to be .[», J], „o 
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Tlie investigation of the expression for (a, 6, c)^,, depends in like manner on the 
assumption that we have 

- (h) C)i)j' = [W']m 4" [&, cJhi'j i 

and so in the succeeding cases; and we thus, Avithin the limits in which these 
assumptions are correct, obtain the series of fo 3 *mulie for (a, &), (a, 6, c),.,. 

85. It is to be observed in the investigation of (a, h) that if a~&, the two 

terms [a]^ [a],„'[6]„, become equal, and tlie equal value must be taken not 

tAvice but only once, that is, the functiomil equation is 

(«', (a, — (a, 

and the solution, writing ^ [a, a],„ for the arbitrary linear function, is 

(a, a)„r ^ i [a]m [a]m + ^ [fA, 

in Avhich solution it would appear, by the determination of the arbitrary function, that 
[a, a] has the value obtained from [a, b] by writing therein h^cu Writing the 
equation in the form 

(«, = + a]. 

and comparing ‘ Avith the eciuation for (a, &), we see that [a, i] is not to be considered 
as acquiring any divisor Avhen h is put =ti, but that the divisor is introduced as a 
divisor of the Avhole right-hand side of tlie equation in vii'tue of the remark as to 
the divisor of the functions (a, &), (a, t, c),.. in the case of any equalities betAveen 
the numbers (a, 6, c*,.). This is generally the case, and the foregoing expressions for 
[Oj 6], [a, 6, o], &Q, aro thus to bo regarded as true without modification even in the 
case of any equalities among the numbers a, 6, c..,. 

86. To complete according to tlio foregoing method the determination of the 

expressions for (a), («., we have to determine the linear functions [a], [a, 6], &o., 

which are each of them of the form Avhore (/, g, h) are functions of r 

and of a, hj &c.; and I observe that the determination can be effected if avg IiuoaV 
tbe values of («), (a, 6), &c, in the cases of a uniciuvsal curve Avitliout cusps and 
Avith a single cusp respectively. Thus assume that in these two cases respectively 

we have * 

(a) = (a + l)(m-a), 

(a) = (a + 1) (rm — a) — <l 

Writing first A = ->1, a; — 0, and secondly A — - 1, a: = 1, we have 
‘ ' (a-hl)(m-rt) -fni-g, 

whence 

/==(a4l)r, = h^-a, 

30—2 
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thf foi¥g.:iie)g valuo 

[«] = (« + 1) rm + (a + 1) «A - uk. 

.Siuiilfirly, lor two (’oiuaets nssiinie that we have in the two causes respectively 

iu, b) ~ (ij .}• 1) (It + 1) [}v(j — a — 

in, b j = (,» + 1 ) (ft + 1) [m - a - ftp - [a (ft + 1) + ft (a - 1)) - ft - l]i. 

Sc.r.i '1 l..„ f,o,„ tfc fonnnJa }] = („, I.) - M [S] -/». + ,,/i + *., a„d 
MKee.Mvely A = - 1. * = (j, and A = - 1. «r = 1, we have 

(rt + 1> (ft + 1) [r« - « - ft]^ - {(a + 1) _ «)) |(i ^ 1) 

(« + 1) (ft + 1) [r//t — rt — ftp _ |£((j + 1) + ft(a ^ 1^1 _ ft _ 2ji 

- ((« + 1) {vm ~a)~ a} ((ft + 1 ) (rm ~b)~b\ + h; 

the first of wliich, putting therein a + ft = «. aft = /3, is at once reduced to 
(rt + 1) (ft + 1) [r»i (- « - 1) + a(a + 1) _ 

- }« (ft + 1) + 6 (a + l)j (rm ~a~h — l) 

+ «((> + 1) (rm - 6) + ft (a + 1) ^ 

+ »he„.. [a. i] I,., th„ 

mbs»|,rait teiins still bnl^U t 1| "'““f l»'><>™us, oud that of tho 

the foregoing values, assuming them to be eov,.!!! Principle applies, and that 

for a uuicunsd curve without cusp;" that ’ if knotv, 

<< the number of contacts a, be \ A e 

’ ’ ” ’ ^ umciuml curve with a single cusp, 

that the diminution of (a ft , x . , 

occasioned by the single cusp is 
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88, Consider a iiniciirsal curve and a curve C** having therewith t contacts 

of fclie orders 6, c, ... respectively. The coordinates (/r, y, z) of any point of the 

unicursal curve are given as functions of the order m of a variable parameter 0 ; 
and substituting these values in the equation of the curve we have au equation 

of the degree rm in but containing the coefficients of O' linearly ; this equation 
gives of course the values of 6 which correspond to the rm intersections of the two 
curves. Hence in order tliat the curve G*’ may have the prescribed contacts with 
the equation ol the degree v)n in 0 must have t systems of equal roots, viz, a 

system of a equal roots, anotlier system of h equal roots, cSsc. ; this implies between 
tlie coefficients of the equation an + 6 -I- o ...) fold relation, whicli may be shown to 

be of the order {a + 1) {h -f 1) (c -h 1 ) . [rm — (a + ?; -p c . , ,)]^ ; and since the coefficients 
in question are linear in regard to the coefficients in tlie equation of the curve 0*', 

the order of tlie relation between the last-nieiitioued coefficients has the same value ; 
tliat is, the number of the curves G*' which have the prescribed contacts with the 

nniciirsal curve and besides pass tlirougli the j'eqiiisito ninnber of given points, is 
= (a + 1) (b + 1) (o + 1.) ... [rni’-ia + 6 + c 

81). The reduction in the case of a cusp appears to be caused as follows : — 

Oonsider on the curve J/”*' a points indefinitely near to the cusp, and let the condition 
of the curve O'' having the contact of the a4h order be replaced by the condition 
of passing through the a points; that is, consider the curves G‘ which have with the 
curve (^“1) contacts of the orders 6, c, ,,, respectively, which pass through the a 
points on the curve in the neighbourhood of the cusp, and which also pass 

through the requisite number of arbitrary points, The number of these curves is 

— (6 4- 1) (c + I). , . - a “ (6 -h c + . (the term rm — a instead of rm, on account 
of the given a points on the curve: compare herewith Do Jonquiferes* formula con- 
taining rvi — p\ Kach of these curves, in that it passes through a points in the 
neighbourhood of the cusp, will ipso facto pass through ct + l points (viz, a curve 
which simply passes through the cusp of a cuspidal curve meets the cuspidal curve 
there in two points, a curve which touches the cuspidal tangent meets the curve in 
three points, foe.), and be consequently, in an improper sense, a curve having a contact 
of the a-th order with the given curve I assume that it counts as such curve 

a times, and this being so, we have, on account of the curves in question, a reduction 
=! a (6 4- 1) (o H- 1) . ..[rm - (a 4- 6 + c , , .)Y~\ We have in like manner for the curves 
passing through b points in the neighbourhood of the cusp a reduction —^(a 4- l)(o-H 1)..* 
r7'm--('a4- 6 4- 0 &c.. and hence when the mven unicursr’ - 
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''.iiii'’ {thiif is i'-2) Jirat in terms of m, n, k, uiul finally in tonn.s of 


(2 .f A-, iis above). The re.sults are 


m, n. 


for )'-% tlmt is, ourvo C ii Ofinin. 


m= 

Hh 

f'^J- 

n.lj-- 

[I. --'J. - 
[1. :■>)=.. 
11, 1]==- 
I-.*. 2]= - 
H]= - 

[I. 1.2J= 

11. 2. 2].-. 


2m ~ 


* " 

2m + 

// 



2/7/4- 

8m -f 

G-i- 

2ir 1 = 


8//4- 

A- 

=2 


4m 4' 

121- 

9vj =- 

4m + 

6// + 

3a 

=5 - 

4///- 

W’VvJ -i- 

201^ 

4/r i = - 

1 

lOw + 

10;/ + 

Oa* 

! =- 

10/// - 


m- 

5ai 

18m + 

15/1 + 

IOa ! 

— 

18/// • . 

l:im - 

281 + 

7a' ^ ^ _ 

4j«~ 

10//- 

1 

Ik 1 


4/// “ 


GOA-t- 

16ic ^ 

12m ~ 

30//- 

14a* j 


12/// + 

iOv-yit - 

I3GA-f- 

29a = 

567/1 - 

68//- 

39a- I 


rtiUn -f. 

GOm- 

2G0A-f- 

46a ( r= 

140/;/.- 

130//- 

84a' I 


140/// 4- 


VI 


Itii I 
■h 


7'2rjn ^ 
VtOm-i 


HuiiA - 


32k ' = 

i 

I = 


OSk 

r'H^i7ii+ 105 lU- 240 a- 
t> 72 rffi-f 2 m^- 478 k 

27(;»0i\+ 630 a' 

Ijrr- 8028 ^+ 2106 v 

[1.1,1, 2]=.^ 80r>.lm- 2ft78J4+ 537Gjf 


64m- 72ft ~ 40 a* 

144»i- U4ti^^ 90 a- 
S 2m+ 178,1+ 7ttA' 
S36w+ 628 «h- 2 HBa' 

11847H+ 126‘i/i+ 780 a- 

1188W+ 1350)H- 820 a* 

2208«r- 44C4n-. 2aG8A- 
lOCSfim- 13302«^ 8010 a' 


U4?„ + 

~ 82w-^ 

- 

~ 1184m-- 
- nSHm- 1110/1 + 
2208m f 201Ow*. 
1000(Jm4- lOO/Jfbr- 
■10912m ’-IViO/iflH -j. 


Hji 

12/r 

lO/f 

122/t - 

dH« - 
120;/ 

mh,.+ 

lOOi/M- 


(I 

rht 
Hit 
itit 
iht 

I hi 

mt. 
Hla 
40fi 
mi 
7Hn 
2HN« 
780/4 
H20ii 
2008,1 
HOlOd 
H0700« 


timl i„ tl,„ l„t i„ ,|„ 

find I, are in each Pa.se equal.) L > > 1. 2] reapeotivoly, the coofifusioiitM of w 

Jl- In the ease of the conic fl) /o) t 

femier part of this Memoir by H •') Vi expressions denoted ijt tln- 
suc-h a.s to make i„ ail fii conii;:^’ boinff in each 

tb« for.,„te 4 oompaiwr’r'^ by‘\nemm' , C 

2“™')' "11 *«w d ZS uL wiUi tl.0 ml.,™ 

* ‘to formula value- T ^ *0 tlilfc,e„oo, n,„l „„„ex it 

prop<‘r theor/^fiVoi ^ 'lave in SOlTlfi PnoAo 1 ' 


(1 ::) 

^ 2//i + ^ • 

(2 ■••) 

C= ■ 

(3 :) 

3«+ 3a 

(4 •) 

m 

“-lOm- 8?i+ 6a 

~ ~ I8jn — 15^ + 10a 
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2 ( 1 . 1 .•.) 

( 1 . 2 :) 


( 1 . 3 0 


( 1 , 4 ) 


2 ( 2 . 2 .) 

(2, 3) 


G (1. 1, 1 :) 


2 ( 2 , 1 . 1 .) 


2 (3, 1, 1) 


2 ( 2 , 2 , 1 ) 


= (2»), + u)‘ 

— 4m ~u — 3a; 

= (2m -I- n) a 

+ 12-Ht + 12?!. — 14a ; 

= (2?!1 + th) (— im — 3)1 + 3a) 

+ 66))i + 49)1 — 39a ; 

= (2))i + n) (— 10?)i — 8)1 + 6a) 

+ 140))t + 122)1 — 84a 

— [(?)i — 3) (— 12m — 6)1 + 6 a)] (= — [(?)!- — 3) (4i 4- 2a:)]) ; 
= a? 

+ Mm + 48)1 — 40a ; 

= a (~ 4))i — 3ft + 3a) 

+ 144?)i + 126 ft — 90a 

— [24))i + Qn + (ft - 12) a] (= - [6t + (ft - 3) /c]) ; 


= (2m + ft)* 

+ 3 (2))i + n) (— 4m — n — 3o) 

— 32 m — 58?i + 78a 

— [4))i (in — 1) ())t — 2)] ; 

= (2))i + Ilf a 

-h 2 (2?ft + ft) (12))i + 12)). - 14a) + a (- 4)ft - ft - 3a) 

-336?)i- 336ft + 288a 

— [2a (m - 2) (m - 3)] (= - [6ft (m - 2) (m -3) + 2x (m - 2) (m - 3)]) 


= (2m + nf (- 4)rt - 3?i + 3a) 

+ 2 (2ni + n) (56)ft + 49?i — 39a) 

+ (— 4nt — ?i — 3a) (— 47ft — 3)!. + 3a) 
- 1184)ft - 1094ft + 786a 


r_ 1 _ 8m^ii + 4)re?)* + 131?)i* + 32mii — S?!? — 316 wi 226 )i~| ; 
L+a(9))i“-87OT-3ft + 204) 


= (2»i. + ft) a* 

+ 2a (127)1 + 12tt- 14a) 

+ (27ft + n) (64m + 48ft - 40a) 
- 11887 ft - 1110 ft - 820a 


(=■ 


S (2)1 + 107?i — 38) 
+ K (Bm? — 197ft + 30) 
+ 1 (67ft* — 417)1 + 69) 
+ T (8w — 32) 
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(iOz/i- + 42/«« — 2i)2Hi — 174 h’] {= 
+ a (- 40»i + ]6C) 

+ a-{m — 4) 


24 (1. 1. 1, J.)= (2w + «)* 

+ 0 (2//t + «)“ (— 4ni - n — 3a) 

+ 3 (- 4-w — n~ 3«)- 
+ 4 {2m + n) (- 32m - o8n + 78a) 
+ 2208m + 2610«-23o8a 


(m - 4) (k- - / f) - ); 
+ 6(m-4)(// --3)« 

+ 18 (ni — 4) T 
+ (in — 3) (4i + 2«) . 


- * Uwt (m - 1) (m ~ 2) (m - 3)' 

+ IGh (m + 2)(m-2)(m-3) 

3Ca (m - 2) (m - 3) 

{= - [(m - 2) (m - 3) (14m“ + — 14»j _ 7 ( 3 }j _ . 

G (2, 1, 1, 1) = (2m + M)’« 

+ 3 (2;h + „y (12m + 12n - 14«) 

+ 3 (2 m + h) « (- 4m - n ~ 8a) 

+ 3 (2m + It) (.. 336m - 336n + 288«) 

+ «(-32m-68}i + 78a) 

+ 3 (- 4m - « - 3«) (I2w + 12« - 14a) 

+ 10656 m + 106 oGh - 8016a 

108m + 108mm - 1116m» - lllOnm + 2736m + 273Gn' 

+ -t (7m + 6m « - 147m’' - 30?tt)i + 1040?)i + 24 m - 2266) 
L+a’'(-.£)m+36). 

v\ hci’o the correction is 


“ (m - 4) 


- (?n - 4) 


108m® + 108«»i - 684 ?m - 6847i 
+ « (7m — H9m ^ 564 -f 6 m (m — 1)) 


f 2S(21m-36) 

+ 2t(18?m-126) 

+ « (7m’+ 6, MM - 66m - 13n + 166) - 9 («. _ 

+ ‘(+ 16m -96) ^ 
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120(1,1,1,1,1)= (2m + ?0'’ 

4- 1 0 (2jji + m)* (— im — n~ 3a) 

+ 10 (2m + ny(~ 32m - 58tt + 78a) 

+ 1 0 (— 4«t — w — 3a) (— 32fli — 58?i. + 7 8a) 
+ 5 (2ni + n) (2208m + 2610n - 23o8a) 

+ 15 (2«i + n) (— 4m —n — 3a)’ 

- 102912m- 1120o6}i. + 86760a 


where the correction is 
= - (vi — 4) '' 


31m^+ 70m%+ 40m*ft’'' 

— 310^J^^— 460m*tt — 120??iV 

— 23.5«r® — 1030«i’rt - 400m n‘ 
+ 10690m’ + lOOOOmn +960 ji’ 

+ f— 210m’- ISOm’tt) 

+ 2970m’ + 900mft 
- 16630j>i - 720w 
(+ 28440 

[ + a’ (136m — 640), 


31m' ~186m»- 979m’ + 6774m 1 
+ n (70m« - 180m’ - 1760»u + 9060) 
+ 40?i’ (m + 3) (m - 2) 

+ a /- 210m’ + 2130m - 7110\ 

\- 180rt(m-l) 
l+a’.136, 




which is 


~ — (m — 4) 


31 (28 + 3«)’ + 110 (28 + 3Af) (2t + 3*) 

+ (:yim’ + 1142m + 3174 )( «- t) 

+ (- 14m - 638« - 1524 ) (28 + 3k) 

+ (— 390m + llOtt + 4272 ) (2 t + 3t ) 

^ + (_ 210m’ - 180»m + 2130m + 990>i - 7110) k + 136k’ , 


but I have not sought to further reduce this expression, not knowing the proper form 
in which to present it. 


92. The question which ought now to be considered is to determine the corrections 
or supplements which should be applied to the foregoing expressions (a), (a, h), &c., or 
to their equivalents [a], [«] [6] + [a, 6], &e. in order to obtain formute for, the cases 
O. VI. 31 
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I“" up»l* ‘h l;.,t iWs I am 

r'jrt'i Tin 

vvhich satisfy aiven conditions nf nJf ^ ^ number of the conies 

the requisite number of given points f besides pass through 

investigations, I have put De jinq. litres’ uTo • tlirVff Throughout these last 

t„:r„rn"t‘ntr!/:'rpr o?“:nn n'; 

general formulffi containing the number p admit of piobable that the 

analogous to the form ul® in which p is put =0 bu/ thk " "'“r 

not considered. ^ ^ ° ^ ^ ^ question which I have 

«t Z m«ir 0 °/ Z " '“.’’ 'V’ 7 ™ + 1 “- ‘ 1 ' ““““ i-=«F«tiv«ly 
>^lu«l. iaZid te A„rx t..T '1'- J 


Ap,mx No. 1 (.pfe.„d i„ ,he aoUca of De JowiSees' momoio of 18 (il)._ 0 » ,fe 
form of the equatmi of the curm of a series of given index. 

to b.T™d°Z.°fK*“ »f « -- of ‘"o 

an equation of the order n in ' the always included in 

certain parameters a h 0 • thi<i ' nia es, contaramg linearly and homogeneously 

the pammcto^^ 1 ' “Wo “ “ o oS f t r^’ “ “« 

but it is ooiivooioot' to m«to „S6 of ooTitaL ?7®'T' ”*'■ "• 

as to reduce as far as possible the r^I \ lelations between these coefficients so 

nomb... of the p.™torr L„ 1 :“ ‘TT*'" 

boweol the potomoL^t rti; ie Z :r\r ■'“»■■ 

coordinates of a point in o-dimenaimnl o * '’he parameters to bo the 

question must be situate on a f<u - fold Ir ^ m ^ P^-iametric point, the point in 
eh.ll pee, .hteuoh a riZ 11 ‘ ,M t 7 “»* “''vo 

(via that expivesed by the orioioal peoftmetore a linear relation 

thoroin .. bLgino I 3 ,oZT 7 .u ‘J* ““ '““‘'‘“"'“oo 

curve paaece thigh a 2 !„®Zot'Z' “• "'I'O" ‘I'o 

»« given ae the LmeSTo rf Z T“°“ f’' f"™' 

number of the eurvos is thorefol ! Ifus by an omal onefold locus; the 

S: “i t- ;> «'= -‘»“4“-re i p, 

Cuntion of the ourre. (fa tvhiolt form a LZ oT the Xltton' 
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of the order n containing linearly and homogeneously the w -I- 1 coordinates of a certain 
(fit) “1) fold locus of the order iV. It is only in a particular case, viz, that in which 
the {o) - 1) fold locus is unicursal, that the coordinates of a point of this locus can 
he expressed as rational and integral functions, of the order iV’ of a variable para- 
meter 6 ; and consequently only in this same ease that the equation of the curves 
of the series of the index N can be expressed by au equation y, - 0, 

or y, 1)^^ = 0, rational and integral of the degree If in regard to a variable 

parameter 6. 

If in the general case we regard the coordinates of the parametric point as 
irrational functions of a variable parameter 0, then rationalising in regard to 6, we 
obtain an equation rational of the order N in 6, but the order in the coordinates 
instead of being =?^, is equal to a multiple of ?z, say qn. Such an equation represents 
not a single curve but q distinct curves and it is to be observed that if we 
determine the parameter by substituting therein for the coordinates their values at a 
given point, then to each of the If values of the parameter there corresponds a system 
of q curves, only one of which passes through the given point, the other q—1 curves 
are curves nob passing through the given qDoint, and having no proper connexion with 
the curves which satisfy this condition. 


Returning to the proper representation of the series by means of an equation con- 
taining the coordinates of the parametric point, say an equation y, 1)” — 0, 

involving the two coordinates (/», y), it is to be noticed that forming the derived equation 
and eliminating the coordinates of the parametric point, we obtain an equation rational 
in the coordinates {w, y), and also rational of the degree N in the differential coefficient 

in fact since the number of curves through any given point (wq, y^) is the 


differential equation must give this number of directions of passage from the point 
{wq, j/o) to a consecutive point, that is, it must give this number of values of and 
must consequently be of the order N in this quantity. 


Conversely, if a given differential equation rational in V* degree 


dy 


If in the last-mentioned quantity admit of an algebraical general integral, the 


curves represented by this integral equation may be taken to be irreducible curves,, 
and this being so they will be curves of a certain order ?i forming a series of the 
index If; whence the general integral (assumed to be algebraical) is given by an equation^ 
of the above-mentioned form, viz. an equation rational of a certain order n in the 
coordinates, and containing linearly and homogeneously the tu + l coordinates of a 
variable parametric point situate on an (w — 1) fold locus. The integral equation 
expressed in the more usual form of an equation rational of the order If in regard to 
the parameter or constant of integration, will be in regard to the coordinates of an 
order equal to a multiple of % say ^qn^ and for any given value of the parameter 
will represent not a single curve but a system of q such curves: the firet- 
mentioned form is, it is clear, the one to be preferred. 


81—2 
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Aiiiiex No. 2 (referred to, No. 17). — On the line-pairs which pass through three given 

points and touch a given conic. 


Taking the given points to be the angles of the triangle formed by the linos 
{cc= 0, wc have to find (/, g, h) such that the conic (0, 0, 0,/, g, h\(e, y, zf = 0, 

or, what is the same thing, + — shall reduce itself to a line-pair, and Bliall 

touch a given conic (1, 1, 1, y, The condition for a line-pair is that 

one ol the fpian titles f, g, h shall vanish, viz. it is fgh == 0 ; the condition for the contact 
ol the two conics is found in the usual manner by equating to zero tlio discrimiiuxnt of 
the hnjction + + + + + + 1 ), 

siij)po.se ; the values of a, h, c, d being 


»= 

^ = - h (r + fP + ~ 2^/ - 2vfg), 

c = f ((/iv _ X)f+ (vx -ii)g + (Xfi~ v) h), 
d=^ 1 — X^—fji?—v^+ 2Xfiv, 

Hence considering (/, g, h) as the coordinates of the parametric point 
discrinnnant-locus « = 0, and the contact-locus 


wo liave 


fclio 


VV , -XiJ Itr ■ 


and at the intersection of the two loci ry = 0 /)« (dihri Q/i 2 \ a j • i ^ • 

jn. .e ...» ,=0. ..0) j'.L “'i 

fgh = 0, /“ -1- £f= -h - 2Xgh - ig,hf - %fg = 0, 

which expresses that the intei’section of the two liooa nP fK« r ■ • • 
given conic; in fact the system is satisfied 

-Hhy+^=.Q, the two lines whereof intersect on the itic n w 7 " 
noticed .bo,c thuVeml,™ An 

The second system is 

f9h=0. + + 2 

or, as the second equation may also be witton, 

P (1 - iJ?) (1 - „») + (1 _ g>) (1 _ x,2) ^ 

Which expresses that a line of the HiiP-nn,'.. r i , 

satisfied /==0, jr’(l - ,/!)q,/,a/j _ 3\ . Oa/. / in fact the system is 

X (Aji + = 0. in which the line Aw + flo - 0 touohM liT ’ ^ line-pair 

»nd fc like if ,.o, or it A-O S'' 

y Ti it has been seen occurs only once. 
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Annex No, 3 (refen-ecl to, No. 22). — On the conics which pctss through two given goints 

and touch a given conic. 

Consider the conics which piiss through two given points and touch a given conic. 
We may take Z=0 as the equation of the line through the two given points, and 
then taking the pole of this line in regard to the given conic and joining it witli the 
two given points respectively, the equations of the joining lines may be taken to be 
A = 0 and Y~0 respectively. This being so, we have for the given points (X=0, Z=0) 
and (F = 0, Z=0) respectively, and for the given conic 

6P + 2hXY+ = 0 ; 

and since the required conic is to pass through the two given points its equation will 
be of the form 

wX^+ 2xYZ-\- 2yZX+ 2zXY= 0, 

where (x, y, z, w) are variable pai'araeters which must .satisfy a single condition in order 
that the last-mentioned conic may touch the given conic. The condition is at once 
seen to be tliat obtained by making the equation 

(a -h Xw) be 

- (a -I- Xw) {h + Xzy 

- bxy 

- cXV 

-|- 2')\?xg (Ji *4" X^) — 0, 

considered as a cubic equation in X, have a pair of equal roots ; or if we write 

-fl = 3o(a6 — /fc-), 

B = {ah- h^) v) - 2ohz, 

0 — — ax^ - htf — cz"^ + 2h {xy — zw), 

D = ^z{2xy —v)z), 
then the rcquii’ed condition is 

-p 4AO» -1- 45»D - QABGD - '' 

Hence the conic 

-1- 2a: YZ 4- ^ZX -H 2zXY = 0 

satisfies the prescribed conditions, if only the parameters (a?, y, z, w) satisfy the last- 
mentioned equation, that is, if {x, y, z, w) are the coordinates of a point on the sextic 
surface represented by this equation. 

The surface has upon it a cuspidal curve the equations whereof are 

A, 5, G =0; 

B, G, D 
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this may he considered as the intersection of the quadric surface aiul Ihv 

cubic surface AD-'BC^O] and the cuspidal curve is consequently a sox tic. 

The surface has also a nodal curve made up of two conics; to prove Uiiis I write for 
shortness Z*, — A + Vaft; the values of yl, 5, 0, D then are 

A — SCA'A] y 
B -- kkiW - 

C = - ax^ — bif - cz^ 4- 2A (xy - m), 

J?- ^z{2wi/ — zio); 

iu»(l it is ill the fiist place to be shown that the surface contains the conic 


x-.y-.z: w~e>/b : B^/a 1 ; + - 

k' 

where 0 is a variable parameter. Substituting these values, we have 

-d. — 3cAAi, 

G =: 2kki6^ — ^ (3A — V ab)^ 

2c ^labV 


and hence 


AD~BG^~2k{hk,e^A-^'j, 

AG-B^ =_ 

values which satisfy identically the eauation of . r 

J quation of the surface written under tiio form 

i^Ji~BGf-4>{AG~B‘){BD~~Q^)=.0, 

going vaiuL of equation, and to substitute therein the fore 

9-4 : 95 : 9(7 : 92) _ Q , ^,3 . ; 3 , 

and then the derived equation is 


(AB - BO) ( 3/1 - 5 - k^G) 

~2{AG-B‘^){ 35-4i5!(7+Jfcs2)) 

- 2(55 -(73 ) (^2kA -WB ) = 0 ^ 
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or finally 
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■\-k\ ^B-%C+k?D) 

+ {2hA~WB\ 

- k (^L - 2,Bk + 3/c’O - m) = 0, 


24 


which is satisfied by the foregoing values of A, B, G, B] hence the conic is a nod: 
curve on the sextic ; and by merely ehanging the sign of one of the radicals v' a, ‘Jb (an 
therefore interchanging k, /c,) we obtain another conic which is also a nodal curve c 
the surface, that is, we have as nodal curves the two conics 


x : y •. z •. i + and 

K 

K y ■, z ■. v} = d‘Jb x-e-Ja : 1 : 

Af] 


It is to be remarked tliat each of the nodal conics meets the cuspidal curve in tv 

points, viz. writing for shortness \ interae 

bions of the first conic wo have 


X y X z •. 10 — a •. 


@ V(> : 1 ; and =-@ Va : - ® Vft : 1 

/c, 


2. 

k’ 


and for the intersections with the second conic 
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of the sextie surface leads to the followijig values (agreeing with tho.so obtained from 
the formula) by writing therein mi=w = 2, a = 6), viz. 

(1 : :) = 6, = 2t/t + n, 

(1, 1 .•.) = 4, = 2m" + 2mn -h •]9i= - 27«. - -J-n. — §a, 

(2.-.) =6. = a, 

(3 :) =4, = - 4j)i - Sn + 3a, 

I remark that the section by an arbitmry plane is a sextie curve having G oiunjis and 
4 nodes; it is therefore a wiicursal sextie; tliks suggests the thoorom that tho su.vLu- 
surface is also wncursal, viz. that the coordinates aro expre-ssiblo ratioimlly in toniiH of 
two parameters; I have found diat thus is in fact the case. In doing this thoi-o is 
no OSS 0 genera ity in sujiposing that a = h = c = l; and a.SHuimiig' that this is wo, 
and putting also = l + A = i-„ and therefore 2h = k + k„ we have 

A = ^ SjciCj y 
.2 — — kkiW “ (Jc + 

0 z^ + (k + k^) (py _ 

D= ^z(^a!y — zw). 

The equation of the sextie surface being, as before, 

I say that this equation is satisfied on writing therein 


® + 2/ - z^/- (1 — ^,a) sin 
!o~y- (1 + ^ a) cos 0, 


^ = 1 , 

« =(2a-|)cos»^ + (2«-lJsiu^^, 

where («, are arbitrary. I„ fa«t theae values give 

U=^-hk, cos’0-tt, 

5=-^!(2a^>, + l)co8’0-./c, (2a^) + l)8inS0, 

G — «/r.+2)cos*<^-^,«( 

cos“ (f> - Ie^Qt gjj^a 

whence, m being arbitrary, we have 

K4 5, 0, 1), 

[A eos« ^ (^,,6, + 1 ) ^ ^ ^ ^ ^ 
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viz. the equation (A, B, G, B^co, 1)^=:0, considered as a cubic equation in w, has the 
twofold root 6) = ^ a, that is, we have the above relation between (A^ _B, 6', D). Whence 
2X 1 

also writing sin^ = .__^ eos<^ = Yq^ji, the equation of the surface is satisfied by 
the values 

x + y : x-y : z : w =y^- ^ (1 — /(;,a) 2\ (1 + X=) 

■. (! + /.•«) 

: (i + ^r 

:(2a-|;)(l-X7 + (2«-ij4V, 
or tlie coordinates are expressed rationally in terms of a, X. 


Annex No. 4 (referred to, Nos, 22 and 71). — On the Gordcs which totioh a cxf^pidal cubic. 

In the cuspidal cubic, if w = 0 bo the equation of the tangent at the cusp, y — 0 
that of the line joining the cusp with the inflexion, and that of the tangent at 

the cusp, then the equation of the curve is the coordinates of a point on the 

cubic are given hy lo : y \ z=il \ 6 \ 6^, where 0 is a variable parameter ; and we have, 
at tlie cusp 0 ~ CO , at the inflexion 0 := 0. In the cubic, m == 7 i = 3, a (== 3n + /c) = 10. 

Considering now the conic 
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I Un* 


iual \v(5 iUm ohlaiii Mk^ ^ujiialiiuii ul' rnuf^H'l l^rM i m Hi< h^nn 
(ui/ -* 4ft// I' iJrO' ' 2V '*'*/ > 

wliicjl^ Ih a ont^rnld lomm ot' tla^ imlnr 0, \l (hIIowh Hhi? U i\^ 


(Ul, 1 .’.) (I, with (Ul, 1 i i'i i ;!)!! 0, 

'Plus (unidil-mn in ordnr ihat Itu' i'*mw niiiy io»hh ^ ^n^-u Sium rn, In ni 

(‘(jualpinii nf Llin Torm 

//ft, li\ 2 <v) lUl\ tty -Hfti/, !’.*/* y ' 0 , 
whicli \h a ouoluht loritH of thn tuiltn' 2; it at aih 


(Ul, I :/). 12, uy;rrr4ii).( with tUl I j 2^ t Imj ■ y» 

It is a miittnr iif .mmid ttilllinill.y In iclmw ilmf v.. ItH’..; 

(I«l, i •//) = i l.H, u>(m'iiiji{ willi tUl, 1 » ■ in j im ti , 

hut I pnMU'uil to odhdt tliis, r»«i. r.-iimikiuK tha« I •!.. nni lif. inj.i Sn 
roiiiaiiiiiiff (mau 

(l/fl, l///)-Hri, ttidt (> 4,1 ( j.,. , ;i ,,5 ;( 

Iiiv(!Hti({ali(m of thu viiluti {Ia:I. 1 • //) - i.S; 

Wo liavo llto Hoxlid ludiiM 


{tin - <M .|. :l(!’)’ . a? (.nv .( n.^ /,v » . ( j 

luul diiiiiliiiiiM) thorowil-li two ([iiailiio Inoi. 

(• nil, l)\ a(r«-:ii^, 00 ,,,/ 1 a/.. - II, 

(♦'Oo', till, i,\ aVd. tw hIhI, .ul ia/o’»*-.ii, 

»l,» i„ „ U,™r„i,i „r I, 

thu?n fcimoHj loaving a iwdual Iihmim tif itm nnlrr 21 U ^| h " ^ 

Wi! may imuflinn tim dddri|iiiin,,.H „ t, ,, ,/ . , 

fom- coimlinatdH, aiul ho mhum „,J,u ' 7;’’ *77 

ouo ill ocHruuy IJ.ilimouHioHat hihmm, \v! I.hI ihVT^ Z' “* J*''”"'"";*”**’ , 

HinfacoK; tlio Hoxtio m a dovolonalilo mirr-oHi nr r r 
linoH thd lino fi«.(), K^.o, and Lr tlm ijuiLr .ii i " T'"^ /*** 
th(* two (luadi-io HuifncdH moot in a niui'io ’ ^ d '’*‘t *'T 

{«. = (U«0, ;!cu- 2d' =»()), which an, ,«. ? ‘ I***'"! ih« tw« ,:«ir4^ 

of tlioao poiutH coiiuta throe timru i ^ shown ihmi »# !* 

«ii«to it i, to to .hom rriu rfT “<i <« ->'» 

that tvich of Urn jaoniH 
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is situate on the nodal line of the torse, and that the quartic curve touches there the 
sheet which is not touched by the tangent plane a = 0; for this being so the quartic 
curve touching one sheet and simply meeting the other sheet meets the torse lu three 
consecutive points, or the two points of intersection count each of them three times. 


The torse has the cuspidal line 

S = ae - + 3c" = 0, T = ace + 2bcd - ad" - t’e - e" = 0, 

and the nodal line 

6 (ac ~ 6"), 3 {ad - be), ae + 2id - 3o", 3 {be — ed), 6 (ce — d") 

a , b , c , d , e 

and the equations of the nodal line are satisded by the values {a = 0, 6-0, 3ce-2d" -0) 
thrcoLlinates of the points in question. To find the tangent planes at these 
points, starting from the equation ^"-2Yy" = 0 of the torse, taking (A. B, G, D, E) 
as current coordinates, and writing 

d = Ada + Bdb + Gdo + Bda + 

then the equation of the tangent plane is in the first instance given in the fo™ 
m-Wnl-O. which writing Ihemn (» = 0, i-O 3n«-2<J-0) “ 

do, th» fom O-Oi the iofmhnnd side » m 

Proceeding to the second derived equation, this is Sm + 2S{dB) -ISIdT 18(9 ) 
or substituting the values of the several terms, the equation is 

Qc'{AE- dJiD+Sa") 

+ 3c" ( eA ~ MB + 6c(7)" 

+ 18c» {e{AG- 71") + 2d {BO- AJ)) + c {AE + 2BD - 3(7")} 

- 9 j(c(?-d").4 + 2cdj5-3c"C7)" = 0; 

the terms in BO, BD, 0" vanish identically, that in .B" is (48 -36 =)12c"d»- 18o"e, 
= -6c"(3ce~2d")71", which also vanishes; hence there remain only the terms dmsib e 
by A, giving first the tangent plane il = 0, mid secondly the other tangent plane, 

^ (_ 6o"e" + 18cd*e - 9d^) 

+ J5(- 60o"de + 36cd*) 

+ 0( 108o"s-54c"d") 

+ J)(- 36c»d) 

+ i?.27o^ =0. 

Taking the equations of the quadric surfaces to be 

(\, /*, V, p. < 7 . T^a", 6". ah, 3ce-2d". ac-86d, ad-126o) = 0, 

(X', p.', v', p, a', t'H .. » >> ” 


» 


32—2 
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the equations of the tangent plane.s are 

p {iieE + 3eG- icW) + a- (eA - SdB) + t (dA — 12cB) ~ 0, 
p'( » ) + “■'( » ) + ''■'( „ ) = 0 . 

in all which equations we have 3ce-2cP = 0; and if to .satisfy this equation wo write 
c : d : e= 2 : 30 : 30‘, then the equations of the tangent pianos become 

/9» (^lj8 - 85) + 8 (SG0^ - + 2E)^0, 

p {3GB^ - 45/3 + 2E) + {<t 0 + t) {A0 - SB) = 0, 
p{ » ) + (o’'/3-t)( „ ) = 0, 

or the three tangent planes intersect in the line AB--8B = 0, 3G/3^ ~ ‘iiD/3 + 2E -0, 
which completes the proof. 


Reverting to the sextic locus, 

(ae + Ud - Scpy - 27 {ace + 2bcd ~ ad? - ¥e - 0 ")= = 0, 

considered as a locus in 4-dimenBional space depending on the five coordinates 
{a, b, c, d, e), this has upon it the twofold locus 

ae - 4id + 3c’ = 0, ace + 2bcd - cuP - 5’e — o’ = 0, 

say the cuspidal locus, of the order 6, and the twofold locus 

||6(ac-l»’), 3(£Ki!-5c), ae + 2M-3c’, 3(be-od), 6{oe~d») 


^ > d , e 

say the nodal locus, of the order 4: there is also a threefold locus, 

«, i>, e, d 1 = 0, 
bf c, d, e 

say the supercuspidal locus, of the order 4. We thence at once infer 
(1«1, 2 :) = 6, agi’eeing with (Ld, 2 

(^,1.1:) = 4, „ „ (Id, 1, 1 

(Id. 3 ;) = 4. „ „ (i^;3 


= 0 , 


:) = «-4, 

;) = 2m? + 2m}i + - 8m + 1 3 - ^a, 

:) = - 4m - 3?i — 5 + 3a ; 


but I have not investigated the application to the symbols with ./ or //. 

tangent *^then*^°hr’lhT*^^t°^ passing through the cusp, touches the cuspidal 

“ Thii t 1 »./. !. V. .)--0 of the oonio wo havo/-0. 

l?ni. tUn • 1 I 1 V ®<l“ation in 6 is thus reduced to 4&0’ + 6o^“ + 4d0 + e = 0 

so that the^^oTatlon f convenient to alter the coefficients 

Itol equota .0 » be .0 the otatkid form (a, b, djd, 1).= 0, ,k, wo 
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isiunc the equation of the conic to be (d, 36, 0, 0, ^a, iicj.*;, y, z)'=0. The equation 
’ the oontnct-loons then is 

ahP + iac^ + W - Qahod - 36*c’ = 0, 

z. tliis is a developable surface, or tor.se, of the order 4, and we at once infer 
(2«i, 1:) = 4, agreeing with (2 k 1, 1 :) = 2m H-?i — 5. 

■vvill show also that we have 


nd 


(2«:1, 1 • /) = 6 , agi’eeing with (2 k 1, 1 • /) = + 2ft — 6 , 

(2«;i, :i. II) = 5, „ (M, 1 II) = fti + 2tt - 4. 


'ho condition tliat the conic may touch an arbitrary line ax+^y+yz — O, is in fact 


(0, f(46ci-3c’), iftc, -|a6, O^a, y3, ‘y)= = 0, 


vhich, consi<]oring therein (a, 6, c, d) as coordinates, is the equation of a quadric .surface 
lassing through the conic a = 0, 46(i-3c“ = 0; the quartic toise also passes through 
hiH (sonic; hence the tjuadrio surface and the torse Intersect in this conic, which is 
if tlie order 2, and in a residual curve of the order 6; and the number of the 
ionics (2/cl, 1 • /) is eciual to the order of this residual curve, that is, it is = 6. 

If the conio touch a second arbitrary line o'as + /3'y + 7'2 = 0, then we have in like 
nanner (he (piadric surface 


(0, f(46(i-3c’), lac, -|ct6, Oja'. /3'. 7? = 0; 

;lmt is wo have the iiuartic torse and two quadric surfaces, each passing through the 
•onie (1 = 0 4.6(Z-3c» = 0, and it is to be shown that the number of intersections not 
in tliiH conio is =5. The two quadric surfaces intersect in the conic a,nd in a second 
.onic; tins second conic meets the torse in 8 points, but 2 of the,se coincide with die 
ooint (t = 0 6=0, 0=0, which is one of the intersections of the two conics (the point 
[^^0 6 = 0* 0 = 0 is in fact a point on the cuspidal edge of the torse, and, the conic 
passiiig thKiugli it, reckons for 2 intersections), and 1 of the ^ 

tho other of tlio intorsecti^s of the two conics; there remain theiefoie 8 . 1, 5 

intoj'HOctiouH, or wg have (2/cl, 1 //) — *>. 


Anno. No. 3 (rota'.«l to, 22 and 11), ft. »'■« ''7 — ‘ 

order mA » c,d,io. oM » ermiaeA (« corded) »./. « coMO. 

Let the eiuiation of the cuspidal cubic be - y» = 0 (® = 0 tangent at cusp. 
.>0 tagSit a?in«oxion, , = 0 line joining c„,p .nd Morion; o,u.t.o„ »t.,f.ed by 

ft? : 2/ : = 1 J ^ > 

And let the equation of the given conic be 

(a, 6, c, /, g, 
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then writing 

0 = («. h c, f. ff, A$i. 0, 0^y 

== + 2f0* + 2g0^ + b0‘ + 2h0 + o, 

the ec|iiiition of a conic having with the given cubic at a given point (1, 0, 0^) 
contact of the second order, and having double contact witli the given conic, is 

VF, ,v, y, z =0, 

V©. 1. 0 , 0 ^ 

(V©)' . 1, 3^^ 

(V©)" . . Qd 

viz. in the rational form this is 

36^^F- y, z 

V®, 1 , 0 , 

(V®)' . 1, 

(V®)" . . 6^ 

mhiefbV'" ^ 

n'©, 1, 0, ^ =0, 

('^0)' . 1, 

(V@)" . . 6^ 

. . (^0)"' . . 6 

VIZ, this IS 

®(V0y"_(V®)" = O; 

or developing and inultipljing by ®^, this is 

6 1®^®'" - 1 ®®'0"+ 10'3) _ ^ 

or, what is the same thing, 


©* { 0 ®"' - ®") + 00 ' (_ 1 ^ 0 . ^ ^ ^ ^ _ 
and substituting for ® its value, this is 


(c0> + 2/^ + 2srt?» +i$‘ + 2h0 + ay (4,5c0* + 12f0> - J) 

+ K + 2/». + 2f«.+ l».+ a(, + „)(3,^^ ¥»' + 8j«- + W + /,) 


{- 4,2c(9“ - 82/(9» ~ Ug0‘ - 2b0 + h) 


+ 30 (3c0» + 4/0' + +b0 + hy> = 0. 
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The coefficients of the powers 16, 15, 14, 13 of 6 all vanish, so that this is m 
faxjt an equation of the twelfth order 1)>= = 0; and putting, as usual, 

(bc-f\ ca-(f, ah-h\ (jh-af, hf-bg,fff-ok)==(A, B, G, F, G, H), 


the ec[uation is found to be 

- 4c^l + 72M\ 


+ 30c// 

0\i 

-h 


-3QgB\ 


- 

22bH) 

+ wM 

1- 

40«yli 

- 1 ^ 
ve^ 

+ 40(7^1] 

+ 

130/i/i 

lOgG 

+ 206yl 1 

1 

-h 

4>0/F , 

-60/B 

i 


:iShB 

- 90^^r 

I 

+ 

2bG 


- lOSal/l 


+ 45ai?' 

- 20/0 - e* 

+ 10/), G. 


+ 20a(?J 

- ibG\ 

- 12aii'| 


6^ 




- bhC 0 


- aC = 0, 


where the form of the coefficients may be modified by means of the identical equations 


{A, TI, G^a, h, g) — K, 

„ ) = 0 . 

{G,F,G^ „ ) = 0. 

(yl, H, G-$}i, b, f) = 0, 

(E,B,F'$^ „ ) = K, 

{G,F,G^ ) = 0, 

(A. II, G^g,f,c) = (i, 

(H,B.F^ „ ) = 0, 

(0 , F, 05 ^ ,, ) = 

There is consequently a conic answering to each value of 0 given by this equation, or 
'we have in all 12 conics. 

In the case where the given conic breaks up into a pair of lines, or say, 

■ (a, b, c, /, g, y, zf = 2 (Tuu + /i,y + vz) (A'® + }i‘y + v'z), 
then, writing for shortness 


vvG have 


{A, B, G, F, G, H) = iX\ P, YZ, ZX, XYy 
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Substituting these values, but retaining’ (a, h, c, f, g, h) as standing for their values 
a = 2XK', &c., the equation in d is found to contain the cubic factor 2X6^ - + Z, 

where it is to be observed that this factor equated to zero determines the values of 
d which correspond to the points of contact with the cuspidal cubic of the tangents 
from the point (X, F, Z), which is the intersection of the lines = and 

— 0, and omitting the cubic factor, the residual eipiation is found to bo 



-i2cr 

- m 

-2QgX 

-lOtA' 

-40/tX 

-20«A 

+ i5ar 

H- UZ 

-}■ aZ 




-12/F 

+ 

- SiiF 

-}• llhY 

H- m 



— 



+ 4c^ 



■f IgZ 





where the form of the coefficients may be modified by means of the identical equations 

aX + hY+gZ = 0, 
hX + hY+fZ^O. 
gX +/r + C.Z’ = 0. 

The equation is of the 9th oi-der, and there are consequently 9 conics. 


Annex No. C (referred to. No. ^^).~Gmiaimng, with the vernation referred to in the 
I Zeuihens fonns Jill the charactenstics of the conics which satisfy four conditions, 

(1) 

( )== n + 2m, 

( /)==2n + 4»i, 

( '//) = 'i}n + 4i», 

( • ///) = + 27n, 

(////) = 2n+ }«; 

(1, 1) 

( ) = 2m( w+ n-3)+ T, 

( :/) = 2})i( + 2ji — 5) + 2 t, 

( ■//)-2» (2m+ «-5) + 2S, 

( HI ) = 27j ( m+ »-3)+ 8; 

(1. 1, 1) 

( : ) = i[ 2m’+ + 13n“+ 84ni-42n+(6«i + 3n- 26 ) t], 

^ ^ ~^[(’"‘*'”)(~(”*-+«)*-^(m+»j) + 4f8)+4??Mi(3m+3w~13)+2(3m+3?i-20)(8+T)], 

C // ) = i [- + finwi® + 2 m® + 13 «ia „ 28 «i« _ 30n!> - 42m? + 84n + (3m + 6to - 26) 8] ; 
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( 1 , 1 . 1 , 1 ) 


( 2 . 1 ) 


( 2 , 1 , 1 ) 


( 1 . 3 ) 


: ^ { 2 (m - 3) («1 - 4;) (ft- — m - n) + (ft - 3) (ft - ^i) (m- — m - ft) 

+ 4 (m® — 11m -t- 28) t +2 (n’’ — lift + 28) S 

+ (4 (71 — 4) (fti — 4) — 1) (2S -1 - t) + 2S^ + t'’}, 

=i I (m - 3) (m - 4) (ft^ - ?R - ft) -f 2 (ft - 3) (ft - 4) (m» - fti - ft) 

4- 2 (m'' - lift)- + 28) T -1-4 (ft® - H™ + 28) S 

+ (4 (ft — 4) (m. — 4) — 1 ) (S + 2t) -f- -I- 2 t*} ; 

= 3i?i -1- 1, 

= 2 (3w + 1), 

= 2 (3m. + t)> 

= 3«i + (• , 

= 3 (2'jftft + ?i.° -1- 4m — 10ft) -1- (2fti -V ?i. — 14) k, 

= 2 (3)n -I- 0 («i -t- ft - 12) 24 (fti -1- ft), 

= 3 (fti® -I- 2ftMJ — 10?ft -1- 4?i) + (fti -I- 2)1 — 14) i ; 

= (2fti-i-ft-7){6T + (ft-3)«) 

+ {{m — ft) (m -t- ft “ 6 ) -H t) ( 37ft -t- 1 — 36) 

+ 12 (7ft - 7i) (7)1 + ft — 3), 

= ( 7)1 + 27) — 7) {os + ( 7 ?) — 3) i) 

+ {(ft - m) (7ft + 7) - 5) + S) (3«) + i. - 36) 

+ 12 (7) - m) (7ft + 7). - 3) ; 

=: ^ (8m + ))“ - 3 (87ft + i) - 9 t - 8S, 

= ^ (3rft + ))® — 3 (St)) + )) ~ 8 t — 98 ; 

= 671 — 47)) + 3)f = 67)) — 3ft + 3), 

= 10ft - 87ft + 6/c = 10))) — 8ft + 6t, 

= 6))- 3))) + 3/t= 6m-47i + 3); 

I = 2 (— 4)))® 3)7)7) -I- 3))“ + 287ft — 32ft) + 3 {2m + 7) - 18) Wj 

)= 2( 3m“+37))7) — 47ft® — 327))+28))) + 3 ( 7ft + 27i — 13) )*, 


:107)-107))+6 k= 8ni ~ 8ft+6), 
: 87)- 87)) + 6« = 107re-10ft + 6). 


0. VI. 
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. Annex No. 7 (referi’ed to, No. !)3). 

In connexion with De Jonquieres’ formula, I have been led to coiiBidur tlio following 
question. 

Given a set of equations: 
a = a (viz. b =b, c — c, &c.), 

ab = (lb /viz. ac= ac, &c., and the like in all the .subsequent cquation«\ 

+ ( ll)a. 6 \ +(ll)a.c, /’ 

abc = (the 

+ ( 12 ) (a. 6 c + 6 .«c+c.a 6 ) 

+ ( 111 ) a. 6 . 0 . 

abed = abed 

+ ( 13)(a..6efi +&c.) 

+ ( 22)(ab.cd +&c.) 

+ ( 112 ) (a. 6 .cd+&c.) 

+ (1111) a.b .o.d, 

and so on indefinitely (where the ( ■ ) is used to denote inultiplioation, and ah, abo, foe., 
and also ab, abc, &c. are so many separate and distinct symbols not ox))r()ssiblo in 
terms of a, b, o &o„ a, b, c &c.), then rve have convei’sely a set of tuinations 

a = a (viz. 6 = b, c = c &c.), 

(lb = ab /viz. ao - nc &c., and the like in all the subsoquont c(iuations\ 

+ [ ll]a.b\ +[ll]a.c, )' 

abc — abo 

+ [ 12 ]{a.bc +b.ao + e.ab) 

, +[lll)a.b.c, : 

abed = abed 

+ [ 13] (a. bed +&c.) 

+ [ 22 ] (ab , cd + &o.) 

+ [ 112 ] (a . b . cd + &o.) 

+ [ 1111 ] a.b.e.d, 
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and so on; and it is required to find the relation between the coefficients ( ) and 
[ ]; we find, for example, 


[ 11 ] = - ( 11 )- 

[ 12 ] = - ( 12 ). 


[ 111 ]= 3 { 11 )( 12 ) 

( 111 ). 

[13] = - (13). 

[22] = - (22). . 

[112]= 2 (13) (12) 

+ (22) (11) 

( 112 ), 


[1111] = -12 (13) (12) (11) 
+ 4 (13) (111) 

_ 3 ( 22 ) ( 11 ) ( 11 ) 
+ 6 ( 112 ) ( 11 ) 
(1111); , . 


a„d it is to bo notiood timt, convemly, th. cooffloionts ( ) ato giv«. “ “ “f 
cooffloioiits r ] by ‘be bkc equations tvith tl» veiy .»™o inunei'i<»l ooettcionts , m 
fcct tatho’ sot of equations, this is at once seen to be the ease as fas as 

(112); and for the next term (1111) we have 


(1111) = + 12 [13] [12] [11] 

- 4 [ 13 ] ( 3 [ 12 ] [ 11 ] -[ 111 ]) 

+ 3 [22] [11] [11] 


= ( 12-12 


+ (3-6 = 


- 6 [ 11 ] 
- [ 1111 ] 


f 2 [13] [12] 
+ [ 22 ] [ 11 ] 
- [112] 


12 =)- 12 
+ 4 
)- 3 
+ 6 


[13] [12] [11] 
[13] [111] 
[ 22 ] [ 11 ] [ 11 ] 

[ 112 ] [ 11 ] 
[ 1111 ] 


having the same coefficients -I2, + 4 , -3. +^> ^ m the foitnula foi 

ta te™ of the coeffloienls ( )l it is eMy to infea that the ptoporty hold 

generally. 

To explain the law for the expression of the coefficients of either set in t 
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the other set, I consider, for example, the case where the sum of tiie uumbora ia the 
< ), or [ ] is = 5 ; and I form a kind of tree as follows : 



the formation of which is obvious; and I derive from 
explained the expressions for the coefficients [141 [281 &c 
coefficients in ( ); viz. we have ’ ^ ^ 


it in the manner about bo bo 
in terms of the eorrospoiulinpf 


[14] = - (14), 

[23] = - (23), 

[113]= 2 (14) (18) 

+ (28) (11) 
(H3), 

[122]= (14) (22) 

+ 2 (28) (12) 
(112), 

[1112] = - 6 (14) (13) (12) 

- 3 (14) (22) (11) 
+ 3 (14) (112) 

- 6 (23) (12) (11) 
+ 3 (113)(12) 

+ I (23) (111) 

+ 3 (122) (11) 

“ I (1112), 
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[Hill] = + 6o 
— 20 
+ 15 

- 30 
+ 5 
+ 30 

- 10 

- 30 

+ 10 

- IS 
+ 10 


(14) (13) (12) (11) 
(14) (13) (111) 
(14) (22) (11) (11) 
(14) (112) (11) 
(14) (1111) 

(23) (12) (11) (11) 
(23) (111) (11) 
(113) (12) (11) 
(113) (111) 

( 122 ) ( 11 ) ( 11 ) 
( 1112 ) ( 11 ) 
( 11111 ). 


To form tho symbolic jrarfcs, we follow each branch of the tree to each point of 
its course : thus from the branch 113 wo have 


(113) belonging to [113], 

(113) (111) „ [11111], 

(113) (12) „ [1112], 

(113) (12) (11) ,. [11111]; 

viz. (113) bolong.s to [113]; (113)(111), read 11 (3 replaced by) 111, belongs to [11111]; 
(118) (12), read 11 (3 I'eploced by) 12, belongs to 1112; (113) (12) (11), read 11 (3 
replaced by) 1 (2 replaced by) 11, belongs to [11111]. 

And observe that where (ixs, for example, with the symbol 122) there are branches 
derived from two or more figuras, we pureue each such branch .separately, and also 
all or any of them simultaneously to every point in the course of such branch or 
branches ; thus for tho branch 122 we have 


(122) 

belonging to 

[122], 

.«ic) „ 

[1112], 

(122)(11)J 

(122) (11) (11) 

a 

[11111]. 

branch 28 we have 

(23) 

belonging to [23], 

(23) (111) 

1} 

[1112], 

(23) (12) 

it 

[122], 

(23) (12) (11) (same 

as infrcl) „ 

[1112]. 

(23) (11) (111) 

M 

[11111], 

(23) (11) (12) (same 

as sitjw’d) „ 

[1112], 

(23) (11) (12) (11) 


[11111]. 
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- - - [‘Idi; 

W(! thus obtain tho symbolic |inrl,s oC tlio scvcnd rxiMt'.ssimiM Ibr (|.(|. |’j:i| |lllll| 

respectively : tho sign of etioh tonn is I- or ncronliiig mi lhi< minibor nl in 

{ ) is even or odd; thus in tim cxpiosHiou Ibr [ 1 1 1 I 1 1, iho li'im ( t l) ( 1:1) < I'.!) ( 1 1 ) 
has four factors, and is thorolbro -f. tin' term (I i;!)( I2)( 1 1 ) lm« ihr.-.. f.i.-li.iM, iuid is 
therefore — . , 

The mimorica! coo(li(iionls am obtained as follows. 'I’lieiv is a tiiei.,r 

dorived from the oxpresHion in [ ] on the left liaiid side of rhi- ei|imliHii; vir, Hu 
[lllllj, which coidaitus live einud symbols, this faelor is I . 2. ;i . t, ,"i, I2li; liu |ltl2| 

which contains throe equal symbols, it is I . 2 . ;t, (I; and (|,u a m talisl 

such AS 1.11222] containing two etpnil symbols, and thivi- fi|iial ..ymli.ibi, ihe lia-tnr 
woud bo 1.2. 1.2./), ==I2, and so in other similar eases), In anv lerm mi ihe riidil 
hand mdo ol the ei, nation, wo mimt Ibr a laeter sneh as tlt),'whieh .•mdains Iwo 

equal symbols, nmitiply by i; for a factor such as (11),, whieh em.laiie. 

symbols. Jhiilliply by and so on. And in the ease where a lerm rim. ibr exam -le 
he term (I22)(ri) or (2:))(I2)( 1 1), vuh m,n:)) eeni.s iimre ihi.u mav. ihe .mm i-l ,.i 

bo taken noeomit of each lime that it eeeiir.s; or. what is the same ih.in.: si, 

cocirKUont obtanied as aliove is tho .sanai for eiieh oeeiuienee. it,,, n.ellim.m, ublain 'd 

txampo, taking in order the several terms of the expiesHim, (br ||||.>| 

factor 18 =0, and the several eeellieients are " |IIU|. ri,e ,.u„n,m, 

«. <i.i, (i.i, (I.,ix2, (i.i. i; . .J . .J 2, (i.l 

” 

120. i, I20.,\, ll().i..J.|. 

■■■■'■■'"« 

1 1 1 

i|,.. 

f r i': ' ' 'r "'v- 

the whole mcrenHod by maty in ««{); viz. Ibr ^ ptd^nMiuml fiHMhriral uioi 

t'*0], (I22|, (1112], fiitn 

the .sums of the cocflicieiits are 


-1. ~l. 


and wo have " ~ “’O, +24 I'esperiively. 

70, lo: iTsCT 5::„^x:!:r *'• 7,.„ 

partitioned in the forms U, 23, 113 122 1119 ^ 1 ? **' 

theorem is thus a theorem in the Partitiou of 
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- I ih;- 

numl)or of tho j)ro|K!]' Koliitionn, 1 iimi? Unw iciiiili i tn i|. f.'Uiiiio< iti > im Ii 

ciiHo liho oxju'OHHion of lilio Sii|i|ilfiiioiil. ; Itii' i',\iir.v« .ion m. i nn tn ...nn. . s ., , 

bo ncoouiitod for onotif'h, iiiiil Mio oi ili.. vJi..| ,i. ih,.n, v.i!l 

bo (I ooiivoiiionli bnsis lor iill,orior iiivo.H|.ij()i(.iiiii><, 

Tho Prii3oi[)lo of {'orroHiioii(liMin> for |inint.'i in n lino mo. . .Inbli |,^ I Im , t,i 

tho papor hi tho Complas MmUts, .liiiio .Inly l.stli, ivt. ii. ii i.. in n.i. p,, .r M. i„..n n 
iH oxtoiidod to miioitrwil oiirvos in n pupor of ili<. ..uni.' ... n. M„n |, iHriii. -Sm I- . 
oomboH plunoH on A, donblo oonrbiiro doni l. u pninl'i poovi nf .bh. iioin. t imlii. ol.i. !l. 
iiioiit Applioation dit IViiioipo do I ‘orii.Mp.indanf.' tlmi . lu i|.. . . , , 

not to tho otwo of a onrvo of .^ivon dolioimoy !> ....n-idoi. d in i.n pip,., Api.l 
abovo roforrod to. Tlio fundninonlid Ibonroin in i.>i;ai.l f.. m.i. ntlu) . nu. ■. ur fK.,» 
a onrvo of tho ordor m with .J (./// • I )(i« :•) .|.,nl,|.. p..,nj.. ,n„.|. . 

ooordinatOH («;, »/, s) aro proportimad In rnii..nul and ini.'t;i:.t inn. H.o,'. ..I u vnu d.f 
paraniotor 0,-m a oaao of a i„noh nior.- K'niond ih...i. ni oi lin inu,.,.'. d.t. , iI,. 

3 'oar I.Sf,7, but wan lirat oxplioitly aluiod l,y (!|ol |, pup.., .i,. .,.,,.... 

obonoii (hirvim doviiii lafimmlo Knnoli..n..n . in. -. I^u.nn. f. .,nd ' 

-ni'fl'” 'IVM.'.(..,n,u.i..n .‘.J l-l.n.. 

(..nrvoH, loudon Mulhmulwiil Swdvh/, No. (U.. o.'i. l.sii.'i, |;iHt| 

fcit. IZS''“ 
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Di), (lull. I.lin (r(n-r<‘S|ioi!(liis^ jioiiilis ims P, P' iiiul imagine liliat when P 

in givmt till' eiineHimmliiig /*' im- the iiilai'HOc-tiioiia of (.lui given curvo b)' a curve 

H (l.tir I'lpialittii of l.lio curve H will of coiirHo (iontaiti the coordinakis of P as 

pnniinrlcrM, lor ol.lici wine (he jiDsitiiiii of P' would not depcsiid upon that of P). I 
limi l.tial. if ihc tniivn H Ims wildi tlie givtm enrve /i! inteivsccitiona a(; iJio point P, 

l.lii'u in I'lic mvmIoiu Ilf peiiiEs {P, ['") l.]ie nuinher of united poiiits is 

II I ' a H- a' -I- 2hl), 

wlii'nci' ill paitii'iiliir if (lie l•.nm> M doos not iiiiss lihrough the point P, tlion the 

niiiidiiM' of iinil.i'd |iiiiiiln is ■ ; a I- a', ns in the iMise of ii nnieunsid curve, (I have in 
flic impi'i' Ilf April IHIili iihove referred to, jiroved this bheoroin in liho particular case 
will'll' the /.' iiili'iiii'i't.iiins III. the point /' take place in eonseipience of the ciii've 0 

having n /. .tuple point iit /’, hut hiivo not gone iiitn the more diflienlt investigation 
fur the I'lise where the k iiiter.seetionK arise wlioll}' or in part from a contact of the 
enrve H, nr any hrani'h or hrunelies tliereof, witli the given evirve at P.) 

!Hi. It ill In he iiliHi'i'ved (hat the general notion of a united point is as follows ; 

Inking the point /* at riinilmn on the given curve, the enrve H has nt this point /r 

inlerseeliiiiiM with the given mirve ; (.he reiuiiiniiig intoi'seetiouH are tlie corresponding 

pniiils P'; if liir a given position of P nun or nioro of the points P eonio to 

eniiii'idi' with /*. llint is, if liir (lie given iiositinu of P the curvo M 1ms at this 

point iiioie thiin /.' inleiseclions wil.h the given curve, thou tlie point in (jncHtiou is 

a mill I'll piiinl. 

It iiiighl III livnt .sight appear that if for a given position of P a mimbur 2, Ji, .. 
or i of the pninlH P’ shnnlil eoine to eoiiiehio with P, thou that tho point in (piestion 

•shniild ivekiin, for 2. ,/ (ns I, ho eiiso may he) uni tod points; but this is not 

an. 'I'liis is pei liiips nio'it easily seen in the ease o( a miieiirsul curvo j taking tlio 
einmti.m of emiespiindeni'e In he {(), lY (O', l)“'-0, then wo have a+a' united points 
eiinespi.iiding In (Ini values of 0 wliidi satisfy tins oipiiibion {0, l)“ (0, = if thus 

eipmlion has a / (nple the point ./‘ which answers to bills value X of the para- 

iiieter is reekoin'd lus J iiiiiled |iiiints. Ihit starting Iroiii tho ixpiatiou { 0 , 1) {0 1 1) “ 0, 

if on writing in lliis eipmlinn Uui resulting oipiatioii (X, lYiO', :i)‘’ = 0 has a 

inni d'-X. it liillnWH (lint l.hii e.pialioii (0, l)«(0. :i)“’ = U has a root U-X, and that 
(he iioini whii'h helongH l.n the value O^X is a iinifcotl point; if on writing m tho 

eiptnlion d-X, (he resulting .a|iui(,inn (X, l)» (d', has a y-tnplo root 0' = X, it 

(lorn m,l folio,,' llml, tliu la, nation {0, l)“(d, has a j-tuplo root d = X, nor coa- 

se.|uenl.!v (hat the imiiit answering to d«X in anywise reckons as ;} muted points. 
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give*) a point which reckons as j united points. But if 6-X gives tlio _y-fol(l rnul, 
O' =:\, this .shows that the line 6 = X has with the curve j intorsoetions at the peiiit 

0 = 0’ = X‘, ml that the line 0 = 0' hovS with the curve j intorsectioius at tins point in 
fpiestion. 

08. Eeverting to the notion of a united point as a point P whioli is siKili tlmt otio 
or more of the corresponding points P' come to coincide with P; in tins ease wlioic 

1 is at a node of the given curve, it is necessary to explain that the point P nnist 
be considered as belonging to one or the other of the two branches throng'll the nodi', 
and that the point P is not to be considered as a united point nnlcss wo hiivo r»a 
the same branch of the curve one or more of the corre.sponding points P' eoining to 
coincide with the point P. If. to fix the ideas, /ii = l, that is, if the curve « simply 
pa,ss through the point P, then if P be at a node tlie curve ® iiassos through the 
node and has therefore at this point two intersections with the given ciirvo ; lint lilu’ 
second intemection belongs to the other branch, and the node is not a united point; 
in order to make it so, it is necessary that the curve 0 .should nt tlie node tonoh 
the blanch to which the point P is considered to belong. The tiling appoar-s vor\' 
clearly in the case of a unicursal curve; we have here two values jix, £1.. X' 

h of the cmve; and in the equation of correspondence (0, ly (O', :i)«' = (). writing 
0~X, we have an equation (X, l)«(d', 1)«' = 0 satisfied by O'^X' but not by 0' =^X and 

isdmtTnTde ok/ ? tl'us not satisfied by the value 0=X. The eoncluHion 

IS tnat a node qua node is not a united 2 ^oiiitN 

9a But it is otherwise as regaids a cusp. When the point 2^ is at a oiisn th.. 

a single value 0~X of tW ^ ^ wmcureal curve, there is at the mi ho 

united point, the cusp is a iiinterl the cusp qud, (jUBp iXKjkoiiH m a 

is to be rejected from the number ^of'\ T ™P™POi’ oi' spooial senno, and il, 

mJr and instead oTSi! ^ TboI^Z 

© is a JJLm”J lines.^'^‘ ^ ^ oxampks in whioli the mnwe 

cusps. TakrS^rXondkg ^ ^ nodes ami « 

Joining them passes through^ a fixed point such that the line 

of contact of the tangents through 0 tW ’ n " Vointn 

be equal to the olassrf th 3 The ^ 
the given curve a single inteilL^r r hft " ^ f 

coiTespondmg to a given position of P ^7 - ^ P' 

wth the curve, that is, we have a' = m-l' anH • intersections of OP 

1. and in like manner Each of the 
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cusps is (specially) a united point, and counts once, whence the Supplement is —k- 
Hence, writing n foi* the class, we have nH-2(wi — l) + « = 2-Z), or writing for 27) its 
value =m“-3»i + 2-28-2K, we have = -2 S-Sac, which is right. 

101. Investigation of the number of inflexions. Taking the point F to he a 
tangential of P (that is, an intersection of the curve by the tangent at 7^), the united 
points are the inflexions ; and the number of the united points is equal to the number 
of the inflexion.s. The curve ® is the tangent at P having with the given curve two 
intersections at thi.s point; that is, /£==2; F is any one of the w-2 tangentials of 
P, that is, a'=w-2; and P is the point of contact of any one of the 11-2 tangents 
from P' to tlie curve, that is, a = w-2. Each cusp is (specially) a united point, and 
counts once, whence the Supplement is =«:. Hence, writing t for the number of 
inflexions, we have 

t — (m — 2) — (n~ 2) + /t = 477 ; 

or sub-stituting for 2P its value expressed in the form » — 2wi + 2 -H w, we luive 

i — 3» — 3iu + K, 

which is riglit. 

102. For tho purpose of the next example it is necessary to present the funda- 

mental equation under a more general form. The curve © may intersect tho given 
curve in a system of points P\ each p times, a system of points Q , each g times, 
Sac, in such manner that the points (P, J^'), the points (P , <2 )> pairs of points 

corresponding to each other uccording to distinct laws ; and wo shall then liave tho 
numbers (a, a, a’), (b, yS, i3'), &c., corresponding to those pairs respectively, viz. {P, F) are 
points having an (a, u') cori’espoudenco, and the number of united points is = a, 
(P, (2') fti’e points having a (yS, yS') con’esponclence, and the number of united points 
is =b, and so on. The theorem then is 

p (a - a - a') -b g (b - y0 - /S') + + S«PP' = 

being in fact the most general form of the theorem for the correspondence of two 
points on a curve, and that which will be used in all the investigations which follow. 

103. Investigation of the number of double tangents. Take F an intersection of 
the curve with a tangent from P to the curve (or, what is the same thing, P, 7 
cotangentials of any point of the curve) : the united points are here the points of 
contact of the several double tangents of the curve; or if t be the number of double 
tangents, then the number of united points is =2 t. The curve © is tho system of 

11 — 2 tangents from P to the curve ; each tangent hris with tho curve a single 
intersection at P, that is, k = ii-2; each tangent besides meets the curve in the point 
of contact Q' twice, and in (in. — 3) points F ; hence if (a, «, a!) refer to the points 
(P, ( 2 '). and (2t, y8, /3') to the points (7^, F), we have 

2 {a - a - o') -1- {2 t - /9 - y8'} + Supp. = 2 (« - 2) D, 

From the foregoing cxamjile the value of a— ot — <t is In the case where 

34—2 
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the point P is at a cusp, then the n-2 tangents become the tiingoii.I;H from 

the cusp, and the tangent at the cusp; hence tlie curve 0 iiuiots the given curve in 
2(«-3) + 3, =2 m- 3 points, that is, (m- 2) + («.-1) points; this dees not pmvts (aiito, 
^ 0 . 96), but the fact is, that the cusp counts in the Supplement («. — 1) times, iind tlie 
expression of the Supplement is = (» - 1) k. It is clear tliat we have ^9 = — :}), 

so that the equation is 


8P - 2« + 2t - 2 (n - 2) (vi - 3) + (u - 1) « = (u - 2) 21), 

that is 

2t = 2 (ji. - 2) (m - 3) + (« - 6) 2P + (- « + 3) « ; 
or substituting for 2P its value = «- 2m.+ 2 + K and reducing, this is 

2t = + Sm - lOn - 3/e, 

which is right. 


.... Mippose mat tne point P on a given eitrve of (,h,, „r,lvr 

1'°“'*' *? 7 curve of the order m' have an (a. «') eorr(»s|)ondnri(a! 

to And the class of the curve enveloped by the line ]\). 'I’alu' 
an ai i mry point 0, jom OQ, and let this meet the curve lu in /■"; thi n (7' P') 

;:Xtf P tJ r oorrespoudouco; in limt Z / give 

to’Jli pStion of /S™ / ^ *''»™ “‘"“F'a >««' po«ilioi» of 

s^potr;? IT fe r r i: 

of. in,;: ■ t: /'.7 

o given u„. 0 k =.»■: rzt Ti,: , ''■« ""'“i' 

r« ia 0* «»>‘l gcnmutal by tin, lino 


Aruicie ISOS. 10^5 to 111,- 


to ike Gonics which 


least urhitrary. 


ntcfifKyy ijivoii conmtwnSi 


tf 

the number of the”^Lnil^ whirls r"-*’' ^'^''^^'1). 

given curve, (3g)(2) and (3g)(l l) L mmT"’ besides touch a 

condition, and besides have J/th th^ ^7"^" satisfy bhreo 

the case may be) two contacts of thl fiir !i ^ or 

and then finally (5), (4, 1 ), . . . n j , , the conditions 

ave with the given curve a contact of ’ the fifth ’o -If *^^0 conics wliich 

-cl also ofthefii.t order..., or five of the fourth 
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lOG. Aa regards the case (4^)(1), taking P an arbitrary point of the given enrve 
??i, and for the curve B the system of the conics (4^)(T) which pass through the 
given point P and besides satisfy the four conditions, then the curve 0 has with 
the given curve (4J?)(T) intersections at P, and the points P' are the remaining 
(2w — 1) (4^?) (1) intersections: in the case of a united point (P> P), some one of the 
system of conics becomes a conic {^Z){\)\ and the number of the united points is 
consequently equal to that of the conics (4^?)(1); we have thus the equation 

((4if) (1) - 2 ^ 1) {VZ) (1)1 + Supp. {VZ) (T) - (4^) (1) . 2P. 

101. It is in tlie present case easy to (ind d prion the expression for the 
Supplement. 1”. Tlie system of conics (iZ) contains 2(4<Z >)-{4}Z I) pomt-pairs(^); each 
of these, regarded as a line, meets tlie given curve in m points, and each of these 
points is (specially) a united point (P, P'); this gives in the Supplement the term 
m{2(4^Z^)-{i^Z I)]. T. The number of the conics (4^) which can be drawn through 
a euBp of the given curve is = {iZ •) ; and the cusp is in respect of each of these 
conics a united point; we have thus the term a:( 4^-X the Supplement is thus 
= m [2 {4iZ *) — (4^ /)} 4- k {iZ »). We have moreover (4^) (1) - (42^ *), 2D = n - 2ni + 2 4 /c ; 
and substituting tdiese values, we find 


(4^)(1)- (4m --2) (4^0 

- vi[2iiZ^)^{4.ZI)]^K{4^Z^) 
•f (7fc — 2 m -f 2 + /c) (IZ *) 


= ?i,(4^-) + w(4^/), 


which is right. 

108 It is clear that if, instead of finding as above the expression of the 
Supplomenb, the value of (42)(1), ^n{iZ ■)+m(4,Z j), had been taken as known, then 
the Gciuation would liave led to 

Supp- (i) = •) " ‘ 


and this, .vs in fivot .vlveady remarked, is the course of treatment employed in the 
remaining cases. It is to be observed also that the equation may for slioitness be 

written in the form ^ 


l_ .Qnrk-rk /TV = m2D; 


viz. the (iZ) is to be understood as accompanying and forming part of e. 
and the like in other cases. 


109. Wc have the series of equations 

(iZ) {(1)-(I)(2ot-1)-(1)(2w-1)} \a)W 

q- Supp. (1) 

. • „ mir is reKftrdod aa equivalent to and standing for that of a ooim 

1 Tho expression a pomt-paii ib legJi-iuuw »p i 

BOG First Memoiv, No. 30. 
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(tiZ) {(2)-(2)(2w-2)-(l, 1)) 
4 >Siipj). (2) 


(3Z) 2((2)-(l, l)-(2)(2;«-2)} 

+ (2(1, l)(2w-3)-(T, I)(2w-3)} 

+ Siipp. (T, 1) 

i2Z) ((3)-(3)(2w-3)-(I, 2); 

+ Supp. (3) 

(2Z) 2{{3)-.(2. l)-(2, 1)) 

+ {(2, l)-(2, l)(2»t-4)-(T, 1, 1)2) 

+ Stipp- (2, 1) 


(■2Z) 3 {(3) - (I, 2) - (3) (27/t - 3)) 

+ {(1, 2)~(T. 2)(2w- 4)-(T, 2)(2m-4)) 

+ Supp, (1, 2) 

(2-?) 2 {(2, 1) - (T, 1, 1) 2 - (2, 1) (2m - 4)j 

+ (3 (1. 1. 1) - (I, 1, 1) (2m ~ 5) - (I, 1 , 1 ) (2m _ 5 )) 
+ Supp. (1, 1, 1 ) 

(Z) ((4)-{4)(2}w-4)-(T, 3)} 

+ Supp. (4) 


(Z) 2((4)-(3, l)-(2, 2)} 

+ ((3, l)-(3, l)(2m-5)-(T, 1, 2)} 
+ Supp. (3. 1) 

(Z) 3{(4)-(2, 2)-(3, 1)) . 

+ (2(2, 2) -(2, 2)(2to- 5)-(I, 1, 2)f 
+ Supp. (2. 2) 


(Z) 2{(3, l)-(2, 1, i)2_(2. 

+ {(2. 1. l)-(2, 1. l)(2m-6)-(I, 1, 
+ Supp. (2, 1 , 1 ) 


1, 1)3} 


(^) 


+ 

+ 


4((4)-(T, 

{(1. 3)-(l, 3)(27?t-o)-(T, 3) (2m 
Supp. (I, 3) 


- 6 )} 


= 2 ( 2 ) 2 ./;; 

= (1. 1)2/); 
= 3 (3) 2/); 

= 2(2, 1)2./); 

= d 2)2JD; 

= (1. I. 1)27); 
= 4 (4) 2.1 ) ; 

= 3(3, l)2i); 

= 2(1 2 ) 21 ); 

= 2(2, 1, 1)2D; 

= (T, 8)2i;; 
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(Z) 3 {(3, 1) - (i, 1. 2) - (3, 1) (2m - 6)} 

+ 2 {2 (2, 2) - (I, 1, 2) - (2, 2) (2m - 5)} 

+ {2(1, 1, 2)-(l, 1, 2)(2m-6)-(l. 1, 2)(2m-6)) 

+ Supp. (I, 1, 2) 

(Z) 2 {(2, 1. 1) - (1, 1, 1. 1) 3 - (2, 1, 1) (2m - 6)) 

+ (4 (1, 1, 1, 1) - (i, 1. 1, 1) (2«i - 7) - (1. 1, 1, 1) (2m 
+ Snpp. (T, 1, 1, 1) 


= (1. 1, 2)27); 

V} 

= (I, 1. 1, 


110. I content myself with giving the oxpi-essions of only the following supplomonts, 
Snpp. (iZ) (1) = m [2 (•) - (/)] + «(•)• 

Snpp. (3Z) (2) = in. [2 (:)-(•/)] + (• /)• 

Snpp. (3^) (1,1)= ( 2wn ~ 3ji* - « + na) ( ; ) 

+ (2m® — 4m)i “ 2m + 2« + (m — 4) ( • / ) 

+ m )(//)• 


Supp. (2Z) (3) = - im [2 (.-.) - (: /)] 

+ in [2 (.*,) -(:/) + 2 (2 (;/)-(• //))] 

+ 0 /)- 

Supp* ( Z) (?) = ^ ^ ^ 

where a, b are the representatives of the condition Z. 


It may be added that we have in general 

Snpp. (Z)(4!X) =ctSupp. (4X •) + Supp. (4X/), 
where (4Z) stands for any one of the .symbols (5), (3, 1) ....(I. 1. 1. !)• 


(SZ) regarding each point-pair os a ime, are a -o . 

cLss of this curve i eqLl to the number of the >es winch pass through an 

iJy pciut ftat i.. A -gM '-ouU .pp«». iSS «« "rX'’ LC C ''' 

the system {3Z ^), or to 2(3Z-)~(3Z ■ j): it is. however, neeessaiy to 

numbL of distinct lines, and therefore the class of the curve, is f f ” 

= 4 [2 (3^0 -(32-/)]; which being so. the number of the 

as^lines touch the given curve (of the order m and class ») is _4»[2(3X.) ( /)]. 

Sie pi f contac? of any one of these lines with the given curve is (specially) a 
unld point, and we have thus the term [2(3^:) - (3^ . /)] of the Supplement. 
2“ The^ number of the conics (3Z) which touch the given curve at a given cusp 

thereof, or. say. the conics (3^)(2«-l). is =4(3X.A -id the cusp is in 

of these conics a united point; we have thus the remaining term 4«(3^-/) of the 

Supplement, 
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contact with a gimn Gnrve. 


^ 112. We have twelve eqxmbions, 
■igiiial foi'His; viz, these are— 


which I first present 


First equation: 

{(5) - (5) (2m- 5) -(T, 4)} 

+ Supp. (5) 

Second equation : 

2 ((5) -(4, l)-(2, 3)1 

+ {(4, l)-(5, l)(2m-G)-(I, 1, 3)} 

+ Snpp, (4, 1) 

Tliird equation : 

3 {(5) -2 (3, 2) -2 (3, 2)} 

+ {(3, 2) -(3, 2) (2m - 6) - 2 (T, 2, 2)} 

+ Snpp. (3, 2) 

Fourth equation: 

2j(4. l)-2(3, 1, l)-(2, 2, 1)1 
+ {(3, 1, 1) - (3, 1, 1) (2»i. - 7) - (I, 1, 1, 2)1 
+ Supi^. (3. 1, 1) 

Fifth equation : 

4 ((5) - (2. 3) - (i, 1)1 
+ {(3, 2) - (2, 3) (2m _ 6) - (I, 1, 3)} 

+ Snpp, (2, 3) 

Sixtli equation : 

3{(4, l)-2(2, 2, l)-2, (3, 1, 1)1 

+ 2 ((3, 2)- (2, 2, l)-(2, 2, 1)) 

+ (2(2, 2^1) -(2, 2, 1) (2m -7)- 2(1, 1, 1, 2)1 

+ Snpp. (2, 2, 1) 

Seventh equation : ■ 

2 1(3, 1, 1) _ 3 (2, 1, 1, 1) _ 3 (2, 1, 1, 1)1 
+ ((2, 1, 1, l) -(2, 1, 1, 1) (2m - 8) -4 (I, 1, l, i, i)j 
+ Snpp. (2, 1, 1, 1) 


[407 

satisfy five conditions of 
in whnt I call tlioiv 


= 5 (5) 2D. 


= 4(4, 1)27.1 


= 8(3, 2) 2D. 


= 3(3, 1, 1)2.Z>. 


= 2(2, 3)27). 


= 2(2, 2, 1)27). 


= 2 (2, 1, 1, 1) 27). 
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Eighth equation: 

5{(5)-(T, 4)-(5)(2w-5)1 
+ ((4, 1) - (T, 4) (2«i - 5) - (T, 4) (2hi - 6)} 

+ Supp, (I, 4) = (li 4) 2D. 

Ninth equation: 

4 {(4, 1, 3) -(4. l)(2m-6)] 

+ 2 {(3. 2) - (I. 1, 3) - (2, 3) (2m - 6)} 

+ (2 (.3, 1. 1, 3)(2m-7)-(T, 1, 3) (2m -7)} 

+ Supp. (T, 1, 3) = (1| 3) 2D. 

Tenth equation : 

3 ((3, 2) -2 (I, 2, 2) -(3. 2) (2m -6)} 

+ {(2. 2, 1) - (T. 2. 2) (2m - 7) - (T, 2, 2) - 7)} 

+ Supp. (I, 2, 2) =(1, % 2) 2D. 

Eleventh equation; 

3 ((3. 1, 1)-(T, 1, 1, 2) -(3, 1, l)(2m-7)} 

+ 2 {2 (2, 2, 1)-2(T, 1. 1, 2)~(2, 2. l)(2m-7)} 

+ {3 (2. 1. 1, 1) - (I, 1. 1, 2) (2m - 8) - (I, 1, 1, 2) (2m - 8)} 

+ Supp. (I, I, 1, 2) = (i, 1, 1, 2) 2D. 

Twelfth equation : 

2 {(2, 1, 1, l)-4(i, 1, 1, 1, l)-(2, 1, 1, l)(2m-8)} 

+ {o(l, 1, 1, 1, 1)-(I, 1, 1. 1. l)(2m-9)-(T. 1, 1. 1, l)(2m-9)} 

+ Supp. (I, 1, 1, 1, 1) = (I, 1, 1, 1, 1) 2D. 


113, I alter the forms of those equations by substituting for 2D its valuo 
= ?i — 2m + 2 + /c, and by writing for the expressions with (1) their values, 

(I, 4) = (.4) -6 (6), &c., 

and except in the terms {Supp. (6) — « (6)}, &c., by writing for k its value —3}!. + a. 
The resulting equations, if the Supplements were known, would serve to determine 
the values of (6), (4, 1), &c. ; but I assume instead that the last-mentioned expressions 
are known (First Memoir, No. 60), and use the equations to determine the Supple- 
ments, or, what comes to the same thing, the values of the terms in | ) which 
contain these Supplements. We have thus the tAvelvo reduced equations, with resulting 
values of the supplements, 
c. VI. 


35 
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114, First equation : 


-0 = 


— lowi — + da 

— 3m ^ a 

8m 4- *In^4a 

-h 10m 4- Hn — Ga, 


(5) 

+ (Supp- (5)-«(5)i 

+ (5){8?« + 7)1 — ^a) 

-(.4) 

(that is, we have 

Supp. (5) - « (5) = - 3»n. + a, 

and so in the subsequent cases, the equation gives the value of the term in { 
which contains the Supplement). 

llo. Second equation: 


= 0 = 


2(5) 

+ ( 4 . 1 ) 

+ (Supp. (4, 1)-a:(4, 1)) 
+ (?. l){6nH-o)i~3a) 
-(•1, 3) 


): 


- 30))).- 30)1. 4- a ( 1,8) 

- 8»i“ - 20m - 8?i» + 104w + 1 04ft d- « { Got H- Oft - GG) 
3mft + 18jft+ 9n+a( 3m - 0) 

+ 6))i*+ limn + 0910- 36m- 30ft -I- a (- 3m - 3ft -|- .18) 

+ 8m» + 129ftft + Sj!" - oGm - o3)i + « (~ G9W - 3ft -i- 39). 

I stop for a moment to notice a very convenient verification of the tonn in f 
putting therein a=3B, the term is ' 

- 6 m’ - 3mft + 18m + 9n + _ 27n) ; 

and if in this we write 9)1 = 91 = 1 9912 = _ «a _ o 1 , 

9)i’ = 9)i’)i-m»2-«3_a 3 -2, and when any higher torins outer 

ri8-2r!n~- ’T fT’*'* ‘h” ™i>>0 i» -la-o+iK + n 

term is of the proper form 9)8 + o« + 9 -r + « Tho’nf 

question is material in the seouel hut T a complete reduction to the form in 
of the numerical verificatL. ^ ^ ^ ^''0 

116. Third equation: 

1 

=0= 

- 45m- 4.5ft + «( 

+ 1209ft 4 120ft 4 « (- 49ft - 4?i - 78) + 3«» 

+ 159ft +«( 

- 36m- 279i4a( 4)ft 4 3ft + 18) - 2a’ 

V -fl + +40)- «’ 

Venfication is 16 4 3 (1 . 2 - 7) = 0. ' 


3(5) 

+ (3. 2) 

4 (Supp. (3, 2 )-k(3, 2)} 
+ (3, 2) (4991 4 3)1 - 2a) 
'- 202 , 2 ) 
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I IV. i»ii : 


0 


2(1, 1) 




... lO/u'J— 

1 ()»■•' 

(U 

(it. 1, 1) 


- 1 


'[■ 1 Hi/nn -h 

1 


j.SU|t|l. (II, 1. 1) A (II, 1. 1)' 

• • 4;j(' 

1' 

1- *2 mu'* 

'I* 

7 '/('■' 

(.1) 

(il, 1. 1 Klid 1 il/i iVi) ' 

*.!«/' • 

1' 


- '‘/mH - 

iy'/i'-' 

(0 

( a. i. II 




lUwni- 

I2«'‘ 

(/)) 



ni 

! aosiK 1 

aosii 1 «( 



•I' 

l'2m. .l- I2i/.'- 

iita) 





i.‘t 


lit 1// 1 « ( 

iOr/^ 1 

' (i/MM ' 

■ •■■ 

- ■ 'y'f/ -1 

2ii:i)- 





{ ti 

Tidj/i 

aiiit I « ( 

i'"' 



.i/i ■! 

nil) 





ill 

r IOHhi ) 

H 1 i) (■ C( ( 


‘ l /nM 

((■'■I 

7w I- \] It - 

r,.|.). 

- Da' 




(-) 

1 KiHiil 1 

1 tiSfi 1 « ( 


2 /MM ^ 

■i/i^ 4 

a.‘w» 'I- ^.fii - 

in,s)- 

. ;]a'^ 




il ( 4 i 

4 ( ai l' 1 ( 

V' V 

7)2- 

. .'.() ... 

an '1 n (4 . 'I' - 


4 ) 2 -I- 

nn) M 

lO, 

1 \H. 

Kinit 














ti ... 









‘M7<I 



! 



(in»/* 

... m)H.|'«( 



IKt) 


(it. ai 



I 


1 

laiiHi 

1 laOa (• « (~ 

• ‘hn. 

... iUi 

' 7H) -1 

|. Ila" 


la. ID 




m’^ il- 

.S«i 

« 4' a ( 



• It) 


t'2. II 1 1 

a*ii s f‘ 


■ ■■ . •■'• 


... .^.^.1 

lam 

... (t)i -I' a ( 

\()m. 

4* In 1 

. (1). 

-• Iltf 

t- 1. ID 



■i Hm- 1 

12 Min 1 

h Mm" - 

riCmi 

. .'(IIm 'I' «(■“ 

- (l/« 

’1 

. nil), 



^ ^ ’ 

.. 1 4 !( (... : 

1)1 0* 









I tl). Smlli 


0 Bsa 


:it i. II 
I 2 til. 

» atii. t II 


s 2’1-w*’* aw U 12/u -I" III 2/1 
! + 2-K)//t ■)' 2 -K)h 

I 4- •OSia’’ 4- iOSiJia ‘h 4H))’' IllUiwt *-* lHUl/t 


fi. a. 1 1)1 ; -nai/.’-!- (!«•«-“ «»’- 

. tl 1 i 0 «» 4- 1 ()«»«. I- 54 « 

U48,«’'- 72 .«u~‘ 2W4-3!)0 »i. 4*:13I3« 


0 ) 

(i) 

(H) 

(0 

m 

(«) 
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( 1 ) 

( 2 ) 

(3) 

(i) 

(fi) 


SECOJ^D MEMOIH ON THE 

+ 18m 4 - IS/i — 198) 

8 m ~ S?i,“~156) + 0£2^ ^ 0) 

— 16m - 16>i + 664) + ^ ^ .,i _ 24 ) 

Mn - 8m 2/1+ 30) 

+ «( 2»- + 3.«« + »>-36,„-21„- 5.l) + a.(-,„_,+ i5, 
+ «(- 2}n*‘-4»m- Ji= + 60/tt + 29/1 -276) + «=( + 3) 

Verification is (12 + 6 - 6) 2 - 60 - 6 + 3 (4-(8 + 2)2 + 3o) = 0. 

120. Seventh equation: 


(1) 

+« ( 

(2) 

+«( 

(3) 

+ a( 

(4) 

+ «( 

(3) 

+ «( 

(0) 

+ «(- 

Verification 

is (12 + C 


= 0 = 


2(3. 1, 1) 

+ ( 2 , 1 . 1 . 1 ) 

+ {Supp. (2, 1, 1, !)-« (2, 1, 1, 1)} 

+ (2, 1, 1, 1) (2»i -f — a) 

-01, 1, 1, 1) 


i + SmV + 


( 1 ) 

(S) 

(3) 

ii) 

(5> 


3m>-20m>„-20™>-3..* + 109»,. + 832»» + l09,..- 8eS.»-868» 

e»i" + + 30 mn> + 6 «.> - 17 im’ - 318 »»i - ir«+ 1320m 

- J.»%- 20,„.- 5m.+ 8o,»+ 2G» 

+ 2.»- + I2«.»+ 8»»-+ m. + i}l»,-+ 8*,w + iS.„.- 382»-*03 


'n 


[407 


( 1 ) 

( 2 ) 

(3) 

(1) 

m 

(1) 

( 2 ) 
(3) 
0) 
(fi) 


3»'- 69„_ 8g,+582)^„,(. _ 

m“— ^ttn+ |^ji2+ 19m + A,j_ 24 j 

3/i=- 86m- 55«+ 357) + a»( _ §). 

Verification is 

a+X)3^<-J-8.„4.(-30-8.«2l.8O.3«.3((-,_„»)*.(13.5)3-84).O, 
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121, Eighth equation : 


= 0 = 


5(5) 

-h (-I, 1) 

+ rSupp. (T, 4) - « (I, 4) I 
l-(m-t) (2(. 4)-(/4))J 

+ (-a + J)(-4) 

4- (-w-l-f)(/4) 

+ 5n(B) 


” 76??i— 75/1 + a ( 45) 

— 8»i'‘ — 20/tt« — 8/1^ + 104)/i + 104/1 + a (6?/i + Gn — 66) 

+ Ini — 4}/. + a ( 1) 

lOmji + 8/1* - + a ( — 6/i + 10) 

8?/i“ + 10/H» — + a (- 6«i + 10) 

+ 5?i. 


Verification is 1 — 4 + 3 . 1 = 0. 


122. Ninth equation : 


= 0 = 


4(4, 1) 

+ 2(3, 2) 

+ 2(8, 1. 1) 


- 32m^ - 80mii — 32n“ ( 

( 

- 3m’ - 20m’n - 20mn’ - 3ji’ + 109m’ + 232/?mi + lOOii’ ( 


+ jSupp. (1, 1, S)-K (1, 1, 3) 1 
l-(m-2)(2(.l, 3) -(/I, 3))J 
+ (~n + 2)(.l, 3) 

+ (- m + 2) (/ 1, 3) 

+ ji(4(4, l) + 2(2, 3)) 


- 12w?i4- ^ 

16w® — 807 ?wi — ' 

+ 3771 ® + -f Smn^ - SDm'" - SOwm- IGn^ ' 

— 4imn — W ' 


(i) 


+ 4107)1 + 41071 + a ( 


+ 24)71 + 24)^ — 264) 
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123, Tenth equation: 


[407 


3 f.3, 2) 

+ 36()m + SCOjt 

<1) 

+ (2, 2. 1) 

24m'’ + 54inm + 24n- — 468?/i — 4(J8«. 

(2) 

+ (1 2, 2)-/f(T, 2, 2) 1 



t-(m-2)(2(.2. 2)-{/2, 2))J 

4- 6m -(- 33)1 

(«) 

+ (- n4 2)(.2, 2) 

“ 27mtt - 24)1^ 4- 64))i,-|- 48)j 

(i) 

+ (- »« + 2)(/2, 2) 

-24m’-27wi« 4- 48))i4- 54» 

C^> 

+ 3n(3, 2) 

- 27)t 


(0> 

0) +a(- 12}tt-l2ji_234) + a2( + 9^ 


(2) + a (— 8?n — 

8n + 327) 4- 4- ^71 - 12) 


(3) +a( 

3«- 13)4.«3( ^ 2^ 


+«( +20»- 40) + «=( 1) . 


+«( 20»i 

- 40)4-«'’(^i H- I) 



(«> +«( + 3„ ) 

Verification is + 33 + 3 (- 3 . 2 - 13) + 9 . 2 = 0. 


124. Eleventh equation : 

3(3, 1, 1) 

+ 4(2. 2, 1) 

+ 3(2, 1, 1, 1) 

+ fSW (I, I, I, 2)-., I, 

(•»-}) (2 (1, I, 2) -(/I, 2)) 

+ (-M + J)(.l, 1, 2) 

+ (-«^ + f)(/], 1, 2) 

+ «(3(3, 1. l) + 2(2, 2..1)) 


0 = 


1 30?ft*tt — SOwMi'’ — |.)t« 

0> 


(2) 

+ 18wH 90)»»% + aowm” + 18,^0 

(3) 

fwt"- tm%- Ghm)"- 3no 

(ty 

— 24))i'’)i — 36m?i'' — 1271’ 

(ft) 

- 12«i»-. 36m*)) - 24m)i* 

<0> 

+ f 4- fimw* 4- 

(7)' 
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(1) + + 34,8«I?1 + - 1302m - 1302ft + « ( <0 

(2) 4 - 96m“+ 216?>m+ OOft** — 1872m — 1872ft + a ( (2) 

(a) — .522»i.2 — 1044??ift- 522ft^ + 3960m + 3960ft + a( ^m’ + 3m*ft + Sm/i® + (s) 

(1) + #7ftft+ ISft”— 2?ft— 191?2 + a( 0) 

<ii) H- 56m‘‘4- 252mft + 196ft“— 392?ft— 392ft + a( — 9ft*ft — 2?)ift’ — ^ft’ (0 

<01 +196m®+ 252mft+ oOft®— 392??i— 392ft + a (— — 2m’n — mw’ (») 

(7) - J^mft- -'#ft« + 189ft + «( <7) 

(1) |?ft“ -I- ISftwi + ^n-— s^?ft— ^ft+ 873) + aH ~ 


(2) _ 32m- 32tt + 1308)4-aH 2?ft+2ft-48) 

(3) _ — 78m)i — + 368m + 368?i — 2880) + a’ (— §7ft — f 7i + 84) 

(■t) — jfVin - 2ft7 + ^wi + ^ft + 55) + a’ ( m + « - ^1) 

(0) + + Sj'^mft + ^^'ft“ — i-l^m — 322) + a’ ( “ i) 

(B) 4- .y.'ftis + ii^-7ftft + + 322) + a’ ( + |ft — §) 

(7) 2mw + 2ft“ )• 

V ei'iftofttion is 4 (— f | — 6 - 3) 4- 2 (-^^4 _ ^ + 18) - 2 — 191 

4- 8 ((- i| - 2) 4 4- 4- ^a) 2 4- 66) 4- 9 {(1 4- 1) 4 - ^ . 2) = 0. 
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SW!ONI> MKMOTH ON T1IH 


(1) 




•I 

I- ■|2//r'-|' 

(>0m% I 

(i()//ni ’ ! 

I I :br‘ 

iu 

m 

1 

1 


I 

I 

o 

I 


- 'Ijl/Ht' -- 

»/'''» • 




(:i) 




4"' 'I 




I ll;i' 

(n 

('0 

+ ij«l^ + 


-I- , 


• K-i- 


iiui' I 

H,V»' 

(i) 

0) 



•I* -h 'l‘ 

l!a'-| 

• v^vi}' -I- 



ro 

('J) 



•I- 2m/r'‘|- 

,V»' 

... 

iiiirii ‘ ’ 

Tifi' 



— ()!)(!;««— -I' -(M'Oj/i -h 2(I'K)« -I- a ( " I I ’ 

-I- -I- •''fiji'ji'’ — ;il.5i)///. -• •!• a ( - ■ './* iirii • • *./' iim* ( -i 


(•{) 

- -y-ja" 

Vbun 


- If 

a •!• a ( 

,lar'- 


1 

fiff/' 1 ,i 71^ 

in 

(n 


- ^'^mn 


-I- “li’lw l- '‘IJ" 

a I- « ( 



1' 

11777 77^ >1' * 

Hi 

(nj 


- «!{*'«,« 

- i'f a” 

-1- '^!i"va4- ''ll' 

a 1 a ( 

I'a,'' ■ 

i 


!{nffr 

in 

m 


-1- y 7//» * 

1- V"''’ 

- iriOa-(-«( 





i*n 

(t) 

- lf)m“- 

• r,2«wi - 

1 on’** \' 


t!l‘i()). 

1 a'M- 

' Ibn -- 

:bt 

■1 fill) 


m 


■ 


24:i») 

1 «»( 

■Via -I' 


■ y;’i) 


Hi) 

- ijm'''- 

vm ‘1* 

il'*” “ 


3 |. ) . 


«"* 

il" 

1 13, 


I'i) 


- - 


'ji'bn •!■ 'f.f n- 

23.8) -I 

!■ 0'^ ( 



1 3) 


(ft) 



4n“H- 

23H) -1 


fa 


1 3) 


:<)) 


**!)/)« - 

3 a,'' 

•!• 2!bi 

). 







Voviliottlion 

in 









(- 



(4.|. Y.|. 


/»I4 

- "f ) 

a . |. ( . , , 

iji 

If) 



-I- 3 ((j^ -1- 1 

'I* 1 "!• A) 8 -h (~ i] - 



■ 34) .|, 

II ((..i| 

■ 1)4 b 13.2), 

- U. 


,1.26. .[b will 1)0 „bsoi'ni(l Uml; i„ bh.; cnKhH, ,u,.l (i.llnuiuK vi., t!.,..,. 

.vlioraii tho Gxpiwaimi of tlui Suiiplf-uumb (tonttviiiH I, In- Hymlml (1). I liiivi- iii.*lij.|Hl 
iloiig with Iho wiUiiu blui ( bh,, i„r,iis !!) [2 (• 4 )~- ( / 4)1 .Vr vii* 

ihoHO are iuli,, nuiulnH- oC poiiib-iKiiM (4). to,.: 1,1, in in f..,- n„lvi 

t Hiinplifios till, oalculabiw), bath fram tlu, Hyiiintati-ical riH-iii imib,,' whinl, ih,. tviaairiitiu 
.enns proHciit bbuniHalvaH in Hu, m,vi,val ,u|ua(,i«„H, u,„l 1 „,.,u,h„ tl,,, ax,,n«.i..nH ..r tl,a 
,011118 in ,ino.sUon, (t hosii toriuH baiiig mnltipltiM „|' a ,„u„b(,i> of |Hu'n6.iN,irM) niv 

)y /outhoiiH thcoiy known lu ten,H of bho (JapilnlH. If, la bo nalJl H«,i f;.r „„v 
:<lMAUon. to hncl the ayHto.n lo which (ho OapiUlH holong, wo ilin.iuiah by Muily lln, 

ios,r’?rrT /'“ii t™'/';" ‘ i>"- f>» n® »v,„,u, „i„.^ 

0 > upp. (2, 1, I, 1), the Crtpitalfl belong to the flyatem (1, 1, 1, l). 
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40r] 

127, Referring to Nos. 4.<1 to 47 of the First Memoir, for convenience I collect the 
capitals which belong to a single curve, giving the values in terms of a as follows. 


(1) 

( 2 ) 


(4) 


( 3 ) 


(I, 1. 1. 1) 

A =4-S(8~l) 

11 ~ 8 (?i - 4) (hi - 4) - ^nhi 

G =T.h{m- 4) (hi - 5) = 

I) = t , 4 (m — ‘))(‘)/i — 4) = 


- J-Hl* + 

2ni»n 

- 

- 2vin 4* Sii* 

■ + im - 

2n 




+ 

6>i + f^) + 

9/yl. 
lg“ t 

— 2)h* — 

■ 

f 4m«.^ +10w^' 

- 14??m - 16a^ 

— 8ni + ' 

64a 



+ a ( 

6??i + 

6)).- 24); 


JhiW + 2hi'’ - 

•Jhi% 

— + 5n^ 

1 

o 

oa 



+ a(-fHa-' 

+ ^7)1 

~io); 




+ ^7(1" 


- 18hi 




+ «( 

- |7H 

+ 6). 



( 3 ) 

(2, 1. 1) 

E =S(7^-4) 


— 27rt'* — 

+ a( 

+ 27?i — 16a 

*-fn+ 6); 

( 3 ) 

F =28(7Ji-3) 

771^ 

— 4771.’ + 

+ a( 

"h 37a — 24a 

— Sw^ + 9) } 

(«) 

Q = 2t (m - 4) 


77171 ’ + Sm? — 
+ Cl ( 

m7i — 471^ — 32771 + 4?j 

3771 + 12) ; 

( 2 ) 

i) [= t . i {m - 3) (m - 4) ; 




0 ) 

H = 8/f 

- §m^7i 

+ 

+ Ot ( ^Tll’ 

§97171 — 1277^ 

“ + -^^-71 ) *“ 1 

( 2 ) 

11 

I 

II 


-3m7i’ + 9«i7i + 127i’ —36/1 

^ {( ( ■" 3771 ” 4?i + 12) ; 

(5) 

\j 


— 3m’ 

H- 9w2i + a (771 - 3). 


( 2 . 2 ) 


( 0 ) 

K —r 

( 3 ) 

L =*( 71 - 8 ) 

( 1 ) 

11 

1 

( 2 ) 

N=t 

( 1 ) 

0 =* 


0. VI. 


+ 4jji — + a ( ~ §) > 

_ Sn*" + 9»i + a ( «• - 3) ; 

— 3j» +«( 

— 3h *4 cf ( 4)' 


36 
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( 2 ) 

( 2 ) 

(5) 

(4) 


SECOND MEMOIR ON THE 


= m“ 


<4) 

< 2 ) 


(3, 1) 

P =2S 

Q — 2t — 

J [= i {m — 3) ; 

-R=«{w- 3) = _g„j„ 

(4) 

suprib]', 

0 \~K. iitpj'fl]. 


- «i + 8ji + a ( _ 3) ; 

+ }» + «( -3); 

+ dn + a (m — S). 


Capital!' ti the following calculations, serving to express in terms of Zeuthon's 

Capitals, the terms m { } contained in the twelve equations respectively. 

i7 = — 3wi. + « 


— Sm + a (first equation). 


2 J = - 6m= 
+ ij = — 3?rt}i 


+ 18m 
4- 9 « 


+ a (2fli — C) 

+ a ( vn - 3) 


-6m^-3mn + 18»i + 9n + a(3»i-9) (second equation). 


QIC = 3w’ + 24 jr — 3» 4 - a ( — 9 ) 

4- i = - Sw= + Qu q. a (n _ 3 ) 

4-3i7= - 9 ,h q.,*( 3 ) 

+ 20= -6H4-a( 2) 




F = 

4- P= 

4-20 = 

Z) = — |j)i' 

4-3J" = 

4- P = 


15m 


4a(»-7) (third equation). 


— 3«i 

— 6m 


- 2 m^- im}i + 4 «»+ 2m-16n4-a( 

- 4m=>4- Smn + 3m-24n4-«( 

2mw®4-lGm*- 2mw- 8M«-64m4- 8n + a( 

-18m 4-a(i??i“- 

- 9 ™“ +27m +«( 3 ,„ 

-3«»4- 9ft + a( 

- W + 4- 2mn- + _ 7 ,,. _ g^,,^ _ 33 ,^ ^ ^ + S3) 

(fourth equal 


^1+ 6) 
+ 9) 
4-24) 
+ 6) 
- 9) 

n- 3) 
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Q = + Sm — }i — 3a 

+ Sm — VI — 3a (fifth equation). 


3(? = 

Sinn^ 24??i^ — Smn - 

- 12n= 

— QGvi + 

l%i + « ( - 

9 m 

+ 3G) 

+ 7=. 

- H- dmn 4 

■ 12))= 

- 

36?i + « {mn — 

Sm “ 

-4)14 12) 

+ 4/ = 

- 12m^ 


4- 367/i 

+ a( 

4??i 

-12) 

+ 2J' = 

- 

- 6))= 

+ 

1 S rt 4" ^ ( 


2vi — 6) 


12??l“ + 67R7i - 

- 6v)= 

— 60 m — 

67^ + « (7U'». - 

‘ Sm - 

- 2v) + 30) 


(sixth eciuatiou). 


B - im^ii - 2v)t“ - fv)i®)i + 4 wm)= 

+ 10)));^ - 14?)W — 16vj= - 

Svi + Gte 

(1) 

+ 40 = v)i=)i= + 8ni= - vi^n - 9))wi= 

- 72)/)= + 9v/))) + 20)1= 4 160))) - 20)i 

(2) 

.|. 4i) = - Gv)i'' 

4 427U- — 

72))) 


+ P' = 

I?*;** 4 

— 18)) 

(0 

\mhi 4- 

— 20 — omn 4- 4- 

807?i 4 26 ?i 

(6> 


( 1 ) 4 .a( -|vmi + 6>H + 6n-24) 

( 2 ) +a(-3})t“ +27 to -60) 

(S) +a( 2vu'‘ • -14 to +24) 

C) +a( K* + 

+«(- vvi» - f win + in- + 19nt + ^ - 54) (seventh equation). 


- ili’ = m — i« 

+ |j 0 = - 4v^ + |a 

,)j,_4f} q- a (eighth equation). 


-2P 

- Q 

-2P 

+ J' 


(2, 3) = — 4jn-4n- 6 + 3a 

4. 2 (5, 1) = 2v?t + 2v?, - 

2)1 - 18 4- 3a (used in/rd) 

= — 2v)i* + — 16 ji. + a ( 

„ — — 8vn + VI + ( 

= 6mn -18vi + a(-2v)i 

-3vi^ + 9n+«( 


6 ) 

3) 

+ 6 ) 
1- 8) 


K {(2, 3) + 2 (4, 1)} — 


6vn?» + G)i’‘ + 64?i + « (- 2v)t - 11« - 48) + 3a' ‘ 

- 6m + 30vi + a (- 4m - lOn - 6) + 3a‘ 

(Dintli equation). 
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3Z 

+ m 

-2N 

- 0 


~~9n- +2'7n + a( Sn ~ 9 ) 

= 9fi.^ + 3ra + a(-6,i_ l) + fl2 

- +6»i. +«( _ 2) 

~ 3« + a( _ 


6 .» + 33 „ + ,(- 3 „_ 13 )h.^ (tath cq„ati„„). 


«(2, 2, 1) = 

~^n 


-2E 
~2F 
~ & 
+ iE 

+ #i 

+ 2D' 
- J' 


= 


— 


= — 2m’ 


m«? 


- i-mhi 


*- 


18)1’ 

- 

162)) 



+ 

6??i 


4))i= + 

lm7i — 

8)1’- 

4?}i -f- 

32)1 


16m 

— 

07?t -f* 

48)1 

8))t’ + 

lm?i -h 

4?i’ + 

32m — 

4)1 


inm- 

4)i’ 




— 5mn^ 


-3n« 


+ lomn + 20ft» _ gow 

+ -30 m 


f 21n'‘ 
Sn^ 


— 36n 
9)1 


- s™- - s».% - 6m,. - 3 ». + + 7^11;;;;^ 


0 ) 

( 2 ) 

( 4 ) 

(5) 

( 6 ) 

(7) 

( 8 ) 
( 9 ) 
(JO) 
CD 


+ «( 

+ « (- 
+ «( 

+ ft ( 

+ «( 

+ ft( f}?i» 

+ « ( 

+ ft( 

+ ft ( 

+ «( 


+ ft( 


Svm Sn + $ni ^ 54^ ^ + n~ 15) 

+ _ 2) 

3)1-12) 

6 m _i8) 

3m _ 12) 

— ^n + J^ n ) + «’ { 

- 5771 -^,1+20) 

- •^)i + 10) 

1«’ - 7n + 12) 

n+ 3) 


pnn 


i) 


- |7)WI 2«7 + + 5S) + ^7 + „ _ ^^ 

(olovGuth Gquatic 
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r(2, 1,1,1)= 3»)iW— 8mn»-4H'' + 






+ i^m'^ + - ^mnP 


- ^m-n^ 


- §W!?+ 3wmv“ 

3m^ 


- X»' 


I ~ 37 mn- 37 (0 

+ j^n-+ <®> 

- + ^nn + (*) 

4-24ot“— 3m?j. — O) 

- 21to= <») 

(3 — <n) 


- - jy^wiV - 3mn^ - + 4m'‘ + + 9ii» - - 14 wm} - 


f,> + 225n + « iiiri? + m^n + m?i» + K " ■*■ ^ 

« - i«+ ?»+.( »• - ”•+ " * 

<„ +:^-.,n„ + „( +5»‘» -10.»- 10«+40) 

M) -■i^m+ ^n + a( ^ 

(.1 +36». +«( -”•’ + 


Oft / ■" 9 ot + 20) 

^5Pii + a( 

36m +a( 

+ 18« + a( -K + 6) ^ 

j^m + 4|in + a(im» + m''tt + »wi= + ^«®-^ wm + fw=- |m- ^»-34)+an“f 

(fcwelft 


[771- -h 13) 


129. We have consequently, by means of the results just obtained, 


Supp. (B) = «(6) 

+ N 


(first equation). 


Supp. (4, 1) 

= «(4, 1) 

(second equation), 

+ 2J + iJ. 

Supp. (3, 2) 

= «(3, 2) 

(third equation). 

+ QK + L + 3N+20 

Supp. (3, 1, 1) 

= «{3, 1, 1) 

(fourth eouation) 

+ D^E + F+2Q + 8J + J' 

Supp, (2, 3) 

= k(2, 3) 

(fifth 

+ Q 

Supp. (2, 2, 1) 

= « (2. 2, 1) 

(sixtl 

+ 3Q + / + 4J^ + 2J' 

Supp, (2, 1, 1, 

1)= «(2, 1, 1, 1) 

(sevi 


+ 5 + 4a + 4D+-D' 



Supp, (1, 4) 
Supp. (T, 1. 3) 




X J-XJU 


= jc(l, 4) 


+ (m-J)(4i\’- + 20) 
+ f 0 




(eighth equation). 


Supp. (1, 2. 2) 


(ninth equation). 


(tenth equation). 


- '^(1. li 3 )+a:(2, 3) + /c.2(4, 1) 

+ (w-2)(2P + 2(;> + 5J + 4JJ) 

~^P~Q-2R + J' 

= «(I, 2, 2) 

+ (ni - 2) (9K + SI + M + M + 0) 

+ 3Z + 2jlf-2i\’’-0 

Supp. (I, 1, 1, 2)= «(T, a, 1. 2) + «(2. 2. 1) 

+ (m~|)(3i?+3i;>+6G' + 2i)+ H+2I+ 5J) 

~2E-2J<~ G- + ~i^j ~J’ 

Observe that (eleventh equation). 

a-iE-.o. 

whi* b, 

s>«pp.ai,i,i,i). «(I. i, 1. 1, i)4.«(5, 1, 1, „ 

+ («i-f)(^ + 25+ 40+32)) 

~iA~bB~iG- jy 

(twelfth equation). 

.ymb.1 a..ci, .s ? L .,.„w B^“rr.rptr;i »' » 

«.d therefore oleo +^2. 3) -(SI, S)], 

“(2. S)>.k( 2«T^ 3) + «:[(2, 3) -(Si, 3)], 

tlie second term k [(2. 3i - u 

The remark applies to all the twelve enuatLnT.^'oT*^*^ **^*^^^ Zeuthen' s Capitals, 
masimich as (6«l) = o . fO! lll-n-- regards the first four of them, 

which are thus expressible by means of^eiith! *(fi}..«(3, 1, 1) 

formulie (First Memoii-, Nos. 69 and 73) we readir/oSf ' “sistance of the 

« (5) = K = 0 Beferiing to 

(first equation). 

^ R -j- 

(second equation). 
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«(3, 2) = « (— 9 + a) = K (3 (}i - 3) + K “1 + 1) 

= 3i-|-2il/ + 0 

K (3, 1, 1) = K + 2m« + - If-vi - -'#)i + 27 - fa) 

= H + 2I + ]y + J' 


Eeferi-iiig to 


(third equation). 


(fourth equation). 


vix. K~’ H ~ ~ + 4tt — |a 

. 2/ == 2wm - 6wi - 8»i + 24 

k-kB' = K + <5 

J' = 3 

\vi^ + 2nm + iw" - J#to - J#n + 27 - fa 


k(2, 3) - K (2k1, 3) 

K (2, 2, 1) = K (2a, 2, 1) -1- /C {n - 3) 

= K(2a, 2, i)+J' 


(fifth equation), 
(sixth equation). 


«(2, 1, 1, l)==«(2a, 1. 1. l) + «.i(»“’'^)(»^“^) 

= K (2«1, 1, 1, 1) + B' 


(seventh equation). 


K (1, 4) = « '**) + « 

= «(U1, 4) + 0 

«(I. 1, 3) + «(2. 3) + «2(4, 1^ 

==«(ia. 1. 8)+«(^. 3) 

q- K (2k1, 3) 

^ /c(2w + 2ii-6) 

= «(Ui, 1, 3) + 2 /c(^1, 3) + 2E + 3J' 
al. 2, 2) =«(]:a. 2. 2)-f-M3(«-3) + «-ll 

==«(ia, 2, 2) + 3i + 2i¥ 


(eighth equation). 


(ninth equation). 


(tenth equation). 


''Ilia i\, 

+*(2a, 2, i)+«(w- 3 ) 


= K(ia, 1, 1. 2)+2«(2a, 1, 2) 

+ X»' + f/ + 2l + /' 


(eleventh equation). 
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SECO^^D MEMOIE OX THE 
«(I. 1, 1, 1, l) + «r(2, 1, 1) 

= 1, 1, 1, 1)^ «(M, 1, 1, 1) 


lieferring to 


+ 1, 1. l) + «.i(n~3)(^j_4) 

(1-1, 1, I. 1. l) + 2,(Sl, I, 1, l) + X)’ (uvelfth o,|u«tion). 


ISI. He„«, srtsatating in u,e exp^is of 11, o sGve,»l Sopplemente. ,» l,ave 

Supp. (5) 

= 0 

+ jY 

(first equation). 

Supp. (4, 1) 

= H + J' 

+ 2J + It 

Supp. (3, 2) 

(second equation). 

= 3Z + 2M+0 


+ 67f+£ + 3Ar^20 

(third equation), 

S«PP* (3, 1, 1> 

= ir+2/ + i)'+J' 


Supp. (2, 3) 

+ -^+y+ 2(?+i)+3j’+./' 

(fourth equation). 

= k(2x1, S) 

+ Q 


(fifth equation), 

Supp. (2, 2. 1) 

= k(M, 1, 1) + J' 


+ 8& + / -i- 4.J ^ 2 J' 

(sixth equation). 

Supp. (2, 1, 1, 1 ) 

= 1, 1, l) + i)' 

+ 5 + 4(7+42) + J)' 

(seventh equation). 

Supp. (T, 4) 

~ 4) + 0 

+ (to -§) (477+0) 

Supp. a 1, 3) 

~ + ^0 

(eighth equation). 

X (1x1, 1, 3) + 2x 3) + 2jK + sj' 

+ (w-2)(2P + 2(2 + 5J+422) 

Supp. (T, 2, 2) 

~2P- Q-2.R + J' 

(ninth equation). 

= 2, 2)+3Z + 2M 

+ (m- 2)(9R + 3Z+ M+ 2i\^+ 0) 


+ SZ + 2M~2JY-0 

(tenth equation). 
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Siipt). (1. I, I, 2) kHk\, 1. I, ‘2) |-2k('2k), 1, 2) 

•( ifltl I D' l.r 

\ (m • .y,)(iWM :i;'’ i-(i(/-|.2/)-i- // I- 2/ -I- r>,/) 

tl<'~ (} - y/ -I- S./ - 27./-,/' 

(olovoiliili 

Siijip, (I, I. I, I, 1).- K(tA-l, I, 1, 1. l) |'2K(2«i, ], :i,, 1)-1-.// 

>|.(m. .fi)(vl .|.2/M 'k/‘l- W) 

■ ■l|/N-il(/-.2/>-7/. 

(liwoll'lili ()<ination). 

I M2, lii'iiri* llnitlly. im'i i’ly folli'irl iiiK ihii Idi ioH, wo Imvo Hut following oxitrcHHions 
tif fill' Sii|t|il,'ni,'ni«i ill till' twi'lvi' i'i|iiiili>iuH rt*s]ii'Ol'ivo!y. 


.Sii|n*, tfi) 


iViff 

(lii'Ht it(pialiion). 

.Sujui. (4. 1 I 


2./ 1 2/M../' 

(hocoiuI (tiiiiatlon), 

•Sii|>|i. 2) 


o/v' 1 4/, 1 2iU|.;iiYi:u/ 

(third c([uation). 

(M, 1, 

D 

i . /I 1 A.' f /-'.i.o// 1 //•|•2/•|•:^./ •|'.//•l•2./' 

(fourth otiuabion). 

•Sii|ii|i. (2. ill 


am 2 a 1, il) l i.l 

(liftb (!(|uati(in). 

Stijiji, (2, 2, 

1) 

- . A f 21,1, 2. I I i IRr' l / •|.•|../ •|•:l./' 

(hIxUi (uiuaiiioii). 

Snjiii, (2. 1. 

1 1) 

.... a( 2 v 1. 1. 1, ()-|.7/.l4/.'.|.4/l-t.2// 

(Hovoiith o(iuatioii). 

Sn|iji. ll. 4| 


. . A'lU'l, 4) 1 (4»( . ■ 7) iV>| (2(«- 1)0 

(oightb (;i|ualion). 

il. 1. 

ill 

-• Atui. 1. :i).| 2Ar2«i. if) 

1 ( 2f» fi) /' 1 (2(0 ■ • .'i)(t> l (''oo - 1 0)./ *|.{4Ht-«) 7i'l' 4./' 

(ninth miuation). 

•Sujiji. 0. 15, 

2) 

•“ a'(Ia’I, 2, 2) 

j. (tlid 1.4)A*.| Ili/i./<4’(wi’l’2)il/*l'(2Mt*"0)iY'|*('(U— ,1)0 

(ttmth otiimtion). 

fi. 1, 

1. 2) 

^ * (U1. 1. 1. 2) 4 2«(2 a’I, 1. 2) 

1 i 2(0 ' .'») // 4 (ilwr 11) A' \' (Iba ” ‘0 ^''-b "* 

! ( m 1 ) // 4- (2«» - 1 ) / 4”{f>«t If') 'f 'b 

(ulovonth (!([uatioii; 

ci 1, 

1. 1, 

l)w (rflofl. 1, l> 1. 1 ) ‘I* 2(c (2*fli I| 1, 1) 

4.(/((“. 4)/l 4(2fa™7) //•bC'l'Hi-- 12)f74'(llMt”- 10)i), 

(twolfth oquatiou), 


wlipm I U»« n'.unrk, ««<«. No. 120. ihut iu omth i!.|UuU«n the CapilalH belong 

U tlio Minimi obUiiiu'.l by diniiniHbing Hut bamnl munbor by umty ami roinoving tho 
bur*. {+) for Urn llml .n,uiaioii. (0. 1) for iho wtcoiul, ami ho on. 

VI. 
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(atteSg 'afte orpiftTfe *' '™ Supplo„e.(», A. 

Supplement arises, whether from proiier Ln' ^ f^Pie^ions actually exhibit how the 
or from point-pairs (coincident line-pairs) oi linfr^ “""P' 

terms hne-pair-points). Thus, for instaui. Supp (6) - i7 + E f 
planations. First Memoir. Nos. 41 to 47 ^ • iu" T the ex- 

described as "inflexion tangent terminnt«^ number of the line-pair-points 

».mler of tho lin-pofr-S doSeT!? ’7 " “<1 0 (-«) tho 

cusp;' or in what is here the appronriate ^ terminated each way at 

line-pair each inflexion tangent and each pii<! <- ^ coincident 

of the first equafaon. ^vhef 1 point p to the generation 

the curve ® is the conic (6), having Avith thA curve, 

meeting it in the 2m- 6 points I' WIi « rT"" at and besides.^ 

carve ® becomes the 00^00^ i;n;-paT Iw! the^ 

number of intersections at P is therefore =:fi n 1 * tangent taken twice, the 

a united point. Similarly, when the noint p’i “flexion is therefore (specially) 

^incident line-pafr formed by the tangent taken t ^ °fT^’ ® Ijecomes the 

^ « therefore =6, and the cusp is thus fsnpti ll 7'"®’ “tersections at 

total number of special united points -«if ^ 

result, Supp. (6) = J7-hO. ^ ‘he foregoing A postmori 

13i Or h. take adoft* example; f„ the flftt „e have 

Supp. (2. 3) = «(2«i, 3)-f-Q5 

each Avay at Pciuro7\oLaeC^'or?rZ“poh^^^^^^ “ terminated 

pui-pose, Ave have each double tangent as a n! I IT "'H^’^P^ate for the present 
of Its points of contact, and also as a coincident 1 ''' ‘he one 

Its points of contact. Eeverting to the generation 0??“'’ 

IS a point m general on the given curve th! ri • ‘he point P 

touching the curve at P. and having besides Avith ifc^ 
since for each conic the number of intersecLnft/ p"" ‘ h^’A 
intersections at P is =2(2, 3 ) and the T ^ =2, the total number of 

points P'. Suppose that the ^int P is “‘®“cctions are the 

tangent ; of the (2, 3) conics. 1 (I aTsul t? T ®f a double 

formed by the double tangent taken tivice andTS^cTT ®0“aiAent line-paii 
the remaining (2,3)-l conics are proper con.V« - therefore 4_ intersections at JP, 
at P, or the total number of interaections at'pT^el/T”^ 2 (2, 3) - 2 intersections 
18 a gam of 2 intersections. As remai-ked (No 96) “'tersections ; or there 

that the point in question is to be considered’ as h does not of necessity imply 
I do not know how to decide d, pM whether if - 2 united points j 

pts or as 1 united point, but fr is ^ Z t ^ being 2 united 

1 united point; and as the points in que^L ^ 

double tangents. Ave have thus the . ^ ®f ‘he 

the point P is at a cusp, all the (2 3) eon’ united points. Again, Avhen 

(2, 3) comes remain proper conics ((l^^i, 3) = (2. 3). 
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First Memoir, No. 73). bub each of these (gnd conm touching the c, jidal 
with the given curve at the cusp not 2 but 3 mtei-secbions, so that tbe toto 

of intersections at P is 3(2Tl. 3), =3(2. 3), ai^ there is a gam of (2. 3)'^ , ) 
intersections. Each cusp counts (specially) as (2«1, 3) united pourts and 
cusps count as «(2«1, 3) united points; we have thus the total niimbm«( « , 
of special united points, agreeing with the expression, Supp. (2, 3) -«(-«!, + y- 

136 As appears from the preceding example, or generally from the remark, ante. 
No. 96, I have not at present any d, p-iori method of _ determining 
multipliers of the Capitals contained in the expr^sions o “ . j J 

T will onlv further remark, that the reason is obvious why (while m the hist seven 

eXT Le — - mere numbers) iii the 

the multipliers are linear functions of m; m fact in these last equations 

i, I, thrt is, when P U » point in general on the ^ 

oomcB which make up the curve ® has with the given curve net « “»‘“»t of ^ y 

order, but an ordinaiy intereection ^ P. Imagine a posi ion o 

theae conics becomes a coincident line-pair ; this regal' ei ^ . donendinc on 

the given cui-ve (»-<.) orfinmy interaictioiie (. a nnmber, -1 a. "fj “ 

the contaets which the line may have with the curve) , for 

taken as a position of P, one of the conics which make up the cuive O becomes me 
coincident liLpair, mid Iheie m-e in respect of this conic two 

instmd of one intersection only. Wo have thus m ri^cct of. the ^'‘“j“,TdinIrv 
line-pair a group of (m - a) special united points, viz. these are the mi y 

intersections of the coincident line-pair regarded as a single line wit ®" 

and we thus understand in a general way how it is that the J ,, in the las 

curve enters into the expressions of the multiplier of the 

five eauations The ohiect of the present Memoir was, howevoi. the d postenon 
Irivation of the expressions (ante, No. 132) of the twelve 

accomplished this, bub being unable to discuss the results with any degree of com 
pleteness, I abstain from a further discussion of them. 
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ADDITION TO MEMOIR ON THE RESULTANT OF A SYSTEM 

OP TWO EQUATIONS. 


yeav ^yal SociMrj of London, vol. OLViil. (for the 

y ob;. pp. 173-180. Eeceived August 6, -Read November 21, 1867.] 

Phil. Trans 1857* pp *7^03*^^ 7l Resultant of a System of tAvo Equations, 

tables for equations in the form (a b ’ L «V» - f)'"”' W " corresponding 

is the standard form in ouanties ThI • r ^ ^ coefficients, which 

difficulty, and the results are as he ormation can of course be effected without 

vanish and we havp ’fit* S vanish i these sums do iu fact 

« of',”,: is “r" »' 

calculated, ^ memoir, by means whereof the present tables were 


Table (2, 2). 
Resultant of 
(a, b, 0^(0, y)\ 
ip, q, y)\ 
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Tabic (4, 2). 
Eesultant of 
(a, h, 0 , d, 6^03, y)\ 

(2\ q. yY- 


Table (3, 3)*. 
Resultant of 
{a, h, 0 , d'^to, yf, 
ip, q, r, sjx, y)\ 




* R.B, In the corresponding 
table of the memoir, there is an 
error in the signs of the last 
two terms \ they should be 
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EWTs°°m ™®ENOE OP THREE EQUAL 

[From the Ffnlosopldaal Tmnsaoiioits of the Moval Seeiofe of r e . 
y«r 1808), pp. 8„_588. Eeoeioi Novomt, 

I "■“* 

to the .-ool-eysteme 111 m/mi’™,?" “"K toS 
the .oot-e, eJm. « td o" *• " 

conditiona for the existence of Lrtain J ® 

qnintic.’'] equal roots of a binary quartic or 

In considering the conditions for the existcTino /rf • 
between the roots of an eouation witt nV,t • ^ given systems of equalities 

composition of relations. A relation k J'T'" examples of the 

^=0. or it is, say A-fold, expressed by a systerof 1; 

as regards onefold relations the thpnrv nr ff * • equations. Of course, 

is a relation ol^ound d ^ the 

relation satished if, and norSed ^=0; that is, it is a 

relations is satisfied. The like notion of ’ -F component 

VIZ., the compound relation is a relation ^°p applies to relations in general ; 

the other of the two component -1 “ ! unless, one or- 

from any further discussion of the theory of ^o ^ purposely refrain at present 
for the existence of given systems of ^ ri- ^ ^hat the conditions 

furnish instances of sA Tor^^F L Z T 
and its first-deriyed function^ in regard to 1; 

first-derived functions in regard to\- « vo ’ ?’ that the 

we obtain between the coeffieiente a certahi h 7?^ 

the equation (#][aj 2/)’‘ = 0 has thivo o * i ^ relation, which implies either that 

equal roots; thaV is the reUtion 

relation m question ,s satisfied if, and it is not Lisfied 
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unless^ there is satisfied either the relation for the existence of three equal roots, or 
else the relation for the existence of two pairs of equal roots; or the relation for 
the existence of the quadric factor is compounded of the last-mentioned two relations. 
The relation for the quadric factor, for any value whatever of n, is at once seen to 
he expressible by means of an oblong matrix, giving rise to a aeries of determinants 
which are each to be put = 0 ; the relation for three equal roots and that for two 
pairs of equal roots, in the particular cases =r 4 and n == 5, ai-e given in my “ Memoir 
on the Conditions for the existence of given Systems of Equalities between the roots of 
an Equation,'* FUl. Trms. vol, cxlvii, (1867), pp. 727—731, [150] ; and I propose in the 
present Memoir to exhibit, for the cases in question ?i = 4 and a — 5, the connexion 
between the compound relation for the quadric factor with the component relations 
for the three equal roots and for the two pairs of equal roots respectively. 

Article Nos. 1 to 8, the Quariio, 

1. For the quartic function 

(a, 6, 0 , d, ejo), y)\ 

the condition for tliree equal roots, or, say, for a root system 31, is that the quadrin- 
variant and the cubiuvariant each of them vanish, viz, we must have 

I = ae - 46fZ -h = 0, 

J = ace — acP - = 0. 

% The condition for two pairs of equal roots, or for a root system 22, is that 
the cubico variant vanishes identically, viz. representing this by 

(A, i?, 6(7, lOi), 5J5?, F, 

we must have 

A = aH - Sabo + 26® = 0, 

Ji = + 2a6(i - 9ac‘-* + Q^o = 0, 

G = abe - Sued + 2b^d — 0, 

J) — ad^ + ye = 0, 

A’ - — adei- Shoe - 2bd^ = 0, 
jp^^ae^ - 2bd6 + Qg^g - 6ccP 0, 

Q^--be^ +3od(?-2(Z® =0. 

8. But the condition for the common quadric factor is 

а, 36, 3o, d =0, 

б, 3o, Sd, e 

a, 36, 3cJ, d 

by 3c, Sdy e \ 

and the determinants formed out of this matrix must therefoi'e vanish for (/, J) = 0, 
and also for (A, By Gy -D, Ey F, O)-0, that is, the determinants in question must bo 
syzygetically related to the functions (/, J)y and also to the functions (A, B, 0, D, Ey jP, (?> 
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The values of the determinants are 


1234 = 3 X 

1235 = 3 X 

1245 = 

dee -i- I 

dde - 1 

«V - 1 

dd 3 

+ 4 

*1' 2 

dde - 1 

+ 1 

««’c + 9 

abcd+ 14 

ac^d 3 

1 acd^ - 9 

<TC^ - 9 

3 

6’cfl - 9 

b^d - 8 

1 + 6 1 

b^cd + 2 

bV + & 


134t)=r3x I 2345.: 3 X 


abe^ - 1 
acde 4 
ad^ 3 
IPdo H' 1 
be^e - 3 
bcd^ 2 


aciv^ 1 
ad-^o *- 1 

3 

bcdo ‘h M 
bd^ ^ H 
(r\^ .... {) 


The syz^'getic relation with (/, J) is givon by memw of fcho idonticul (nputf !<•!• 

' y. - %’ - 4a;Sy, j = _ (5/ , j2i/ 9,/-_ ij-^ 

® , 3c , 

i . 3c , 3f^ , c 

«> 36 , 3o . d , 

* ' So , Sd , e , 

or, as this may be written, 

wh mr • yy = ~ 6/. IIU H- !),/ , If 

ere //{T is tjjo Hessian of H, * 


= { 


rttf + 1 

i’ -1 

ad + 2 
be ~2 

+ I 

2 

6<! + 3 
cd~ 2 

00 -I- 1 1 
I 1 

! 



c® - 3 



S!«'. y)^ 


' »$-e7, 9/), 

. 4i$~ 67, 97), 


1234 ==:( ao — 

4 . m5r.(2ad-2bo 

104 - ' ''' X uu J, 

^ » ^o%5=^(2be ^2cd A 7V- 

2d ^ i 

"“** firet member . 

^7 )> «nc6 If the remaining torma are equal 
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to each other they will also be = 2 /* 


The equations may then be written 


ao - h\ , ad — bo, ae + 2bd — 3c^ be — cd, ce-d^ == 0, 

a , 26 , 6o , 2d , e 

and the ten equations of this system reduce themselves (as it is very easy to show) to 
the seven equations 

(A, B, G,D, E, F, ff) = 0, 

which, as above mentioned, are the conditions for the root system 22, 

8. It may be added that we have 

A J] C n E F G 

^J.,1234- 
^\,1235 - 
0 = 

1245 = 

0 = 

0 = 

' ^.1345 = 

0 = 

^,2345 = 


where it is to be noticed that the four equations having the leftdiand side —0, give 
B \ 0 : JD : E F proportional to the determinants of the matrix 

d, -30j . t a 

-e, • j 6o, -a 

“ fZ , 3c, — 6 

- c , , , + 3o, -ft 





the determinants in question contain each the factor o, and omitting this factor, the 
system shows that JB, 0, D, E^ F are proportional to their before-mentioned actual 
values. 


Article Nos, 9 to 16, the Qiiiniio. 

9, For the quintic function 

(c^, 5, c, d, c, /$«?, 2/)V 

the condition of a root system 41 is that the covariant, [B-] No, 14, shall vanish, 
viz,, we must have 

A == 2 (ac - 45d -p 8c^ ) = 0, 

B — af— She + 2cd — 0, 
a^2(6/^4ce +3(ZO = 0’ 

10. The condition of a root system 32 is that the following covariant, viz. 

[SA^B - 26(?, - ] 8 (No, 13)« (No, 14) ^ 26 (No. 16)^ 
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12. The conditions for the common [cubic] factor are 


a. 

46, 

Go, 

4d, e 

= 0, 

a, 46, 

6o, 

4a!, 

e 


h, 

4c, 

6d, 

f 


6, 4c, 

Qd, 

4e, 

f 



the several determinants whereof are given in Table No. 27 of my "Third Memoir on 
Qualities,” FhilosopMcal Trmsactions, vol. CXLVI, (1866), pp. 627 — 647, [144]. 

13. These determinants must therefore vanish, for (A, B, G) = 0, and also for 
(?l, S3, ... 8, 901) = 0, that is, they must be syzygetically comiected with {A, B, 0), and 
also with (Sf, S3, ... 8, SJl). The relation to (A, B, G) is in fact given in the Table 
appended to Table No. 27, viz. this is 


G y. + B y •{•Ax 


1234 = 

H- G 

- 12 a6 

+ 16 ac — 10 

1235 = 

•[• G ab 

2 ao- 10 

+ 6 act 

1236 = 

- 2«c-i- 8 6» 

+ G ad -- 18 bo 

- 2(l/+ 8e® 

1246 = 

4- 18 ac 

- G ad ^ SO be 

-t* 8 «0 + 10 bd 

1240 = 

■{■ 12 be 

-{- 4 ae - 4 bd -- 24 o^ 

+ 4 ie + S cd 

1345 = 

-1- 24 ad 

- 8 ao - 40 bd 

-i- 4 + 20 ho 

1266 = 

~ 1 ac H* 4 bd *1- 3 o® 

+ 1 (\f + 6 18 cd 

- lbf+ 4c 8+ 3d» 

2346 = 

^ 20 ac '1* 40 bd — 30 c® 

- 80 bo + 20 0(1 

+ 20 6/+ 40 08-30 cB 

1346 = 

H' 4 ac '1- 8 bd -h 6 

-GGed 

+ i bf+ 8 08 + 6 d® 

2346 = 

4 H* 20 bo 

— 8 hf — 4 ce 

+ 24 of 

1366 = 

H- 4 bo 'f* 8 cd 

+ 4 // - 4 00 - 24 cB 

+ 12 do 

2356 = 

•h 8 6/ H- 10 00 

— 0 ^ — 30 c?o 

+ IS df 

1<I=66 = 

-l- 6 GO 

+ G of ~ 18 da 

- 2#+ 8 8“ 

2466 = 

-H C of 

- 2d/-10o= 

+ 6 of 

8466 = 

1C ci/- 10 o" 

~ 12 of 

+ 6/* 


14. Between the expressions SI, S3, &o., and 1234, 1236, &c., there exist relations 
the form of which is indicated by the following Table; 




ions are of the form 

( )ae ^( )a.l2.34 
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16. Assuming the existence of these relations, we have for the cletei’minatiou of 
the numerical coefficients in each relation a set of linear equations, which are shown 
hy the following Tables, viz. referring to the Table headed oSl, 633, aS, a . 1234, [first of 
the seven tables infrdj] if the multipliei’s of the several terms respectively be A, B, 0, X, 
then the Table denotes the system of linear equations 

0 A +35 + 330 + 0Z = 0, 

3 A +05 -102 0 -16Z = 0, 

&c., 

that is, nine equations to be satisfied by the ratios of the coefficients A, 5, 0, X, 
and which are in fact satisfied by the values at the foot of the Table, viz. 

A : 5 : 0 : X= + 66 : - 11 : +1 : +6. 

There would be in all fourteen Tables, but as those for tho second seven would 
be at once deducible by symmetry from the first seven, I have only written down the 
seven Tables; tho solutions for the firat and second Tables wore obtained without 
difficulty, but that for the thiid Table was so laborious to calculate, and contains such 
extraordinarily high numbem, that I did not proceed with the calculation, and it is 
accordingly only tho first, second, and third Tables which have at tho foot of them 
I’ospectively the solutions of the linear equations. 

16. The results given by these three Tables are, of course, 

66o8l- 11633+ lae + 6a. 1234 = 0, 

330 dil + 110 c33 - 66 6S + 9 a® - 105 a . 1236 = 0, 

+ 266478676 e% 

- 617869490 d33 
+ 144200810 0® 

+ 9666911 62) 

+ 9090786 a® 

- 721004060 e . 1234 
+ 90914176 6.1236 
-160758675 0.1246 

+ 11669296 0.1236 = 0. 

It is to be noticed that the nine coefficients of this last equation were obtained 
from, and that they actually satisfy, a system of fourteen linear equations ; so that the 
correctness of the result is hereby verified. 


39—2 
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17. The seven Tables are 


Fii’st Table. 



C?I 

533 

a(K 

a. 12.34 



+ 3 

+ 33 


a^ce 

+ 3 


~ 102 

- 16 




-216 

+ 3G 

a’be^ 


+ 21 

+ 136 

+ 16 

orbed 

-12 

- 144 

+ 120 

- 152 


-16 


+ 480 

+ 96 

ab\i 


+ 30 

- 160 

+ 80 


+ 50 

+ 240 

- 300 

- 60 

b*c 

-25 

-150 




+ 66 

- 11 

+ 1 

+ 6 


Second Table. 


+ 10 

- 390 
+ 166 
-I- 100 

- COO 
+ 1600 
+ 126 
-1000 


a , 1236 


b . I23'l 


- 10 
30 

-I- 16 

- 162 
-I- 90 
-I- 80 
- GO 


Third Table. 


+ 10 
- 390 


+ 166 
+ 100 
- 600 
+ 1600 

+ 126 
-1000 


- 90 

- 196 
+ 360 
-1600 
+ 900 
+ 1800 

. + 226 

-1600 


‘>•1234 I 6.1236 I a,i245 


■^ 266478676 ^^ 1 ;^^ 

721004060 +90914176 -160768676 


+ liS5S!S 
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Fourth Table. 









409] 


OF EQUAL ROOTS OF A BINARY QUARTIO OR. QUINTIO. 


311 


And 1iho romaining seven Tables might of course be deduced from these by writing 
(/. d, 0 , b, a) instead of (a, b, o, d, e, f), and making the corresponding alterations 
in the top line of each Table. 

18. The equations ?l = 0, 35 = 0 ,...., 931 = 0 consequently establish between the 
fifteen functions 1234, 1236, ...3456 a system of fourteen equations, viz; the first and 
last three of these are 

1234 = 0, 

1236 = 0, 

- 160758676 . 1246 
+ 11559296.1236 = 0, 


+ 11669296.1456 
- 160768675 . 2366 = 0, 

2456 = 0, 

3456 = 0. 

To complete the proof that in virtue of the equations St = 0, 35 = 0, . . , 931 = 0 all 
the fifteen functions 1234, 1236, ...3456 vanish, it is necessary to make use of the 
identical relations subsisting between these quantities 1234, &c. ; thus we have 

а . 1346 + 46 . 1246 + 6c . 1236 + 4c? . 1234 = 0, 

б . 1346 + 4o . 1246 + 6c? . 1235 + 46 . 1234 = 0, 
which, in virtue of tlio above equations 1234 = 0 and 1236 = 0, become 

а . 1346 + 46 . 1245 = 0, 

б. 1345 + 40.1245 =0, 

giving (unless indeed etc — 6’*=0) 1246 = 0, 1346 = 0; the equation 1246 = 0 then 
reduces the third of the above equations to 1236 = 0, and so on until it is shown 
that the fifteen quantities all vanish. 
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A THIED MEMOIR ON SKEW SURFACES/OTHERWISE SCROLLS 


[From the PhilosoiMoal Tmmactions of the Boyal Society of London, vol. clix. (for 
the year 1869), pjj. 111—126. Received May 30,— Read June 18, 1868.] 

“V "Second Memoir on Skew Surfaco.s, 
PP- [840], and relates also t« 

me bv Hmr ^ 1 ^ fourth order, or quartic scrolls. It was pointed out to 

conta4d^n enumeration 

Z“ is i °lbio; vis. my eighth species, ^(1, 3^, Vhoro 

a diiectux line. And this led me to observe that I had in Hko 

Hne“4s“rv°Ildid''“‘^ "" ^^^^^ic scrolls with a triple directrix 

mi ’ species, 8(1^, 1, 4), Avhere there is also a simple directrix lino 

SI' with a triple dArectrw line, and tenth 

which he *,Me v«y intciXg UlyM 

my idMS’ahte^iSt 

Qumiic Sdvll, Ninth Species, S(l,), with a triple directrias line. 

one pLe^Zwn ^ “f t'™ plane,s, and let the equation of the 

parameter 6 • the linearly, a variable 

paiameter 6, the equations of the two planes may be taken to be 

(J3. q> r, s'^0, 1)» = 0, {u, vjd, 1) = 0, 

PlSoheo ftlnftau Grades,” Gr««4-'^*KwT(1867^'*'p^^l-57 ®“'‘warz, “Ueber die geradliaigon 
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where {p, (p Vy 5, v) are any linear functions 'whatever of the coordinates (i», y, Zy w). 
Hence eliminating 6 we have as the equation of the scroll generated by the line in 
question 

ilh --uY^Oy 

viz. this is a quartic scroll having the line 'it = 0, -y — 0 for a triple line ; that is, 
the line in question is a triple directrix line. 

55. Taking /«==0, y = 0 for the equations of the directrix line, or writing 

V -T/y and moreover expressing (p, q, Vy s) as linear functions of the coordinates 
(.r, j/y Zy iv)y the equation of the scroll takes the form 

i* J(Vy yY + if yY + w (M^'fxy 2/)=* == 0 ; 

and we may, by changing the values of z and w, make the term in (Wy yY to be 

(# 5.^, yY + + ^y) yY + {yiv + ^y) y)^ 

where the arbitrary constants ot, 7, S may be so determined as to reduce this to a 
monomial hx^yy or kx^y'\ 

56. The coefficient k may vanish, and the equation of the scroll then is 

if yY + w yY == 0, 

or, what is the same thing, it is 

yY = 0, 

viz. the scroll has in this particular case the simple directrix line if— 0, ^y-0, thus- 
reducing itself to the third q:>eGies, 8(1^^ 1, 40 > with a triple directriw line and a single 
direoinx line, It is proper to exclude this, and consider the ninth species, /S(l3), 
having a triple directrix line, but no simple directrix lino. 

6*7. The scroll 8(1^) may be considered as a scroll S(Q}iy n, p) generated by a 
line which meets each of three given directrices; viz, these may bo taken to be the 
directrix line, and any two plane sections of the scroll. The section by any plane is 
a quartic curve having a trij^le point at the intersection with the directrix line ; 
moreover the sections by any two planes meet in four points, the intersections of the 
scroll by the line of intersection of the two planes. Conversely, taking any line 
two quartics related os above (that is, each quartic has a triple point at its i 
section with the line, and the two quartics meet in four points lying in a line; 
lines which meet the three curves generate a quartic scroll 8(1^), This appears 
the formula 

8 (m, n, jp) - 2mnp — am -- — yp (Second Memoir, No, 6) ; 

we have in the present case 

qn-ly n=^4iy p — 4iy « == 4, ^ = 3 , 7 = 3 , 

and the order of the scroll is 32-4 — 12-12, —4, that is, the scroll is a qi 
scroll ; there is no difficulty in seeing that through each point of the line there 
C. VL ^0 
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three generating lines, but through each point of either of the plane quavtir.s oi'^J 
single generating line; that is, that the line is a triple directrix lino, but ca*!** 
the plane quartics a simple directiix curve. * 

o8. We may instead of the section by any plane, consider the section by a 
t roiigh a generating line, or by a plane through two of the three genuratiiur 
which meet at any point of the directrix line; if (to consider only tho most six'] 
ease) each of the plane.s he thus a plane through two generating lines, tho s.-td i 
by either of these planes is made up of the two generating lines, and of a 
passing through the directrix line; the directrices are thus tho line and two 
each ot them meeting the line; wo have therefore in tlie foregoing formula 

»R=1, >j = 2, p = 2, a = 0, /9 = 1, Y = l, 
and the order of the scroll is 8-2-2, =4 ns before. 

Qimtic Scroll, Tenth Species, (3“), with a diredriai skew onhio met twice hi/ nuvli 

generating Une(^\ 

ulane^'conSr’tr H “il lot tlio oqmli..,, ,,r ..... 

L, be S” to be “ 0' ‘I'" 

{l>, q. r\6, :i)»=0, (/, q\ r%e, 1)»=0, 

? It, 

^(pq'~P'q)(‘>'q' ■-r'q)-(^pr' —2yrY = 0-^ 

equatioL'‘'"°” °«bio doterminod by Ui 


p> q, 
p'> q'> 


= 0 . 


b™ 11 « d«„rw *'■“ tte i, eonscuently . 

the two hcMliuea might b. a.p.e^ Momoir, No. 47. |„, 

gtaJating ms! **’ ibw o daim dlmtrlg $hw c.iiio ,«.( hulee % 

Vi*, the snleoript ’2 

3 inaiooliag that it is met twice by each genemttog Hn'^“ (do«Wo) line on the soroll, the oximuot, 
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60. The coordinates («?, ?/, z, w) may be fixed in such manner that the equations 
of the skew cubic shall be 


X, 

y, z 

y> 

Z, W 1 


or, what is the same thing, 

y^v — = 0 , — = == 0 ; 

each of the equations pif rq' — — pr' —]/r — O is then the equation of a 

quadric surface passing through (ihe skew cubic, or, what is the same thing, each of 
the functions P*' is a linear function of yw — z\ xz — y""-] 

and the equation of the scroll is given as a quadric equation in the last-mentioned 
quantities, It will be convenient to represent the equation in the' form 

{II, F, (7, B, A — F,— (jr\yio — zy - mo, xz - y^f - 0, 
or, writing for shortness 

yio-z\ zy — xm, xz-y^=p, q, r, 

which letters {p, q, r) are used henceforward in this signification only, the equation 
will bo 

{II, F, G, B, A^F, -Q\p, q, rf^O, 
viz. this is a quadric equation in (p, q, ?’), with arbitrary coefficients, 

61. Comparing with the result, Second Memoir, Nos. 47 to 50, we see that in 
the particular case where the coefficients (it, B, G, F, (?, //) satisfy the relation 
AF + BO'i- GII - Oy we have the eighth species^ S{1, 3*^), 'loith a directrix line and a 
directi'ix skew cubio met tioice hy each generating line> We exclude this particular case, 
and in the tenth species consider the relation AF-\-BQ-\-GH=^(^ as not satisfied, and 
therefore the scroll as not having a directrix line, 

62, I consider how the scroll may be obtained as a scroll 8 {m^, n) generated by 

a line meeting a curve of the order m twice and a curve of the order n once, The 
first curve will be the skew cubic, that is w~3; the second curve may be any plane 
section of the scroll ; such a section will be a quartic curve tUv^vA nnd^ 

at each intersection of its plane with the skew cubic, 

cubio, and a piano quartic meeting the skew cubic in tnree pom is, oaon ui uuum » 

node on tho quartic, then the scroll generated by the lines which meet the skew 

cubic twice and the quartic once will be a quartic scroll. In fact (see First Memoir, 
No. 10, [839], and Second Memoir, No. 6) the order of the scroll is given hy the formula 
5^(m^ ?i)==:n([mp + reduction, = 16 - reduction. And in the present case the 
reduction arises (Second Memoir, No, 4) from the cones having their vertices at the 
intersections of tho skew cubic and the quartic, and passing through the skew cubic. 
Each cone is of the order 2, and each intersection qud double point on tho quartic 

gives a reduction 2 x order of cone, — 4 ; that is, the reduction arising from the 

three intersections is =12; or the cruder of the scroll is 16^^12, =4, 


40—2 



1 THIRD MEJEOIB ON SKEW SURFACES, OTHERWISE SCROLLS. [410 

by ^ "■ S'”™'' 'I’e «otim 

liL aml of a £ !■««: Ihe Motion it horn ,na<l. „p of the genetoting 

ne and of a p ane cubic passing through each of the two points of intersection of 

th 1 

thr<.rh thi . ^ " r ‘'’V “ '“y the eeelion b, n plmo 

ske» clrtwfce "">'»■ “■ ™““»S ‘b" 

whieh*me«Threk;,r ““""K i‘ ““ i ‘l>« li»» 

Zr«‘Vt.“rd ZT^ «)-»(M-+t¥)-red„cti.n, ,k tve 

conea having their vertiee. f Tn i^eetion; the rectuction arises from the 

Each cone is of the o' 1 ■ 9 * 1 ^/ ®f the skew cubic and the conic 

gives a reduction -ordw of thrtole- tto’’t S’lTl 

order of the scroll is 8-4, -4 as abo™. ^ * vednotion ts -4, and tho 

mea“’„f®t“sferontriTo„””''-.°' *“7“"' "““-I by 

involution with five given lines o’ “f lines wiiich are in 

I sav th.t XI r ^ T i belong to an involution fO 

L“j if:;';ir r 

{instead of belongino- to n \ ‘ ^ the particular case where the line 

scroll, eigUlt species, «(1, 3>), ' ““ *''« l»'”s is a qimrtio 

in re^d'''t'o‘’ “^'^.1? Srt°Zf“o ‘bst given (Second Memoir, Nos « to 60 ) 

(«, he. / c 7) ft cIcM™ kT ‘y oooriinates ’ 

invohttion is ^at tho line shall belong to an 

(vl, B, 0 . B a, Bla, i, c,f, g, 7,).o, 

ItaMf' ,?>+/e + '0ff=7then‘r “f “ Itae, 

instead of Wonging t, a ^^sr invoUrCrts'K: t 

line two plauea Ax-\eBy-^Oz^J)w^Q ^TJiUv+T+PWO.^l'"^ have^’ 

~^y : ya' -y* , .^'p , . _ 

-AD'-A'D ; JOD’~B'l) : CD' -CD , BC'-B'G ; CA'-CA 
and denoting either of these seta of erjual ratios by 

^ ‘ ■ f ■ 0 • h 

then («, b, c, /, g, ft) gotialy identically the relation ef+ifl+pj-o „„i 

the line. ^ t and are aaid to be tho six coordinates of 


\ yd' -y^d 

K 
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We have to determine the locus of the line (a, b, c, /, g, h) the coordinates 
whereof satisfy the relation 

(A, A a, F, (?, Ilia, b, o,f,g, h)=0, 

and which besides meets the skew cubic — — 0, yz — mi) — 0, xz — ip — 0. 

The equations of the skew cubic are satisfiec by writing therein 

x\y\z\%\)'=\\ : I I 

and hence taking 9, (jy for the parameters of the points of intersection of the line 
(a, by Oy fy Qy li) wltli tiiG slcow cubic, we have 

1 , 6y e\ 

1 , ^y (/)^ 

as the coordinates of two points on the line in question ; whence forming the 
expressions of the six coordinates of the line, and omitting the common factor </> — 6, 
these are 

(a> by . c, /, gy h) = e^y ^{9^ (/)), 1, + (/>^ 9^^ {6 + <^), 

and hence the condition of involution gives between the parameters 9, (/> the equation 

(Ay By Gy Fy Gy ^d^^yly 6^ ^ e<i> ^ fy 9 <f^ (9 Cf^) y O^f). 

Moreover the coordinates of any point on the line in question are given by 
X : y : z i : l9 + m(f> : 19'^ 

and writing as above p, g, r^yio—z^, yz’-xw, xz^y^y we thence find, omitting the 
common factor (0 — ffy 

p \ q \ - 9^ \ - (9 'V f) \ \ \ 
and eliminating 9(f)y wo at once obtain 

(Ay By Gy Fy Gy UlpVy (jVy 7^ ^ pv y ^ fqy p^) ^ Qy 

or, what is the same thing, 

(Jly Fy Oy By A Fy ^Gjp, (?, v)^ ^ 0 

as the equation of the scroll generated by the line in involution which meets the 
given skew cubic twice. 


Reciprocal of the Qiiartic Scroll 8 (3^), 

67» I propose to reciprocate in regard to the quadric surface -\-z^^t^^0 

the foregoing scroll ^ ^ 

(Hy Fy Oy ByA^Fy^ Q^p, q, r)^-0. 

If the coordinates (a, by o, f g, h) of a line satisfy the condition of involution 

(A, By Oy Fy Gy C, /, (/, h)^0y 
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curve will satisfy the condition 
S', //, A, B, (f^a, h, c, / /i) = 0. 

The reciprocal of the before-mentioned skew cubic r • „ 

qnaitic torse having for its edge of iwressioii tliA <.1 ' ' / ' ^ ~ ^ ^ ^ is the 

37lF-^^ = 0; or, what is tlfe same^rV ? "f-" = YZ-9XW^0, 

(«. t, 0,/ p, «) ti.„ cooJtoics o'f ‘ 

«e. if, ,l,i!,CJo,i, c,/p, 

T: iTlorfc P'“““ "f *'■' *•'- «W. 

equation of the osculating plane is ^ parameter whereof is t, the 

y, Z, 17 1 = 0, 

1 j 3i, Sj!**, p 
1. U, t- 
I , t \ 

or, what is the same thing, the equation is 

(«*. -«=. f, -IJX, r,X, TF) = 0. 

Hsncp r„,. M.0 i, 

(ff\ -dS d, -IJZ, jr 

-IK. F, Tf) = 0, 

theTe C’^Piessions of the six coordinates, but omitting the common factor <j>~e, 

<t, b, c,/, ff, A = + + e^. 

we have thus between the parameters d. ^ the relation 

(if. (?, if. ,4. B, OJtf'+ S# + *. 
oa We „e ft« P, ^ 

(^> ~y, Z, -■ W\u, 1)’ = 0; 
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let p be the third root, then we have 

0 + ^ + p 


- ^ 
"A"’ 

Z 


9^ + p{d + = 


6<}^.p =-^-, 

and thence 

0 + (^ = i (F- pX), ec}>=^~(Z- pF+ p^X) = W, 

(X, -Y, z, -wtp. iy=o. 

Substituting for 0 + <f> and 6<j3 their values in terms of p, we find 

Fp {P - ZX - pXY] - OpX (F- pX) + HpX^ 

+ F {(AA" + J3F+ 02) - p {BX + GY) + p^GX] = 0, 

or, what is the same thing, 

pX{QX~FY+GW) 

- p [i’(F» -- ZX) ~ QXY + HX^ - BXW - CTTF{ 

+ W(AX+BY+GZ) = 0', 

from which and the equation 

(A*-, -F, Z,-W^p, ]F = 0, 


we have to eliminate p. 

70. Writing for shortness 

( ., H, ~G, AIX, Y, Z, W)^a, 

{-11, ., F,Bl ) = /3. 

( Q,-F, ., 0 $ „ ) = 7 . 

(-A, -J?, - 0 , . $ „ ) = a, 

and therefore «A + / 3 F + 7 ^ + aF = 0 : the two equations are 

pX'i + p (- 7 F - /3A) - SIF = 0, 
p^A-p^F+pF - W^O. 

Writing the first equation in the form 

7 (pLY - pF+ Z)-B (pX-Y) + aX = 0 , 
multiplying by — p, and reducing by the other equation, 

/3 (pLY - pF) - paX - 7 F = 0, 
or, as this may be written, 

jS (pLY - pF+ 2) - a (pY - F) - aF- /32 - 7 F = 0. 
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From tins and the preceding equation we deduce the values of p=Z-p7 + ^ and 
pX^Y\ VIZ. witing for shortness p ^ px -h/i ami 

we find /5«-7^/37-«^,«-y-y3^ = p, q, r, 

P^X-pY+Z : pX-7 : l = -rF+qF : rF-pTI" : -r, 
or, what is the same thing, 

P^X-pY+Z = Z~^W, 


whence also 


r 


and thence 


cx-r — r+E*- 

r ' 

P^X-p^Y+pZ ~W=: 0 , 

P^X-pY 

pX 

(z~^ rj 


.a 

r 

P 


= llw, 

r ’ 


and we have therefore 


P 

P 

P X 


= w, 

-Iw, 

= 2f, 


(7=) = 


must be equivalent to a^ single' eqmtior it is clear 

I take any one of these equations, for instance the equation 

Z~^W^-(^Y-^W), 

oj, what 13 the same thing, ^ 

qr^-i>«F+(pr-qa)F=0, 

this purpose I observe^that from tie 1 ”■ ®y“*^®trioaI form. For 

we have A S, if only AF+BG + Off not = 0, 

X:7tZ:W== ( . . - (7. B, - / 3 , ,y. S) 

., -A, -ff][ ) 

-El „ ) 
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and substituting these values, the equation 




This becomes 


qi- (- Ba-\-A^-HB) 

— v** ( Oct — Ay — GB ) 

+ {])i’ — q**) ( Fct + OB + Hy^ = 0. 

= ^r(-pa) 


udr (q/3 + 1’7) 

- 5qra 

- Cn^a 

+ F (pr — q^) a 
+ G {r^'S + (pr - q2) /Sj 
+ II [- qrS + (pr - q’) 7} 


— JSqra 

- Oi^a 

+ Jf(pr-q»)a 
+ ffpq« 
irp=«. 


V4. Ni ft. f W J 4,- 

viz. the whole equation divides by a; and, omitting this factoi^ the equation is 


ulpr 4* Bc[v + Gv'^ + (q^ — pr) — G^pq + f/p^ = 0^ 

or, what is the same thing, it is 

(II, F, 0, B, A- F, -<?% q. r)’ = 0, 
whore I recall that we have 

p, q, r = /38~7’‘, By-aS, ay-B\ 

a, B) 7> ^ being linear functions of the current coordinates (X, F, Z, TF), viz. we have 

«=( . , II, -G, A^X. Y, Z, W), ■ 

B = (-H. .. F, Bf „ ), 

y=>{ 0, -F, 0^ „ ), 

S=(-yl, -B, -G, ). 

72. It thus appears that when AF + BG + GH is not =0, the reciprocal of the 
scroll 

(II, F, G, B, A- F,- OJp, q, rf - 0 


has an eouation of the verv same form. 
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equation contains the constant factor AF + B&-\-OH, so that throwing tliia out, tlni 
reduced equation will be only of the third degree in the coelKciouts. 

74. The transformation is a very troublesome one, but I w'ill indicate tho steps 
by which I succeeded in accomplishing it. Each of the functions (p, (j, r) i.s a (luadrii^ 
function of (A", Y, Z, W), say, 

P = (a, b, 0, d,f, (j, h, I, m, n^X, 7 , Z, }V)% 

q = («'. . . 5 „ n 

^ „ )»; 

we have to form the value of 


\ 7 — I - 

viz. represeuting this for shortness by 


/a, b, 0, (l,f, g, h, I, in, ?i' 
{H, F, G, B, A- F,~Q4a',.. 


Vt",. 


the coefficient of X* is 

{H, F, 0, B, A- F,- G\a\ a'% a"\ a!a", a" a, ach"), 

that of X>F is ^ 

(H, F. (I. B,A-F 2«/', 2«r. <•/" + »"/, ay+»/", ,/' + «/), 

iiw farv'toT™ '■J' “ 

•f tke terns X‘. X’. 7, S>e. in the deieloptst “t ^ 

»is. .hi, is ~ '■ ■*' '*■ *■ “K r, Z, not 1 

x-mr TFiF, V, ^ ^ +2*“ +% 

+ 2n]i + + 2/)?i + ^^3 

rnn^ 

J;” 

+ ■yn + 2)?in , « 

+ n* 
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iUiil l.lin viiliH'M <)(' l.liii ((■, I), ... wliidi oiiUu’ inl,<) Uio lormula.' iiro ^ivoii by 

miiiuiM of l.hn (bllowiiij^ valufM of p, (|, r; viz. |.lu?so urc. 


A'-' 

V" 


no 

YZ 

ZX 

XV 

A'lr 

rn' 

ZW 


1. All. 

■ . A■^ - 

... (/A-, . 

... il\ 

UK ■ 

- AK 

lilt. 

- AM, 

-- JK 

- mr^x 

, r. ii0‘‘ 

V' <1^ 





\ (!JI ■ 

1* mi 

- ‘idd 

.|. 2(/,A’ 



II .1 (• • (III, 

/{//, 

■ <1(1, 

w, - 

■ lUI. 

A({, 

All, 

A\ 

All, 

Ad,.. 





•1 

(Ill 

l-.AV/ 

h'JI 

•1. lid ■ 

- //A’ -1 

I- (IF 

> 1 




.. 

. A*.. 



~ dll 




r 1 !(.• //'•', 

•A'//. 

.-F\ 

Ad. 

F(f. 

2A7/, 

(fir, 

HAd, - 

AK - 

2liFr 







... (f> 


\ h:ii >)■ 

dll - 

(!(} ■ 

f* ) ' 


Y.“i. An nil iiinliinrn iil' llid I'lilitiiliiliiiu nl' li t.i'l’ni, llio ('.nollliaiMil. nf X* in 

(//. K (f, n. A --A'. - ({If, 

II ( i I II ■ (i>y ‘ ./I »//*' - 2/1 (Pih -I- <i‘ //■ 


viz. thin i 


III 


1 

FIIUF * 1 F(FIF 


1 

a IF -1 dlF 


1 

nillF = ‘ miF 


1 

l/l A') (- A IF 1 (IdF) -1 AdF -I- A(NF 



■VAFIF’-F(FIF 


- (} t; - /l////■■■l■ (Fii) Addd - 


1 Um h'UM in 

i Iiun !o<,AF lid \ dll) if, viz. l lit’iti in ttni 

(iliilnl' /I A''P IKf •) 

m idiMVis 



7IJ, Tlunwinff 

Ktil- llin fnvlnr in ([IIi'hIuhi, AF <■ lUf A-dJI, 

till! nmnlitui mI' 

HfiMlI in Inuud tf» 


0 A'* . //• 


(Rite, n.) 

■f X'-r . 

- '^dlF 


I- X^'Z . 

A IF- FIF A- (F 11 


1 . 

'AAUjr-’UllF A-d^ 


i A «r* . 

miF-iANI 


i- a't;; . 

^■^AGH \^JiiFv man -(F 


f A»FIK . 

AGI 4- MFH + + nail - UGF - 'AFIF 


-I- x«z> . 

- 2/1 Flf + A (P + dlF - F(p + 'AKH 


f A'«.^ir . 

- - 2A//// 4* ilzl FO 4 ~ lUP - < 'Oi 

1 


A*.t- 3/U/((f - 3/1 (, .7/ 4* 3MA + :)C'6'» 



41—2 
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+ A'P 

-2FGH 

+ A'PA 

AFH-BGH - 3Pi/+ 

+ ATnp 

2ABH - 2AFQ ~ BFH + 2GQH + ‘6F^Q 

+ A7P 

- AFG - 2BFH+ BG-^ - GGIl 

+ XYZW 

A^F-SAF^-SABG + AGH- 2&H + BFG-{- 50FII- 206^ 

+ A3np 

2A^B-3ABF+2AGG + B^G + BGE-6GFG 

+ A'P 

AF^-2GFE+GG‘-F^ 

+ XZ^W 

2ABF - 2AGG - 2BGE - 3BF^ + GFG 

+xzw^ 

A^G + AB^ + 3AGF~ 3BF+ BGG - 2GEI 

+xw^ 

3ABG-B^ + 3G‘G 

+ p 

Fm 

+ P2 

BFH-F^G 


AF> + B^E~2GFE-F^ 

+ Y-Z’‘ ■ 

-BFG+GFE+F^ 

+ Y^ZW 

ABF-BG+BGE+2GFG 

+ 7“ TP 

AB^ ~2AGF~ BF + GGI + SGF^ 

+ 7P 

BF^-GFG 

+ YZ»W 

AGF-^ 2B^F~ BGG -3GF> 

+ YZW‘ 

ABG-\-B^-2BGF~G»Q 

+ 7TP 

AG'--\-BG~ZBF 

+ Z^ 

GF‘ 

+ ZW 

2BGF 

+ Z^W‘ 

B0+2G^F 

+ AIP 

2BB 

+ TP 

G\ 

iaterclifiuge J and a^rT*Mid*V**r obeoi-ved that wo may 

•nd -e,\nd .!.» 0 k„r« Z H ^ !”t«"h«.giag JJ 

.ha. of Fr ia AJ^-TA4h.tAt\Z ‘““S W. 

tang that of Fg. is - »' 

n. &,t .ho =,„..i,a „a, bo in fte „„ok n.o« simplo form 

(Boo. Ill,) 

+ (- a^S + 2ar/> - y 32 „\ 


+ Z{ 078 - 2 y 8 =*S + j3,j,a) 

+ W{ aS^ ~3By8+2yO ) = o, 
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or, what is the same tiling, 

-- i ( 3 Z 35 Ydy + Wd,) (a^ 8 ^ 6 ajSyS 4ay^ + 4 j 8 ^S - 3/QV) = 0 , <Rec. III.) 
as may be verified by actual substitution of the values of the coordinates, 

78. By what precedes, substituting for p, q, r their values in terms of a, /3, 7, 8 , 
it appears that we have the remarkable identity 

(H, Ff Gt Bf A — Fj ^ Q\/38 — 7 ^, — aS, ay — 

^{AF^BG^GII) X X a^S + Scc/3y -- 2/3^ y 

y (— c(/3S -f 2 ^ 7 ^ “ /S^y) 

^ + Z { ctyS-- 20^8 + 0y^) I ‘ 

W{ — Q 0 yS + 27 ^ ) > 

79. In the case above considered of the tenth species, iS(3^), for which 
AF'i’BQ-^GH not = 0 , the three forms of the reciprocal equation are of course absolutely 
equivalent to each other. The first form has the advantage of putting in evidence 
the fact that the reciprocal scroll is also of the tenth species; the other two forms 
do not, at least obviously, put in evidence any special property of the reciprocal scroll. 


Reciprocals of Eighth Species^ 8(1, 3^), and Ninth Species, 8(1^), 

80, If AF-\-BO’\‘ Oli ^0, then the equation 

(II, F, G, B,A-F,~G^p, q, rf=0 

is a scroll of tho eighth species, /Si(l, S'*). The first form of the reciprocal equation 
becomes identically 0 = 0 , on account of the evanescent factor AF + BG + OH, but the 
second and third forms continue to subsist, and either of them may be taken as the 
equation of the reciprocal scroll. Taking the thii*d form, and calling to mind the 
significations of (a, /S, 7 , 8 ), viz. 

«=( . , H, -G, A-^^X, Y, Z, n 

B^(-H. ., F, 55 : ), 

^^( Q, -F, ., Gl ., ), 

8 ^{~A, -B, -G, ., ), 

it is to be observed that « = 0 , )9 = 0 , 7 = 0 , S = 0 are the equations of four planes 
passing through a common line, viz. the line whose coordinates ai-e (A, B, 0, F, Q, 11), 
and the equation thus puts in evidence that this line is a triple line on the reciprocal 
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scroll; that is, the reciprocal scroll is a scroll of the ninth species, Or atatiiijir 

tlie theorem more complete!}'' : For the scroll, eighth species, S{\, 3’), 

{E, F, 0, B, A -F -Gjp, q, r)= = 0, 

generated by a line meeting the line (F, G, E, A, B, G), and the skew oubic p « 0 
q-0, r-0 twice, the reciprocal scroll is of the Jiinth species, 8(1^), 

X (- a-S + 3a;S<y - 2/3» ) 

+ 7 (- a/3S + 2ay‘‘ ~ 

+ B ( ayS — 2/3*8 + 

+ TF( aS* - 3/978 + 275 ), 

having for its triple line the reciprocal line (A, B, G, F, Q, li) 

81. It should of com-se be possible, starting from the equation 

(*IX, 7)* + 7(*5Z, 7)’+If(*'$x, 7)5 = 0 

ir.nr.':^LfSh: ^ 

7^Z=-Y>W-ZhX = 0, 

- 75 +x.>» = 0, 

2775-375TF+Xy = 0, 

27*7-37*7 +X^=,0, 

~ 7* + Xio = 0 , 

»c tod b,, 

X5(yu-- 0* ) = _ 3^. {p ^ sxZ(XZ~ 7% 

V>{m~yz)^ SY^Z^lYZ-SWX], 

-y’) = -87»{^H37PF(717-7*)). 

Hence writing for a moment 

wo h..o 
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lliul in 

\ii II' ( y w • ^ I xw (xz--^ ro i* ^2 



^ l(A'/ * r^)( y\v z^)^^ x vzwi 

0, liy llm <'i|iuuinii (if iJu? Mnn)ll; 


ninl wn iIuih jii'p iJhiil (ht* pi|nali(»u i4‘ iIuj rriMpmaal narcjll in 

{f/w -- {x-: -- f) - (j/z -- avMp 0, 

• n‘ Miy ■ [ir 0. viir^. \i is ii nritill N(l, :i^) |frina'a(:rit by a liun nhujfriiif^^ lliu lino 

(), jmtl ih^ {-nbir nirva p 1 0, - 1)^ r* s f) (.wins 'Tlio iiipuitkiii ia iibviimaly 

iiM'liulrfl in tlir i*i|ntiiiou 

( //, l^\ / *, /f. .1 ’ ' 

wbi-r*' J A' I /i7r 1^ 7/ (I; viz. wril .1 IL- i* (t ^ > // : j(I, this InMUJiiiaa -- pr)- * 0. 

Mi. Ivrtnrnih)^^ lt» (Ih^ ^(rhrntl nviv ni’ ll\{\ hrrull» oujhih hiuhuvh^ iS^lj it in 
|no|ifn' hi nhiiw },{inUM*fvi<'ally hn\v ii. is ituU. ilia rariprunil is a aarnll, nintk s/wowiff 
i'nnsiilir ill flir snail iS*{l, !i^) any pluini Ibniiijtfli Uu? iliriutlrix liiui; thin 
fniihum (.bna liins of Ibo .siooll, viz. iht^Mo n\v, llio Hulani of fbo lriaii|.(ln 

fbnotMl liy ibo lliioo poinln uf iiiinvinolion of (Jio piano willi Iho nlunv tnibin: honoii 
in ilio hsapiMaal Ui*inv wo bavo a ilinstlriv lino huoIi lliatr u(i v\ivM point, of il. I.liovo 
aio ilirooi ipaM ialiiitj Huom; flml. Jh, wo tiavo a soi'mII N(r7 wiUi u Iripln iliiooirix liiiu, 
t ’MiivnVioly, niurlin|v( with flio nomll iS^I^, *arh phiiitt ibnmi^h ihn Iriplu iliioninx linn 
hio'’in flo* Sf'iiill ill ibin lino ilivia linn'N, ami in a Hiuifli^ iptiuauliug linn; wlinmn 
I lo ro is in |lin ^^ ♦’i|UManl nt yaW h oimpln ilina'IiiJi linn; but. in uninr to kIoov lUhl 
if is a sniMlI (,V(|, IP), w*‘ liavn yrt to hImuv llnif tlnao ih, as a lonlal tlivnolrix, a 
?$bow robin lurl. Uvion by nanh |4ruovatiii),{ linn; ihis iinplinH tliaf, rnniproeully, in l.fin 
m roll N ( P> nanli gnirmliiig lim^ in tlin liilrisnifi ton of Uvo osniilalinjj planus of a 
abnw nnliir (taii^niit plaiMH nf a i|Uiulir (uiiMh), ranli mutli ptauo nonlaiiiiii^^ 
l^ioirmlin^ burs of I bn lirroU — a jjjrninririral propnHy whkh Is far from obvioiiH; 

similaily in flo^ si'ImII, iiiiifli hproir-s, XtU**), w’hnrr Irho i ' 

bo iii, f lin pi'f^iiniiy lliaf oiirh ^{nia rating tiun is a linn 
rubir bools fo i ltn propni f y I bat rm*h liar is also Uir^ 

]tli.u' H .tf ii mUi’Vv (riihi.! (nj', wimi i« tin* wtuui twt» Umg.'iit jiIhiksh of a .{UfirLic, 

tor***'). 


AnnnioN, Mu^ 18, IHOD, 

Bi.H’cj the Coregoiiig iMomoir wiw wrilteii I roceivetl from ProfeHHCti’ CroiHoim a 
leiUsr Milan. NoveiiilMsr 2(1, 18(18, iti which (beahlca l;h« ninth mid tenth npooLes 

■.wjnshUin'd al«n'ci( lus rtTem t.. two other «ptici«« of ijuartio hctoUh. IIo reinarka that 
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1 *°™ «!“»»»«•« be oonsWered aloe, will, 

the nodal cune, and he enumerates an .all 12 species as follows: ^ 


Defioienoy. 

No. of 
Bpeoiea, 

Ifodal ciii've. 

Bitangent torse. 

Oorrespouding 




to my specios. 


1 

r. 


10 


2 

Ifn + 

I(^+Bi 

7 


3 


/fg + i?i 

— (say, 12) 


4 

+ Ml 

Ml 

— (say, 11) 

;;=:s0 

6 

6 

Ri Ri + 

Ml + i?j' + Si 
Mi^+Si 

2 

5 


7 

Ta 

Mi^ 

8 


8 



9 


9 


i?j'3 

3 


10 


Mi^ 

6 


11 

12 

■/?! + Ml 

Mi^ 

i?i + /bV 

Ri^ 

1 

4 I 


where r, denotes^ a skew cubic. 2, a torse of the 3rd class (or quartic torsel E a 

conic, Ki a quadric cone, JJi, i?,', different riirht lines P* p\ 

or thiw finiPB Ay, T K • Ai "e™ Ri a line counted twice 

r ,r ,r„ ’n- 

spocie. 10 had boo. conoidorod by M. Ob«,los, CWpte 

I have not yet examined the two new snecies monfiV.,,,,! i ,.1 • 

A, Ih.^ „e (QojAom 3). soy tel/3,, . ,^,1 ^ 

bitangent torse made up of a quadric cone and « li.,,, . i /n ^ f, ^ ^ 

siiems, a scroll havmg a nodal conic and line but fn i eleventh 
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A MEMOIR ON THE THEORY OF RECIPROCAL SURFACES. 


[From the Philosophical Transactions of the JRoyal Society of London, vol. clix. (for the 
year 1869), pp. 201--229. Received November 12 , 1868, — Read January 14, 1869.] 

This present Memoir contains some extensions of Dr Salmon’.? theory of Reciprocal 
Surfaces. I wish to put the formulsa on record, in order to bo able to refer to them 
in a “Memoir on Cubic Surfaces,” [412], but without at present attempting’ to com- 
pletely develope the theory. 


Article Nos. 1 to 5. Extension of Salmon’s Fimdmnenlal Equations. 

1. The notation made use of is that of Salmon's Geometry, [ 2 nd Ed.] pp. 460—459, 
[but reproduced in the later editions, see Ed. 4. (1882), jjp. 580—592], with the 
additions presently referred to; the significations of all the symbols are explained by 
way of recapitulation at the end of the Memoir. I remark that my chief addition to 
Salmon’s theory consists in a modification of his fundamental fortnute (A) and (B) ; 
these in their original form are 

a (n - 2) == K+ p+ 2a-, 
b {n - 2) = p + 20 + Sy + St, 
c (n - 2 ) = 2 <r - 1 4;9 + 7 
a (n — 2 ) (11 — 3) = 28 -1 3 [ac] - 
b (n - 2) (n - 3) = 4/c + [ah'] ^ 

0 (n - 2 ) (n -8)~ 6 A + [oc] H 

where 

[ai] = aft — 2p, 

[ac] = ac — 3<r, 

[bo] —bo - 3/3 — 2' 

O. VI. 
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C\ cuicnodes, 

-8, binodes, 
j , pinch-points, 

Xi close-points, 

Oy off-points, 

omeXf ife/to lhrreirfT,*'’'l°'^’’'T'-°“ Tlio same le(te«, 

O', cnictropes, 

-S', bitropes, 
f j pinch-planes, 

X'j close-planes, 

0\ off-planes; 

“ *>« «'l«*‘io»s obovo refoirod to, b,.t in tho 

c(»- 2 ) = 2 <T + 4^ + y + ^, 

[(cb] = ab~2p-J, 

[acj = (ic — Str — y, 

respectively. 

fonnlteJZ »'"»««»« f” [«H M. M their valuee, tho 

a(n-2)= £+ p^2cr, 

6 (a - 2 ) = p + 2J3 + 8y + 3t, 
c (n~2)=^2o-+i/3+ y+ ff, 

«(.-2)(„-3) = 2(S-a) + 3(ao-3.-y) + 2(ai-2,-i), 

(n 2)(n 3)_ 4 ^+ ~ -J) + 3 (bo ~ S/3 -2y -A 

c(fi-2)(n~3)^ ek+ (ac-3^~x)+2(bc-8/8~2y-i)' 
which replace the original fomnilsB (A) and (B). 

^ This (iddition to fcho fchooiv ift iri fnAf * t j • 

Which i« Of ecur. dl«e«„t from the I „f hie t“ ‘ 
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5. For convenience I annex the remaining equations ; viz. these are 

a' = n (n — 1) — 26 — 3c, 
k' = 3» (n — 2) “ 66 — 8o, 

S' = in (n - 2) («» - 9) - (n^ - n - 6 ) (26 + 3c) + 26 (6 - 1) + 66c + f c (e - 1) j 
the equations 

q = ¥ — b — 2h — Sy — Qt, 
r = 0^ — 0 — 2h — 3/3, 

{q, r in place of Salmon’s R, S respectively) ; the equation 
a = a'] 


and the corresponding equations, interchanging the accented and unaccented letters, in 
all 23 equations between the 42 quantities 


71 y Ct f S f tC y h y Ic J t f q f p , j \ 
n', a'. S', K ; 6', R, t', q', p', j ' ; 


G , h , 7* , cr , 0 , y ^ , y , 7/ ] S , G , 

o', h', r', «■', 0', x'’, 13’, y, i’\ B’, O'. 


Article Nos. 6 to 12. Develop7)ient8. 

6. We have 

(a- 6— c)(w-2) =(K~B~6)-QB-4iy — M, 

(« - 26 - 3c)(w- 2)(n- 3) = 2 (S - CO 

- 8h - 18A- 6 (bo -S^~2y-i)-, 
and substituting these values of S, « in the formula 

n' = a (a — 1) — 23 — 3«:, 

and for a its value, = n (n — 1) - 26 — 3c, we find 

n' = 71 (7t — I)'* — 71 (76 + 12c) -t- 46’ -h 86 + 9c'* + 16c 
- 8* - 18/t + 18/3 + 12~ J- 1 9.i - q* 
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equation with the facS\« ^ corresponding 

a*-2« = 2(3-(7)+ 4(«-5)-<r-2i-8;t. 

m -2b= 4>k ~ /Jq. 67+ 12« - 3i + 2p 

^h + lO^ + i9-^i + 5 , 7 -X. 

Writing m the first of these ft’~2f{ = a(a_i)_(t =„/ , os . o a 1 • 

other too by „,e,„. rf a,e v.l„e, of ,, ,, the equata bed, ' “■ 

^ ~ ® = ~ 20— 4S + « — <r — 2j — 

25 + ^ + Si +j — 2p , 

^^' + o + 2i + x=5<r-i-l3 + iff, 

(Salmon’s equations (D)). 

which win bt to the first of these, or rather to the reciprocal equation, 

0-' = ft - ,i 4 . - 2/ - 3;;^;' - 20' - 4.5', 

which, writing therein a = »fn — I'i — 2/i q,. „ i o / 

» tn I) - 2i - 3o, and = 3n (n - 2) - 6& - 8c, becomes 

O' = 4n (» - 2) - 86 - 11c - if _ 3 ^' _ 2 O' - 45'. 

(as such^ it dbnotM the^ nSaXf 1 ® Salmon; <r' is the reciprocal of c, and 
of the torse generated by the taneent planes of the spinode torse and 

or, Mdiat is the same thiL it k T ^ T t’f " 

plane section; that is, it is equal to the which touch the 

spinode curve and the plane section- m> fi cf intersection of the 

The spinode ciu-ve is in fact for -V ^ spinode curve, 

intersection of the surface bv the ” 'without singulai’ities the 

ft-om the nod«l and”oXi«'”irvM* of 'the” '°f + erising 

the Hessian surface meets the surface in thr'nodal 

cuspidal curve takeu 11 times— a resnlf wV.' k t ^ times, and in the 

also as appears post, No 44 The foi i i arrived at by other means, and 

pinch-point, a close-point, a enicnode and <. i,- reciprocals of a 

must signify that the surface and its FeJ ' ^ Geometrically this 

which are not regarded as belonging to the”**^*^’ mtersect in certain curves 

iteelf that for the reciprocal of f cnicnocle^^Sds^ 

reciprocal of a binode it is a line en. 1 .. ^ the 

Pineh-point it is a line counting 2 “\ad foTli. " 

line counting 3 times. ^ reciprocal of a close-point, a 
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9. It is clear that p' will in like manner denote the order of the node-couple 
curve. 

10. I express in terms of 

n, h, e, h, h, /9, 7, j, 6, (7, S 

such quantities and combinations of quantities as can be so expi-essed. We have 
ft = a' = n (ji — 1) — 26 — 3o, 

K = Sn (w — 2) — 66 — 8c, 

8' = (n - 2) (?i=' - 9) - (# -n-Q) (26 + 3c) -h 26 (6 - 1) -f- 66c + (c - 1), 

= 12/i -p c (5n — 6) — 6c® — .07 -P 30 — 2^, 

2U = (- 8n -p 8) 6 -P (15?i - 18) c -P 86® - 18c® - 2 (8ft - IS/i) -p 20jS - 157 -p 4j + 90 + 6x, 

5 = 6® ~ 6 - 2ft - 87 — 6i, {t suprt\), 
r = o^ — o-2h~ 3jQ, 

2<7 = c (n — 2) — (4;8 -P 7) — 0, 

8p = (16?i — 24) 6 -p (— low -p 18) 0 — 86® -P 18c® -P 2 (8ft — 18ft) — 9 (4y8 + 7) “ 4j — 90 — 6^, 

8 k — 8?i (w “"*1) (w — 2) -p 6 ( — 32w -P ob) -P c ( — ITn -P 46) -p 86® “ 18c® 

- 2 (8ft - 18ft) -P 17 (4/3 -P 7) -P 4j -p 170 -p 6;t -P 85, 

28 = ?i (n - 1) (n - 2) (n - 3) + 6 (- 43i® -p 2031 - 24) -P c (- 63^® -P low - 18) -P 126e -p 18c® 

+ (8ft ~ 18ft) - 9 (4/3 + 7) - 90 + 2(7, 

8w' = 831 (71 - 1)® -p (- 3231 -P 40) 6 -P (- 21« -P 30) 0 -P 86® - 18c® 

- 2 (8ft - 18ft) -P 21 (4/3 -p 7) - 12j -P 210 - 18^ - 166' - 245, 
c' = 4/1 (31 - 1) (33 - 2) -p (- 1631 -p 28) 6 + (- lO/i -p 26) 0 + 46® - 9o® 

- (8ft - 18ft) + 10 (4/3 + 7) - 4j -p 100 - 6x - 66 - 85, 

26' - - a -p 3i' ( 31 ' — 1) - 3o', (n't c' suprft), 

<r' -p 2j'-p 3%' -P 26' -p 45'= 431(31— 2) — 86 -11c, 

p' _ 4j' _ _ 40 ' _ ()J 3 ' = — iiji (n _ 2) + ft ( 31 ' — 2) + 226 -P 30c, ( 31 ', a suprft), 

2ff' -p 4^' -p 7' -p 0' = c' ( 31 ' — 2), (31', o' suprft), 

4ft' - 3 (i' -P 3/3' -P 27') - 2p' -/ = (- 431' -P 6) 6' -P 26'®, (31', b' suprft), 

6ft - 2 (i' -P 3j8' -P 27') - 3(r' -%' = (- 43i' -P 6) c' + 3o'®, (31', 0 ' suprft) ; 

(or in place of either of these, 

8ft' - 1 8ft' - 4p' + 9o-' - 2j' + 3x' = (26' - 3o') {( 31 ' - 2) ( 31 ' - 3) - a}, ( 31 ', 6', o', a suprft)}, 

p' -p 2/S' -p 87' -p 3t' = 6' ( 31 ' — 2), ( 31 ', 6' suprft), 

25'-p/3' + 3i'-p/-2p' = 0, 

33''-p2i'-pjj;' — Off' — /S' — 40' = o', (c' suprft), 

(twenty-three equations, being a transformation of the original system of twenty-three 
equations). 
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nr. ii+Qr, 2U-Sq+18r (the last of which introduces 

on the opposite side the term + 480, we obtain 

4i + Or = c (5w - 12) - :>y - 18/3 + 26- 2x, 

— 24< - 83 + 18 }* = ~ (8n T- 16) 6 + (15n - 36) c - 34/3 + 97 + 4j + 9d + 
equations which are used jwst, N"o. 53. 

12. I remark tlmt if there be on a surface a riglit line which is such that the 
angent . plane is different at dififerent points of the line, the line is said to be 

Z ‘"■■““S'' ““ ‘he liee 

th rk * r 'f tangent plane 

if^'it >*/• contains the line at least twice’; 

1 It on am it tmce only, the line is tor.a^; if three times the line is oscular 

trled^ trfst) ^ torsal or oscular line may in like manner be 

termed a tcisal or an oscular tangent plane. These epithets, scrolar, torsal and oscular 
Will be convenient in the sequel. 


Article Nos. 13 to 39. Explanation of the New Singularities. 

I proceed to the explanation of the new singularities. 

the taneent nlano°w*^r singularity ^=1, is an ordinary conical point; instead of 

tne tangent plane we have a proper quadricone. 

is singularity (7' = 1. is also a well known one; it 

ciuctiope IS a plane touching a surface, not at a single point, but along a conic. 

the the cnicnode 0=1, and the reciprocal surface having 

closest coiitactfM and rcm ^ quadricone of the cnicnode six directions of 

tmce and in a reaid.inl ^ ^ euictrope meets the surface in the conic 

would appeal that these six contacte are part of the notion of the cnictrope. 

that the residuaT curve surface with a conic of plane contact, but such . 

Zl l tlmerlr arall f 'T*'” touch the 

of plane contact is Pj¥+ fV~ o'^'iSel'p-r^^ t a surface with a conic 

and „a,e U.. P.„, no. Joh I,™ 7 Xi 

theieto. rdonoi fortl,e,p,„nuethin i„,Ly. “ ' 

tta onuntioii a d.+ n,+no -.T^tho^in:..** *’ *i “ mdnoe haviDg a onionodo at tha otlpn, 

quadricone is rto ' s . dSr ooordinales , the equation of the 

U, = 0 . U,^ 0 . 8.ven as the Hues of InteiBeotion of the two cones 
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17. For a surface having the cnic trope the Hessian surface passes through 

the conic, which is thus thrown off from the spinode curve; or there is a reduction 
= 2 in the order of the curve, winch agrees with a foregoing result. 

18. The binode, or singularity is a biplaiiar node, where instead of the proper 

quadricone we have two planes; these may be called the biplanes, and their line of 
intersection, the edge of the binode. The biplanes form a plane-pair, 

19. The bitrope, or reciprocal singularity = is the plane of point-pair contact; 
but this needs explanation. 

20. Consider a surface having a binode, and the reciprocal surface having a bitrope. 
We have the bitrope, a plane the reciprocal of the binode ; in this plane a line, the 
reciprocal of the edge ; in the line two points, or say a point-pair, the reciprocal of the 
biplanes : these points may be called the bipoints. There are in each biplane three 
directions of closest contact; the reciprocals of these are in the bitrope three directions 
through each of the two points. The section of the reciprocal surface by the bitrope 
is made up of the line counting three times (or the line is oscular), and of a curve 
passing in the three directions (having thorefore a triple point) through each of tlie 
two bipoints. The bitrope contains thus an oscular line ; hut it is part of the notion 
that there are on this line two points each a triple point on the residual curve of 
iiiter.'section. 

21. Wo may however have on a surface an oscular line without upon it two or 
any triple points of the residual curve of intersection, Such a surface is il/a* - 0 ; 
the intersections of the line a* = 0, y = 0 with the curve a- — 0, iV = 0 will be all of 
them ordinary points. The reciprocal .surface will have a binocle, but there will bo 
some special circumstance doing away with the existence of the directions of closest 
contact in the two biplanes respectively. I do nob at present pursue the question. 

22. For a surface having a bitrope B' ^1, it appears from what precedes, that the 
oscular line must count 4 times in the intersection of the surface with the Hessian ; 
for only in this way can the reduction 4 in the order of the spinode curve arise, 

23. The pinch-point, or singularity y = 1, is in fact mentioned in Salmon; it is a 

point on the nodal curve such that the two tangent planes coincide, or say it is a 
cuspidal point on the nodal curve. If, to fix the ideas, avg take the nodal curve to be a 
complete intorseotioii P = 0, Q — 0, then the equation of the surface is (X, 5, Qy=0 
(A, P, G functions of the coordinates); avo have a surface AO-JP-0, Avhich may be 
called the critic surface, intersecting the nodal curve in the points P — 0, Q “ 0, 
AO — = Avhich are the pinch-points thereof; or if there be a cuspidal curve, 

then such of these points as are not situate on the cuspidal curve are the pinch- 
points: see my paper "On a Singularity of Surfaces,” QucctL Math Joii/rn, vol, IX. (1868) 
pp. 332—338, [402], The single tangent plane at the pinch-point meets the surface 
(see p, 338) in a curve having at the pinch-point a triple point, = cusp + 2 nodes, viz. 
there is a cuspidal branch the tangent to which coincides Avith that df the nodal 
curve; and there is a simple branch the tangent to Avhich may be called the cotangent 



le pinch-plaue, or reciprocal singularity / = 1 , is in fact a torsal plane touching 

along a hue, or meeting it in the line twice and in a residual curve 
e ana curve menh 
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sLSn the nodal curve is a right line the 

the order n 9 ‘I’r (^Pi'esentuig the cuspidal branch), and a residual curve of 

tne Older n ~ 2, the tangent to which is the cotangent. 

24. The ^ 

Let fchfT hi a residual curve. 

nldes. tha is the r ^ coiucMent 

meets’ tb ' ‘ ^ !• ^ node-couple plane with two coincident nodes. The plane 

at this noirir^!^^^^ ^ through P and touching 

at tins point the lesidual curve. Considering now the reciprocal figure, the reciprocal 

of the pinch-plaiie IS thus a point of the nodal curve, and is a pi^ch-point • the 

tangent plane at the pinch-point is the reciprocal of the point P; the taiiglnt to the 

c,t zi L‘'r.r'^“r; :[ ““ “r "■ “ Lge,,. '.r; 

0 , and the cotangent at the pinch-pomt is the reciprocal of the torsal line. 

i-.,.. that for a surface of the order ii tlie 

toisal plane meets the residual curve of intersection in (a -2) points P and if eacli 

of those ho a point on the uode-couple curve, then in the redrocal fi^ue i ph^ 
point would he a multiple point on the nodal curve. I apprehend that .starting with 
n pinch-poiut. a simple point on the nodal curve, we have in the reciprocal figure a 

T o? To Tu'T JiT “f ‘T'’ T" ™‘“ “f -“ly 

curve is r no M if r 1 the torsal line with the residual plane 

cuive IS a point of the node-couple curve of the i-eciprocal surface. In the case of 

uJ,Ti=ri«"„or»Li i* =!■ •“=> ot 

26. For a surface with a pinch-plane or toml plane as above (j' = l) the Hessian 
jmrfaoe not only passes thmugh the torsal line, J it touches the surface 
line, causing, as already mentioned, a reduction = 2 in the oiyIpi- of ilio j 

““ ““ “ “ ««d I 

of rT'T'- 

of A fa h C „ 7 . / J wu ’ -0 be the first derived functions 

(a' b' V J' 'f V functions, and if (^', B', G', D'), 

Hessian 'is ’ ^ equation of the 


0 = 


2A + m + 7fa‘ , B -f 2yJ.' + 3 ^%' G +a^g q-^y, j) +yH' 

B + xh-V2yA’^fh', a' 6 -f- 2 ^^ +4>yB' + y%‘, mf+iyG'^ff, .^m + 2yP' + yW 

, .f^2yG'^yr . , avi + yV 

B + xl+yH‘ , am + yV+2yP' , + , ^d + fd'-, 

> See Salmon, p. 218 , where it is only stated that the Hessian passes through the line. 
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and representing this for a moment by 


A, 


G, 

L 

IT> 

B, 

F, 

M 

G, 

F, 

0 , 

F 

L, 

M, 

F. 

D 


then in the developed equation 

JQ (ABO **** AF^ ^ BO^ - GH^ + ^FGH) 

-{BO-F\ GA^G\ AB^H\ QH-AF, HF-BQ, FG-- M, = 

observing that (7, F^ il/, D are of the first order in y, the only terms of the 
first order are contained in B{-DQ^--GL^^^NOL)\ and since 0, D, N are of the 
first order, wo obtain all the terms of the first order by reducing 5, L to the 
values 2^1^, G, B; viz, the terms of the first order are 

2\jr (— G^dx — B^cx 2GB fix), = — (G'‘^d + B^c ^ 20B)i) x. 

Hence the complete equation is of the form 

— 2^lr (G^d + B^o “ 20Bti) x + (iu, y)^ = 0, 

or, what is the same thing, a!<I> + y®^[^ — 0 ; the Hessian has therefore along the line 

rt? = 0, y = 0 the same tangent lolane as the surface; or it fonches the surface 

along this line ; that is, the line counts twice in the intersection of the two surfaces, 

28, If instead of the right line we have a plane curve, say if the equation he 
x(f} + — 0, then the value of the Hessian is = 0 (viz. the second term 

divides by P only, not by P^), so that, as before mentioned in regard to a conic of 
contact, the surface and the Hessian merely cut (but do not touch) along the curve 
a? — 0, P = 0, To show this in the most simple manner take the equation to be 
= let A\ B\ Q\ B' be the first derived functions of (j), and {A, B, G, B), 

(ft, h, 0 , d, f, g, h, I, m, n) the first and second derived functions of P; then if in the 

equation of the Hessian we write for greater simplicity a? = 0, the equation is 

2A'^Fa+A\ F + Ph^AB, G' + Pg^AG, F + Pl-^AB =0. 
JB'^Phi-AB, P& , Pf + BO, Pm + PP 
O' + Pg + AG, P/+PC^ Po + as Ptt+aP 

B' + PI + AB, Pm + BB, Pn + GB, Pd ^ B^ 

The equation contains for example the term 

^ (P' q- PZ + ^P)^ [P^ (6c -f) + P {hG^ + cF- 2/80)), 

dividing as it should do by P, but not dividing by P^ ; and considering the portion 
hereof — P'^P (60* -h 2/BO), there ai’e no other terms in B'P which can destroy 
this, and to make the whole equation divide by P^; which proves the required negative, 
0. VI. 43 
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29. For the off-point or singularity ^ = 1; this is a point on th« onspidal 
at which the second derived functions all of them vanish. In fiii'thor oxplanabioii lun'nnf 
consider a surface U=0, and the second polar of an arbitrary point (a, y, 8); 
this is {adi, + + + U — 0, or say for shortne.ss A“i7=0, whoro tlio (SiKillicinols 

of the powem and products of are of course the second <lorivotI fnnotioiiN of //; 

this equation, when reduced by means of the equations of the cuspidal curve, may a<M|iiii-c 
a factor A, thus assuming the form A((xP + ^Q+yR + SSf^O, and if m the intorHoc.tioiiM 
of the cuspidal curve with the second polar (=2o--|-(9, if, aa for siinpILcity is Http]Kw<sl. 
there is no nodal curve) will be made up of the inteiscctioim of fcho euspidni o.nrvo 
with the surface A = 0, and of those with the surface aP-l-^f^l- yVi-l- &S' =.= {) nncli 
twice; the latter of these, depending on the coordinates (a, /3, y, S) of bho iirbilnirv' 
points, are the points <r each twice; the former of them, or inteivscotioiiH of tho iniHiiidiil 
curve with the surface A = 0, are the points 0, or otf-points of tho cuspidal ciinm. 

there is a nodal curve, the only difference is that the off-pointn arc hiioIv nf tin- 
above points as do not lie on the nodal curve. 

^ ..f instance of the manner in which fchi.s HingulariU' nmr 

^ r? .LZ, 7.‘ + the .lo*,.o. „f Mu, t,u„„,i„u» ,„.u 

«' cvnpidM curve f'-To-O tf H “ 5° "'"'I”"’ This lias 

-cou,! p.l.r,„l,.„ ..*'X .he rU 

„e h„e .hue .he 

31. But suppose, as before, the case of a surface (A H r*7i'7> 7')'k!i n i 
cuspidal curve P=,0, 0 = 0 wl ihr„.„f An "> QY^O Imvin^' u 

equation of the I'In. 

and if for any given SrS (vt. P.OgA/^ 

M,F may be fractional provided onlTTL (olworvu (:lmfc 

be on the cuspidal curve tL off-points A = O.TiotQ^^^ 

-I'i* U»,M' i„ Mu, 

- Va;(a!!' + 3^w) 

+ ^w(3a!’“-}-«w)a ~o 

has the cuspidal conic y = 0, 3*3 + «„■_, o 7 , 

has the off-points 2.w=o, y = o 3*2 + .l^”l coming under tho form .PP'-h 6>Q'' =. 0) 

(- = 0,y = 0.ia = 0)e„eh twice;%^4 ’ = (--0. y = 0, ^ = O)! 

But ivi-iting the same equation in the form 

(4, 6®, Jj,. _ 2^. ^ 


where 
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it appears that there are also the three cuspidal conics — 2a^ = 0, oo^ — zw = 0. Reducing 
by means of these two equations, the equation of the second polar is at first obtained 
in the form 

(4, 6«, 2a’Aa! — xiAw — -mjA^)^ = 0 ; 

but further reducing by the same equations and writing for this purpose y — a>,v (m’ = 2), 
the equation becomes 

(4, 6a;, (Sw^Ay — (jA®), 2®Aa; — 2 Aw — = 0, 

that is 

[2® (8a>^Ay — 6A®) + 3 (2®A® — nAw — tuA^)]" = 0, 

and we have thus the off-points ®^ = 0, y^ — 2tv^ = 0, a;^~zw = 0, in fact the before- 
mentioned two points each 6 times ; and the complete value of 0 is ^ = (4 -h 12 =) 16 ; 
viz. the off-points are the points (® = 0, y=0, 0 = 0), (® = 0, y = 0, ■w = 0) each 8 times. 
On account of this union of points the singularity is really one of a liiglier order, but 
equivalent to 0 = 16. 

I am not at present able to explain the off-plane or reciprocal singularity ^'= 1 . 

33, As to the close-point or singularity % = 1. I remark that at an ordinary point 
of the cuspidal curve the section by the tangent plane touches, at the point of contact, 
the cuspidal curve: the point of contact is on the curve of section a singular point 
{in the nature of a triple point, viz. taking the point of contact as origin, the form 
of the branch in the vicinity thereof is y^~w'~0, whore y = 0 is the equation of tho 
tangent to the cuspidal curve), such that the point of contact count.s 4 times in the 
intersection of the cuspidal curve with the curve of section. At a close-point the form 
of the curve of section is altered ; viz. tho point of contact i.s hero in tho natin'c of 
a quadruple point with two distinct branches, one of them a trii>le branch of the form 

= but such that the tangent thereof, y = 0, is not the tangent of the cuspidal 
curve; the other of them a simple branchy the tangent of which is also distinct from 
the tangent of the cuspidal branch : the pouA of contact counts 8 + 1 times, that is 
4 times, as before, in the intersection of the cuspidal curve and tho curve of section. 
The tangent to tho simple branch may conveniently he termed the cotangent at tho 
close-point ; that of the other branch the cotriple tangent. 

34, We may look at the question differently thus : to fix tho ideas, let the cuspidal 

curve bo a complete intersection P ~ 0, Q - 0‘, the equation of the surface is 
(A, B, (?$P, Q)‘' = 0, where AG-F‘ = Q, in virtue of the equations P = 0, Q = 0 of tlio 
cuspidal curve, that is, AG-B' is =MP + NQ suppose. We have (as in tho investiga- 
tion regarding the pinch-point) a critic surface AG — B^=^0, this meets the surface in 

the cuspidal curve and in a residual curve of intersection ; the residual curve by its 

intersection with the cuspidal curve determines the close-points ; the tangent at tlie 
close-point is I believe the tangent of the residual cinwe. Analytically the close-points 
are given by the equations P = 0, (•^> — ilf)* = 0. It is proper to remark 

that if besides the cuspidal curve there be a nodal curve, only such of the points so 

determined as do not lie on the nodal curve are the close-points. 


43—2 



340 


A MEMOIR ON THE THEORY OF RECIPROCAL SURFACES, 


[4 1 1 

35. I take ns an example a surface which is substantially the same as one wbiijh 
presents itself in the JTemoii’ on Cubic Surfaces, viz, the surface (1, io, ooy^w^~wy, 
having the cuspidal conic ?«- — a;y = 0, z = 0. Since in the jM’esent case AQ — J3''‘ = 2\ wo 
have 4f = l, iV = 0, and the close-points are given by P=0. Q = 0, G = Q- that is, tliey 
are the points (^ = 0, a;=0, a; = 0) and (^ = 0, w=0, y = 0). 

36. I first however consider an oitlinary point on the cuspidal curve, or conic =:=(), 

^ — 0 , the coordinates of anj' point on the conic are given by <o y : z •. w = 1 : 0'^ : \) : (} 
where 6 is an arbitrary imrameter; we at once find &‘.v+ y ~ 0 (z + 2w) = 0 for tin’ 
ccpmUon of the tangent plane of the surface or cuspidal tangent piano at tho point! 

® “* ‘1'“ “'*«’■ '•!- 

(<9-, 0W, (eyjxif^-wy, e^{c-\-y, ~26wf = 0, 

ramld^n!/T^ 1 , 1,0 

^^-y = 2p,'and dr+y-i=2jf7e have' ^ °<>‘>«lit.atos 

&'■»>= 6w+p-q, 

and thence -y — Bw+p-q, 

- 0^ioy =i)* - (5 -I- eioy ^ 
e^{vf>-icy) =p'^~f~26qw, 

tiiid the GC|Ucition thus is 

{e\ ~p^ + + 2%o -1- 2&^q) = 0, 

or, what is the same things 

(1, eiv, ~f + gH 2 eqi„ + 20qw, 2qy = 0 • 

yiz, this is ^ 

or reducing, it is ^ 

{ji *- ^ ^ 86qHv = 0 , 

the equation of the section in terms of 

satisfied by the values p = o, q^Q which beW 1 1^' 

the conic, and m the vicinitv of assumed point fj 03 a /}>, 

tanch of .he r,™ aVi;:; 

«»f.ee 0 . e,„p« Tl'Tht tit 
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+ 2^) = 0» that is in the line (o===^0,w — 0 three times, and in the line rx?=0, w+2^”0 
(that the section consists of right lines is of course a speciality, and it is clear that 
considering in a more general surface the section as defined by an equation in (w, z. ?/), 

the line ^o — 0 represents the tangent to a triple branch and the line 

wi‘2z=^0 the tangent to a simple branch); these lines are each of them, it ^vill be 
observed, distinct from the tangent to the ciisindal conic, which is a; = 0, ^==0* And 
similarly the tangent plane at the other of the two points is jf — O, meeting the surface 
in the curve y — 0, (w ‘h 2z) - 0, that is in the line y == 0, w=:0 three times, and in 
the line y = 0, w -h 2-e^ - 0, 

38. The close-plane or reciprocal singularity — 1 is (like the pinch-plane) a torsal 
plane, meeting the surface in a line twice and in a residual curve; the distinction is 
that the line and curve have an intersection P lying on the spinode curve; the 
close-plane is thus a spinode plane; it meets the consecutive spinode plane in a line 
fi, passing through P, and which is not the tangent of the residual curve. In the 
reciprocal figure, the reciprocal of the close-plane is on the cuspidal curve, and is a 
close-point; the reciprocal of the point P is the cuspidal tangent plane; that of the 
line fi the tangent of the cuspidal curve; that of the tangent of the residual curve 
the cotriple tangent; tliat of the torsal line the cotangent 

39, The torsal line of a close-plane is not a mere torsal line; in fact by what 

precedes it appears that the surface and the Hessian intersect in this line, counting 

not twice but three times, and it is thus that the reduction in the order of the 
spinode curve caused by the close-plane is =3. 


Article Nos. 40 and 41, A 2 )pliGation to a Glass of Surfaces. 

40. Consider the surface FP^ 4^ = 0, where / p, g, r, q being the degrees 

of the several functions, and n the order of the surface, we have of course 

n ^f 2p ^ + 2?* -f 

There is here a nodal curve, the complete intersection of the two surfaces P = 0, P = 0 ; 
herico 6 =ijr, /a = 1) (r- 1), = ~?’ + 1); i = 0; whence (q) = pr ( 2 ) i-r- 2). 

There is also a cuspidal curve the complete intei'section of the two surfaces P = 0, Q = 0 ; 
hence o=pq, h = ^pq (j) ~ 1) (q - 1), ===^c(o~p-q + l); whence (r) = pq(p + q-2)i I 
have written for distinction (q), (r), to denote the q, r of the fundamental equations. 
The two curves intersect in the pqr points P = 0, Q = 0, P = 0. which are not 
stationary points on either curve; that is, /3 = 0, 7 = 0, i=pqr. 

There are on the nodal curve the j = (/+fif)pr pinch-points P=0, P = 0, P = 0, 
and (? = 0, P = 0, B = 0. There are on the cuspidal curve d—fpq off-points P=0, 
p _ 0, Q = 0 ; and there the gpq singular points = 0, P = 0, Q = 0. I find that these 
last, and also the 6 points each three times, must be considered as close-points, 
that is, that we have % = (5^ + 3/) pj. 
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41. AVe ought then to have 


>11 I 


i(tt-2) =p, 

C (?i - 2) = 2<r + ^ ; 

i(g) + 3i+j =2p, 

3(r) + c +2i + x=^<r + 4!0] 


the hi’st two of which give p, a-, 
equations .should become identities. 
e(juations become 


and then, aubstituting tlioir valuc.s, tlio otlioi' 
In fact, attending to tho vnluoa pr = b, 2X1 ~ o, 


two 

till) 


26 (p + r - 2) + 3bq + b (/+ g) = 26 (ii ~ 2), 

3c {p + q~2) + o + 2cr + 6 (g + 3/) = | (c (n - 2) - c/j + 4o/. 

The fii-st of the.se is 

^n = 2p + 2r + Sq+f + g, = (2p +f) + (2r + + g), 

and the second is 

ho that the equations are satisfied. 

Ai-ticle No. 42. The Flemodal Gurm. 

.^'vnffont plane may meet the 

?}; Si S 

* t '' ir— - 

«« «q«al curve situate symm^S^" therewiti' oTte^V^ givTcum'' !nf of 

other side of the axis; the 



A MKMOlU OK TIM*: TMIlOUA' OK KKriKUOOA I* HlMl l•'AOI•:s. 


4 1 r 




<H*cl<'r nl (lir siirliu'*’ i\i l.huM TIm^ frWn MiirvnH itilin>{rrl ill ui jiriinlM ini iIh* 

|n>iulM. It»niiiit;( uf piMiits, .Mituiili’ MymmolrErally ini 

<»p|inNi|.t* sidi'M 4)1 lJi4^ iixpm; 4*ir<?li*;i, ikhIhI <*nrv<*M dm Uip 

surfai'i^; Ihn unilivi Jii’iii'nih* 'a iirali'M. wliirh nn^ ntnlal rurvi-i du ihr aniiiiao, ami lla’ 

4‘'iN|hs ^ivinaatv m: tMivI)*^, auspiilal ^•(^rV4^‘l an itm MiM lin*)'. '['hiav ara va ' • a/ :i!iS - M/v 

4'i)'4’l<vi at |ilum' 4'aii(iM*t ani raM|Miii4lin)( in f in* ptam^ i*nrv4i la iln) fainp'iiK pf^i |MaHli4’ulai' 
l>> ilia a\ia. Isai'lt n( Ilia /a ptfinta an I ha axin ||;iv4'^^ in I, In* riurhn't* a paii' 411* 

( iiiii4i 1* i nary ) liinvi; mnl wa liiiV4» liliiia f-wa a<*la 4*ai*li 4)1 m liu4**i, aiit4i fhal iihiM}.* tin* 

lln4*H nl’ i'urh .•it'll (hi* taiilaai’ \h Itiin*|i4*il hy an Onmipiuuy) Mn*riiliaii phun^; vi;^ fln ^tj 
ara i lia triratilar plain a tjlf 0, .*' * /y ’ 0 piii^aiiij.f t tir)Mi(.(h (In* axis, 1 ai 'iian*? 
nillhail. sluppintf t)) almw if flml- lln*Ha tJta limsi ara liinvi iial J* lair y'* flinl i*i. flial 
Un*y t'in‘li i t ilina' I tn* ar4iar itl' I In* apimsli* am vt* hy M1n' inlh xhnn^ ^vnanih' 

h//i ' ■ (hS Ka’ tiirali M ^vl^i4*h il ii( a iht* spiiiath* t'ln v** an Ilia niiilin'a. 

i* Is /Vtnl \va i*un f hus vtailV flitif' lln* tsattpli'O* inhtisi'al iaii nl* Iht^ sni lia’a wilh 
ilia llaMsiaii iH tiiinh* np in artsiiilunra wilh itn^ iln)»rv; vi/ 

i )i 4 lar III an I Ilua* > ? )iut, 

< )i4|ar al' I la ssiun • **J), 

whiansi i»i<li'r nl infiasiM*! ian llinH ^ Irim 

Nntlal i*ni‘Vi% .J ( /a" - m ) I ft i*ii i*h -i, »S linmi Hitr < Hfn \ IfhS 

(-MKpiilul iMOVa, A’ aiivlt's, 11 littiaa j vJ’JJa 

(*irali*a al aantiml, « hv liv 

liinns ;!;/! , ii iiiin*s i (im 

Spimala nnva, llm* lift- HA^ i*iri*|i>t. Ian' llliu - llU* 

\i\tit- « t ilf/f, 

*la* Wi"* may l*y a similar hiisaniiii^ ?Jntw flmt lln^ sniriiar ami lln* l!aamvi|a Hiirta)*** 
inlars4*4'i In lln* ntsinl 4niva laKt*n 11^,1 liinas^ umt in tin* 4*nspiilal aurva lakau ;}? liaiaH; 

Mini a44ns4‘)piaiil ly fhal, lln* 4ioh*r 4»|' tin* i')*ailnal inha'iaa’tiiin 4»r llai’haiJal antva E»t 

n ( lliif :!4) ' lt74\ 

Ta alllsUr \U\h, iiliHarva fhal al liny paiiil, wimfavai* III' a unmhiir siutaaa rin* laii^'r*iii 

plain* uwviH ilia .siu lin a in a ]>iiir tpf liims, ||ta( i*4. in a aiirva having at I ha p*«ihl> til 

4‘amaat a laalr* wilh an inlh^xian nii aaah hnatah, nr suy, a llailtf Uitita, Timupin* in 

lln* plana li)^ai)i‘t* a amiii? liavin^^ its vtuUr* an fin* axis tif r)ilnri»a» mnl its 
I'tiinaiilanl Ihan-wilh, afal tin? aanin havini^ wilh tin* (nnva til' ilia 4ailai in a l-n* 
iiiltasantrian nl nay painl P\ iha paint P gaimmlas h rin la, mn'k tlmt 
nir(?h? tha Murlimn h imniilatHl hy a fjmnlrin Murana itf 

ihn uinritliau ataHimiN hava a IViur-pniniio aiinlaat; ilia ai 
thu aurJmaj a llaihKrinMla airah*; ainl I ari.-amm ihul ii 

aivukn HiC'iinn if (Im nniiihar nf tlia |it)inls P Im ^1, wo Inivt* tm (ha mirfaao (f 

llannanodo carnlim, ;»» 20 IhanuHli? aindaji, that i.H, a llaianala niirva nf thn nmlar 4^^ 

1 wkli to Hhuw timt we liava j? fna’* -- Oia-- lOS-- 


* Obsiervta timi Ums ngimnn in m i^ntna 1*^^ rltl of in ft diff)?*rnni niaiinorr, by uny fthftmllitai af ilw 

miiab<sr« tt mal 11 m whicili Uiii pnitsial iavi'tiiigfliutn 
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40. The problem is as follows: given a curve of the order m witli S luiihiH runl 

V cusps; It is rofimred to find the number of the conics, centre on a given line 

and an axrs coincident in direction with this line, which have with the given curve’ 
a -t-pointic intersection, or contact of the third order. Thi.s may be solved bv nit-ans 
of formute contained in my "Memoir on the Curves which satis/y given (londitioi.H " 
Phl.^ Tram. vol. CLVin. (1868), pp. 75-144; see p. 88; [400]. ’ 

Taking a.' = 0 for the given line, the conic (a, b, c, /, q, AO.r v iyJ::.:0 will 1...... 

I S cc-utre on the given line and an axis coincident thorowith, if O’liiy A==() ,,,.,’1 

•ivnotnig these two conditions by 2Z, it is easy to see that wo have 

. (2.V .•.) = !, (2Jr:/)=2, (2X.//)=2, (2X///)==1. 

theMcf (Ir! three comlition.s 3^, then tin, ninnhcr of 

^ - i7 + iS) 

+ ^'(-|« + M+T^y-P) 

+ 7'( ^a-i/9 ), 

where a, /3, g denote (2A’'.'.) (2X ■ l\ (^v in mv hjk . 

values are 1, 2, 2. 1 respectively, aiic ’whore 1'’ ' I 

respectively. «, /3. 7 ficiioto (3,5f:), (HX-f), 

47. Substituting for a /? a, x tu • . 

that is =H32-/)! Suppose t'lnA/^’ 
ptact of the third onler withal giveMim 

«. «) im the order, « the class =m»-m-2S ? '"o 

m-28-8A:, « = 3n + ;r), tin,,, wa have 

(3: ) ^ 4m -- 3?i ^ 

(3</) = -8?ft-8n + 6a, 

(^//) = -3m-4a4. Sot' 
and from the second of these tl,« > 1 a ’ 

Order of flecnode surface -n /o o.v 
Older of intemeotion " ~ ^ ~ 24 

Nodal curve. 4(»i«--«,\ . s . , 

Cuspidal curve + ^ U times 
Circles of contact 2^- ?' 

Lines of contact 2m ^ f 

0 tunes 




44w»-48„j 
22mi.*’ - 22»i-P 446 

„ + S-liv 

2w“- 2?n- 46- (j/e 


Flecnodai ciin-e 5 »b» T ' ^ ” 

.m»-9,«-lOS_i2^ circles each r ■ ''' 

aoh twice 20 m“- 3 Gm,_ 406 - 48 « 


■ 36^^^ . 
44w»~4g„j7 


s S', “• -pH- » .h. ~ 

tno numbers 22 and 97 f T . ^ present tAi-mo i 

0 which the investigation relatea. ''*’ fiot dd of 
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Article Nos. 48 and 49. The Fleemclul Torse. 


48, 


that is 
I find 


Starting from 

226' + 27c' = 6 (66' 8c') - 7 (26' + 3c') 

= 6 (3}i'‘’ - 6n' - «) - 7 {n'-^ - n' - S) 
= lln'»-29n'+7-fk, 


Hn'®*- 24>i'- 226'- 27c' = on’ - 7S + 6/c, 
n' (ll?i' - 24) - 226' - 27c' 

= n (a ~ 1) (!,]« ~ 24) + 6 (- 697t + 96) + c (- Ddci + l.'>6) + 266“ + 87c= 

- 62/c - 114/t + 141/3 + 947 + 1*1% + tij Ut - lOG -9B. 


49. For a surface of the order n without .singularities this equation is 
n' (lln' ~ 24) - 226' - 27c' == n («. - 1) (llji - 24) ; 


to explain the meaning of it, I say that the reciprocal of a flecnodo is a flccuodal plane, 
and vice versd; tlie reciprocal of tlie flecnodal torse of tlio surface n (viz. tlic torse 
generated by the flecnodal pianos of the surface) is tlius the liccnodnl curve of tlie 
reciprocal surface n j and the class of the torse must therefore bo equal to the order 
of the curve. The flecnodal torse is generated by tho tangents of the .surface n along 
the curve of intersection with a surface of tho order ll?i-24 ; the luunbor of tangent 
planes which pass througlr an arbitrary point, or chvss of tho torso, is at once found 
to be «(?i-l)(llw-24); for the reciiirocal surface tho order of tho flecnodal curve 
IS by what precedes 7i'(lln' ~ 24) - 226' - 27c' ; and the equation thus expresses that 
tho order of the curve is equal to tho class of tho torse. 


Article No. 60. The general Surface 0 / the Order n without Singidarities. 

60. In the general surface of the order n without singularities, wo have 
n = 71 , 
a 

S = (« - 1) (ji - 2) (71 - 3), 

K = n (?i - 1) (?1 - 2), 

6 = 0 , 
k =0, 
t =0, 

2 = 0 , 

o. yi. 
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/) = 0 , 

i =0, 

c =0, 
h = 0 , 
/• = 0 , 
<r =0, 
0 = 0 , 
x=o, 
(J=Q, 
B = 0, 
B = 0 , 

7=0, 

i =0, 


«'= 

rt'= «(n-l), 

S' = ^>i(tt-2){a»-9), 
«' = 3k (n - 2), 


b = Ja (?i - 1) (a - 2) (a’ - a“ + a - 1 2), 

'/= «(«-2)(a-3)(a» + 2a-4), 

p'= n (a - 2) (a® - a® + a - 12), 

/= 0 , 


c' = 4a{n-l)(tt-.2), 


h ~ Ja (a - 2) {16a^ - 64a® + 80a’ 

>-' = 2a(a-2)(3a-4). 


-108a + 166), 


<r'= 4?i(a-2), 

0 ' = 0 , 


x'=o, 

(?'= 0 . 


y9' = 2n(a-2)(lla-24), 

7 “^'^ (™~2)(a-3)(a® + 3;j_ 


I 1,1 A JIKMOIIt ON Till': 'ritKitUS' OF HI-:i?in(0(!A!. HOUKAOI'IH, ,'M7 

Ar(.i(!li! Nom, i'll In (M.. liiir.tlijintiAin n/’ Fitrniuhi /or ff. 

III*' vtiliio I'i ' iJ;/ • tJ) ( 1 1 H • • I'nr ti fiiirliirn vvililimil, wns 

i>Ul,nim!il by SiiIiikhi liy inibtjit'iKinil, ifntiinoli iciil roiniidi'iulinnit, viz. Iii< obOiitiM 

2/^i': 4y/(« . U) 

11.4 Irlio nuiiibi'r nl’ iitl,i*r,iiT|,i(HiH nC llm Njiiimtln i^urvn (iiritnr ; -bj (n ■ :!)) by I bn lli'niiniln 
HurlniMi of (ilio tinldi' lln 

ny. 'I’hn viiliir III' I'i' initiil. Im i)bliiiimliti' in tint riiM* nl' u ‘•iiiiin'it witli .‘liinfiilniilii'H, 

anil 1 hnvn linnii Iml In nnuitlniln tliiili wn liavn 

■■■■ 'ill (ii S)| 1 1 H • ■ 2 I') 

-•(l lOa- 272)7i .|..l.|7 
-(I MIh ;) 0:i)(i l-ftj'r 
•I HW 

I liiiriir riiiii-|.iii)i (», /. ff. f?, /I. O', x', f”. ^>'1 

bill. 1 hiivn itnl, yi'l, fniiiiilit|,t>ly itnlin’iiiiiiiHl ilm t’in)lii‘i.nilti ol' (Itn linear iiiiii*(inn. 'rin* 
ri'oi|irn('iil I'nninila in (lii* niMti nf n ntnliin' nf llu' nrtlei' a witlimit taiiy'ulai il iin, 

J> Xi ' < J’l X'> ''**■“ vaiiit'liiiiK. ia Ihi* itli'Ul il y 

O:.*: i!«' 2) (ri n'- .iJ H 

- ( I Ubi,' 272) Ii 4‘b/' 

•1"^"// 24Sy' .|. I'Ksr 

(>!*, li , If, o', v', fi' , y, (. Iiavin^i' l.lai valiir.'i in ibr t'iiivf{«»iii|j; 4'ab|i'), tl wiij'i by iihsiniiin].; 
Ibr /y mi ttxjtrnwiinii nf lint nlmvn rnrm tail wilU iiiiirtniiiiiiialM rnrllirii'tilMj luitl llh'ii 
ilntiOrtiiiiiiii^f (Iii'hh in mntli winn ibal tlii' i'<'ri]ii'n)tjiil ni|nuiii<N alinnbl be an iilnnlity, 
that till! liii'ii^'din^ rnnnnla flir }i’ wiw airivnl nt. 

It II, I lutimiiiin 

/B' ®» 2« (u — 2) ( 1 1 11 — 24) 

-- 6 (vlii - /f) 4 6'f/ 

“ c (,/Jti — E) -I- Fr 

+ liucar funclitni (i, j, 0, x, /i. 

where it Ih to bo I'oiimrkotl that, in virtuo of thw i:h|u 
the cooilicionta of thi« form are really nrbitrwy: I i 
which loci mo to writes E m HQ, JSr’saJios, 
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34. Forming the reciprocal equation 

/3= 2n'(n'-2)(lln'-2i) 

-b'(An'~B)-hO'(/ 

-c'(Dn'~-E)+Fr 

+ linear function (f, j', ff, x', O, F, i, j, 0, d ,//), 

and substituting herein the values which belong to the 8urfa(30 of tlio order n ^vilihoufc 
•singularities, we should have identically niuiotn. 

0 = 2n (« - 1)’ (» - 2) («s + 1) 22«= + 11, i _ 24) 

- (a - 1) (n - 2) (n» - ji" + ,{ _ 12) [An (,j ~ l)a _ m 
+ n (n - 2) (n ~ 3) (a’ + 2a - 4) (7 

- 4n (a - 1) (a - 2) [i)a (a - 1)’ - iJJ 

+ 2a (a -2) (3 a- 4) J* 

- 2a (a- 2) (11a- 24) 

- 4a (a - 2) (a - 3) (a» + 3a - 16) /f 

2) (.. - U + - *5». + 1M». - Ul„. + - . 

or dividing the whole by a (a -2), this is ’ 

0 = 2 (a - l)^(,ie+ 1) (1 _ 22a= + ] „ 34) 

- i (a - 1) (,i» _ + „ _ 12) [yla (a _ ly _ 

+ («-3)(a“ + 2a-4)a 

- 4 (a - 1) [Dll (a - l)a _ /jj 
+ 2 (3a -4) if 
-2(lla-24)ff 
~4(a-3)(a'' + 3B-l6)// 

— |(a' — 4 b®+'7,i5_45jji I 11J 3 m,.'.! -<c, 

^ ^ ~ II la'’ H- i)48a - 0(30) /, 

of the several we”oblaT’' <^1“’ <’o«HudontH 

22 -88 +154 _224 +050 ,0, 

-p .V. 

+ B + B ~ ^xTi -I- GB 

- W ^79 0 ~ ~ lot? + 126^ 

4il +I2i) ^ 12 ^ ^ 

+ ‘i.F - 47i? 

+ eif ~ SB 

~ iff 4 . 1 9 rr .. ~ '*■ 

+sr -J/ 

0 " , II T ,, I +160/ 


0 0 



AiiOMoMf ON Till': TiiKoirv OK iticc T rno(^\ I, M!iin«*A(?i‘:s* ;i,li) 

viz. (.lit! n(|iiii.|.iiHiH nrii iviid voii.M^ully (lownw'iiniH. 'I’lu' lirsl., mci^hihI. uml tliiril <'4ni(|,iuns, 
initl Mil) Hinn itf |.Im< (umlJi tiiiil lifMi, all irivn (Iik miiiiu) i.iluMon, • -.M/l • / () ; 

(lioro am (ttniNtaiiifiiMv. iucliiHivi) iif l.liia, liw iiiil()]iiMii|i)iil, mlulioim, 11^ tin, 

(hjiulMoiim h(» iiH 1.0 Nim|)liiy l.lio unnil»'r.H, I liml llu>n(> in Im 

;t.i I / ... (:i2-n. 

•M • • ...SI) :|), 

7.1 /r|.:i/'; -I >j;A' 1- 'Zll |. 7 <i 0, 

'M'lA ■ ■ n \ Hl) \- Hil . I.■.;!;it:|), 

fi.l . . |. l:j(/ ^.s//.|..^.()/ • • I :)'.> (). 

.0(i, :r Intiiui, us pivsniMy ^ul•tll.i.mni. i-l Ml), /r iiJVJ. (I vuhir.^ vvhHi 

(as I, liny hIiimiIiI tin) I, hr Krriitiil fiiniilitiii ; ami Mini a:i'Miiniii)< /» 111 ) uuil /v’ 

'‘''-VO A'- rr . ."'M, Ji 2 I.S. / .. . I 5 I.S; uml Miu r..niiiila is 

/r •. 2«(» 

(MOi/ .J I./ 

■ .(Mt!)/. ■:i():i)i; .|. 'yi ,« 

■I’ 'y;'/’/ .| ’2 J..Sy .| l!»H/ 

•I'lim'iu’ rniiuliiui (i'. /, 0 , y. if. II, O', y\ tr, H\ 
llin in'iKMWH nal. niuliliiij,' Mm llm l•llrnil•inlls ni' llm lim-ai' )um'|.ini. 

a 7 . I 111) viiliii'M III <* 1 , II, (I wnr rniml iVuin llir jininal Mii'.iirm rliiit. il’ tliirr 
Hiii'hma.s nf l.liii imlrm /t, j-. p ii'S|trti|.ivrl y iiilnsrol. in u iMiivr ol' Mm m.lrc m uml 
••liisM r wliioh is «..|n|ilii im p, /i^.i.nplr mi a, uml 7-1,11 ji|r <ni p, iliru (Kr uiiialin- nl’ 
tlin poiiiis III iiit,ii|'Hi'i)t>imi af lliu Mivis! mii'iUiri'H is 

Mi p,,p .... (Hyp .). yiti, .|, U0p .... iJa/yy) |. uiHyr. 

Apply liiiH l.a till! l•u.st! Ilf II uiiifur.! nl' Dm milrr 11 willi 11 mxiul nnvr nC Mm iintri- I, 
itiul l•lflHs q, iiil.i'i'ui'ul iii^ llm Jlassiuii luiil llmaiihit Miirltiri’s, wn jim'a 

Miili'i'. hissiiii( ilirmi^li (It, y), 

Snifunn « 

Ufssiiiii iJ-H K .|, 

l'’li'fmHliil 11 h“-2I? ]| 

wliniisi huhiIhu* of intn-Huctimm ia 

k»4u(m — 2)(11h-» 24) “6 {« . 4. 11 H) IM 2 + (1111 — 2 I>) 2 . 4 — 2 . 2 , 4 . H | 

+ 2.4.11fy, 


that iM 


in (« - 2) (1 1ft ~ 24) ~ (220/1 - .541) 6 - 8M.y ; 


A MJ3M0IR ON THE THEORY OP RECIPROCAL SUREACEH. 


['Ill 


and the value of /S' is one half of this, 

= 2m {n - 2) (1 1m - 24) - (1 10m - 272) b + 4'%. 

I have not succeeded in appljdng the like considerations to tho ouspidal ourvo. 

of Hic Olden ,,, V jMliallj mteisect in n ciuvo of tho oi-ilor », nnil 
. o„m of tho 0*.. < then the enevea 

of the order p; the surfaces 7 m nZL 

residual curve of the order uv-ma this I. T ^ *" 

points, and thence the threT surfaces meet' ii7°*" ^"'7'’ ''' 

Ml is a simple curve on each of Hie «ii .p ^ P'HhIs. Mtit Hiiiiu} 

(u(vp-»t)-a[«i(v+p_2)-rl points whoiice^ ”^7- *^*”*'” Hurfiiiii's mci't in 
L -1 -rp rj points, whence equating tho two vnliios 

I = m -f. oify — 2a) — 

sidering the ooTlifc 7tl77gh7i 7ieir"7" «•* ‘‘'■o ^m-limo m. 

and in a residual curve 7 the^der I *" O'H'V'' mi. a/S' tinmH, 

Pifiv-ma^) Joints; whence the three surfM^uL? 7*^ >* 

; » c«..™ » being a ^.,„p|e Jl “'^d 

e eiine m times and in a residual curve of flin 
surfaces meet in "P — /3w, whonco tliu ( lircu 

P (t-p - /9«i) - a [m _ 2/3) ^ A-l 

points; and equating the two values, we have 

^ = m (/3/<, + «K _ 2a0) ~ 2ay3,.. 

‘1'? ““f® /*. /> in 0 ^ 

PP-may; tlua laab moots m in 

Pointe, th«t is, ih. numlLTf pXte'of 'T’'^^”'’" 

' of .ntee.oct.on of tho tlnw 

,59 I . ‘ + ®/5p-2a/9-y) + „^,y,., 

lepresent the complete value of / 3 ' by 

/'= 2m(H„-.24) 

-(n0n~272)b + Uq 
-(H6M-303)c + i^,. 

+ ^ + 248^ + 198^ 

-'•i' 




A MI'.MlItH ON TIth! TIIKOII.V ttV ltK< !l I'llOOA I. HlM{KA(!I-:s. 


1 I I 


niitl (()liH(>i v'iii}.f llial. ilir 'I’lihld of Siiii'iilui’ilrit's in my Mi'iiioir idi Surlix 'm wns 

nbhiiiH'd willinnli (ho jiitl ii| thnuulii now in I omlravoiii' hy inoiuis ol' (.ho 

n huIlH t.luM’i'in oumIiuiumI lu lin<| (hr vuliii's of Irlio unliimwii (u>ollirionl.M A, tr .r, u tf, 

ll , (/ , II! , K, fl, I’. 


(){). I'’in' a niliin Hiiriiuai « anil t'<u' iv lUiliii! Hiirliii'.ii willniiil. aini'utai' liiic.s (in 
liinli liir III] |.|in cnHi'a i'xi*ii|il. (.In* niiliii* ki'I'oIIh XNII iiiiil XXIII), tlin I'ni'miila in 

^ - ivt . I, a iiH - ■ \'j' ■ ,i,’x • ■ vtr - . h’d' -- ii'ir ; 

anil iippl3'in|i{ l.lii.H (n I, In* Ki.*vi*riil cnHnH ol' rnlmi Hinlinii'M iim ^'roU|ii'il inj.(nt.titii’ in l.lm 
I iiltin, anil I'l'li'iiril In liy lln* nilixi'il iniimii iminlici.M, l.lin ramillinf' i‘ijHiil.iijiiH mci 


r.i* M rni., 


(I) 



. 5-1. 

.. A. 


(II) 

\H 

* rrl- 

'/ ■ 

. I III.'. 

(III) 

i;t. 

: n-l. . 

- i>// • 

■■ r, 

(IV) 

(i 

.. .>1. 

A,. 

-1/ 

(Vj) 

:i 

.* r..|. . 

. ;1A ^ 

- 

(VI 11) 

0 .< 

; r|.|. . 

.* 2./ . 

' Mil.'. •</', 

<!X) 


I .-iO'l -./...X’. . 2/1*. (XIII) 

0..n.|.....tA..(nV. (XVl) 

(1 5.1* . . A '>1 / . . ’J/t' I/'. ( X V 1 1 ) 

o.|."-fV/ (XXI I 

wliii’li lu'o nil KiiliHlirci ir only 

h 2|.. 

If I- l(t).'i:=;ii;. 

If .[• V ” 12. 

(f 'I. If' f~s J ,v;, 

sa 7. 


(II. ir wo upply In tho rtiiinn riinriiwK llm ii!iii}n'ti(!al ni|uu(,iiin I’ni’ ji, nr, wliul, i*H 
Ibn Miinn (liin/(, »i*|tly llm nrigiiml i<t|iial.i<iii to tin* ri*ri|HtM!nl Hiuliii'oH, an fjivon l>y 
iiilniiiliaii;(in^ fcim u|i|ua' anil lowi-r liuU'o.»i nf tin* Tnlfli! nf Siiignlaritii'a, wi* liavn 
mnitlii'i' Mtnina nf nt|uallnnH, viz, ihia ia 


0 w rni'Mia - 
U 27H5I 

.V|.|.!I2, 
27.'t4('. - 

■ 



...Art 

■5, 

( 1 ) 

(IJ) 

0 e®i IHlKO — 

18318™ 



if -I- KJii 

v3(S «■ 

- 138. 

(HI) 

O*® ll7({f)- 

117.^1(1- 

2 /i.'-X. 


2 // KX 

m 

I». 

(IV) 

(11)17- 

(J3H4 - 

A'-it'-zi- 

- 


ms 

45. 

(VI) 


3522- 

3A' - 3\. 


8 / 4 ' + HX 

^f'A 

12, 

(vmy 

1 

o 

1 

11144- 


) 

2/ + 104. \-ij 

asxt •» 

- 120, 

(IX) 

0.® 14:)fl- 

1386 - 


■ 2/4, 

ill" + ff' + X + 2/4 


‘17, 

(XI ID 

0 BK 618 — 

.504- 

W - 6X, 


4 / 4 ' + OX 


14, 

(XVl) 

0 » 383 - 

822 - 


- 2/4. 

k' + 2tf' + g + 2/4. 

mi 

01, 

(XVII) 

0 “> 64 


2g -Sfif', 


% + 3//' 

JtIBI 

54, 

(XXl) 
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all satisfied if only 

h' = 5, 

/)r' + 16j/ = -138, 
g' + ^IM = 38, 

9 +9' = 18, 

^ =- 1 . 

62. I remark however that the cubic scroll XXII or XXIII gives 
0 = 54 - (330 - 272) - 2 (\ -(- V). 

o;Xi,7,r„"LUrL“ iri'" 


03. Combining the two sets of results, wc find 
h = 24, 

9 ^9> 

OD =(0, 

X=~l, 

P'^io+y, 

h' = 6, 

9’ = lS~g, 

= .< 

V = -7, 

/<.'' = 6-^g, 

and the formula thus is 

/3'== 2?i(w-2)(lln_24^ 

- (110)1 - 272) fi + 44j 
-(116ft-. 303) c+^r 
+ W + 248y+198i 

^ 0+3 - 10;5(; + _ jg^, _ __ 


A MisAHnir ON (iiN 'i'MKoi<,v o|.' iskohmuk jA L su iiPA(7i‘X 

Ti.o <,uIh. Hurli«, 0 H fail 

.. .lahannna l.,.m. I..r il,,. ilait, i„ „1| „(• i t' .= () ; and 

'd dinf lV ( r '»>■ '■I'*' .*x-iHU„.<-a 

nr \\ln( h I (In u()(. |i(‘ivri\n nny d prutn rniisoiu 

.Sul.sla(..it.in,..- Inavin I'm' r Mudr v,.]..-.. IVain Na. It. Lhia nmy t.n wril.(,nii in (,ha 

(•t ^ ’ '.la (a ■ • *J)( I la - . a,|,| ., ^ j |, ^ ^ 

I l U// I 'n'-v I lili/ 

•'* • V- '''A''- - ^10' r><r iHff 

(.'■•I SV ) i iiy} . ,.n ^ ,11 1 ),., 

I iL'/l' II'/' •'iA' I I''/'" I <l’). 

lii. Wn Imvn n|' nMiiH.. l.v intfivlaiiiKinK l-li.' ni.awriifail nn.l natuiiK.cl |<i(,t,a,'a, (,|ia 
nM-i|iracai cum ilu- vnlia- ..r /■/. 


Al(i<'li* Nt»i, I In In US. 

In'"'. In ivriij.iInliKiim, I wtv llmi wa Imva lifl.wc-u l.lia I'i 'luanl.iljim 


C. VI. 


* 

a , iS , /V ; Y , 

/>* 

.i I <’./', 

'■ . «• . 0 , X ' 

/:/, 

7 » f ; 

//. //, 


f>', K ; h\ h‘, (\ If', 

t 

a’. A*. 

«»■’. O', a:'; 


/ •» 

7 . » : 

//'. (r, 

i i|naliiiif«. viz, lliMrin avi- 







It V 

<t'. 







it* i 

II {II 1 ) ‘j/j ;if. 







* 

A* S'. 

' Un ( 11 - i* ) (i/i Nr. 







fi' « 

' in (ll ' ■ aitii'' .. !l| . . (,i< 


11 ' • ti)(2A 

!• :ii?) •!> 2 A (A - 

D'l 


|(! (I! -- I ), 

It (ii 

*“• i!) K /f 'i' fi 

t!<r 

1 





bill 

• ’ :i!) s.® f, 2^ .( ;iy j. 







v{u 

“» ij) « 2<r + -l/jt y i. 

il 






H ( ll 

--2) (« -{IM^ 2 ( 7 ; 


t (lit? -- :t«> 

“ Y) i • 2 {itA ... 

2p 

’“j). 


il ( n 

- 2) la - ,’{) « U' 


(it A 2^> 

- /) '!• :i (Ac - 


2y 1 


t? (it 

•“ 2) (ti ij/( 

4 ' 

(itc — :i<r 

■"■ X'l - (Ao - 

:ij 9 . 

“•27 — 1 

), 

tj m 

ll «\y 







1* !PS ^ 

c’ - 1: ~ 3 /t - n 0 . 







U m 

I ) . 2 /»‘-:Ig', 







K ^ 

51 h* (n' ™ 2 ) (!&■ 8c’, 







S 


'a 

»’-0)(2A 

'^-.V)■^2A'{A' 

l) + GAV 

1- |o'(o'- 


1 ). 


45 
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a'0i'-2)= k'- B'+ p' + 2a', 
h (?i — 2) = p + 2/3* + Sy* + 3i*, 
c'(n'-2) = 2y + 4/3'+ 7 ' + (9', 

a' (n' - 2) (n' - 3 ) = 2 (S' - O') + 3 (aV - So-' ~ x') -I- 2 («'(.' _ 2 p' - /). 
b' {%' ~ 2) (n' - 3 ) = W + {a'h' - 2/5* - /) -i- 3 (//o' - 3^' _ ^7' - i'), 
c' (?/ - 2 ) (?i' - 3 ) = 6/t' + (ii'o' — 3 (r' — + 2 {b'c' — 3/3' — 'iy' — •/'), 

$ —b' — b'~ 2/5' — 87' — 6/, 
r' = c'»-c'- 2 /t'- 3 / 9 ', 
together with the equations for /3 and /S'. 




r 


00. ine symbols signify 
n, order of the surface. 

a, order of the tangent cone drawn from any point to the .Hurfann. 

8, number of nodal edges of the cone. 

Ky number of its cuspidal edges. 
h y order of nodal curve. 
ky number of its apparent double points. 
t , number of its triple i3oints. 

?> its class. 

It: :: 

0, order of cuspidal curve. 

h, number of its apparent double points. 

Vy its class. 

It :: tit” o,,,.,.. 

number of close-points, 

“tu'i „„ 

i' m! t :: “““"T 0,. „„,W c„r,o. 

0 , number of cnicnodes. 

» > class of the surface. 

!/ intersection by any plane 


I ilill l ilJ I PW)t^^ 


41 I I 


A MIOMCPTH I IN TUK TI(i:n|< V <H*' 


UK(Jint()(‘AL HU HRAOKS, 




k\ iiumlirr (if \Ua indt^xiiniH. 

//, nlfiHM (if (orsr. 

//, nnniln'r «»!' Un a|ipiivtMi(. dinililo phnu-a. 

/ , iMithlirr i>l ilM tiiph' 
ilH 

/>\ <irili‘r n|’ iMi(|<<M(uni|>lM rnrv*s 

J\ nniiiiMT or pini^li-plniioM. 

v\ oliiHM nf H|jilHM|M |ur,Hf‘, 

If , ninulM'r o| ifi* tionlilo plHiii'a. 

r\ ita ordri', 
rr\ ni'di'i' of M|ilNodo 
0\ miiiihor ul* mIV> plniio^i. 
uinnlM‘r of r|oNa»<|ilanoH, 

/;/ , iimiiliiT ul fuiiiiiiun iihnit-ii uf null u|i|ii uimI H|iiiiiii|u lui.srM, ntii,l iuniu v nbini'M 

of lIlM Hpiuoito 

7 , laiinlMM’ (»l ('nMiiiinn phnit'H, siadumirv plaru h nf laiilt^M^oiiplo (imho. 
i , imiiilior o| tMihiintih plaiim^ not filalionai v plani M nl* oiltior fnvHf\ 

// , nuinlirr ol liilinpoM ol' 

^ iniiiiliov ol i(H ouiof rijpr'M. 


liH. It, IS Itiinlly ni-ruKsiiiv lu r.s-iill tlmi n N|)i In jilnn,. in ,i |aiij{i>iit. iiliiiiu 

iiifuMii^ Mil* HiufH.-u in Ik rniw Imviin' al. iliu ).uinl i.l' a ,a' nisii ; |,|iu 

>•llV(<lll|»l< ul ||)i< .s|iinuilu jiliiiius is ihi< .sjiinuiti* lui,*if, ainl Ihu Iuuiim ul' lliuir iniinls uj' 
i-uiil.M-t Uni ,s,.i,iu,lu AimI siniilmlv a nu.tu.,*uii,,|,i ,.|aii.i is a .luiUil.i tm.Kinil. 

|•lmn^ ui‘ pliini- ni>i'liii>f tlm snifiicii in a |.nrv,. fmvinjf uvu Ira; |,||i< niivulupn uC 

Mn* jiImiitH is III.. (ur*., ami tin- lui-mi ..f lln- puiiita ul' l■..nlm>l, I, I 

<-ouiil(- itiii vi-; till- ulln-r fumiN ininli- iisu ul' an- all i-xplaiin-tl in tin- iiicsi-nl, ft[i>iimir. 


Aiitinittx, AiKjtut ;i, iHiHi. 

Ah in tin- tin-ui-y uf {•(irvra. m in that ul' .Surllu-cH. llmi-.* aru r.-i-ltiiii I'm 
L ie clnaH, ami .singiilaiitlt-K wlik-h hiivo llie Haim- valm-s in Dm urii 

mo ivoipriK'nl j fiir I ri^jiroHiMit. any hmcIi hlv 

iiu-fuiH uf tin- Hyinlnil Z viz. </• (a. «. /i, « v Unit tin, rmielinn d,(,i, 

IH ct|»nl to the aaim? Imictiuii (/.(«'. a', ft'....) »( u,,, ,u.,„,nm,l U-itni-H. By wlmt 
WO fmvt5 aaci it i« moroovnr dimr Umi any fVnioiiuii, of tho nnaoonntr 

^y| 1 mh iH «0. .:.r which w -.inal «. n »ynnnou-u-nl rnuetiun of any of tlu- m-cei 
iiimeueMtetl k-t,t.t-r8. ur tu a funcLitm of a, i« v . f,„. instance, fi-oin the wiin 
No. A wo have Jkt’ « ;1 h .»<r, ami Umnce 3« -c- that :in -c 

45- 
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we 


or 


and from one of the equations of No. 11 we have n — 20 — 4/f -I-k — cr — 2j — dy - ' /( -I- )/' ii , 
have thus the system of eight equations, 

a 

3n — c — K 

a (tt - 2) - /c + B- p-2o- 

b(n~2)- p~2B-3y-tU 
o(n-2)-2(r — 4iB~ y- 0 
n K ~ a- 20~‘\iB-2j - 
2g--2/) + /3 + 3M- y .-•= v 

3r + e - Off — /9 — H- 2 i -l- ;y => i! ; 

if from these we eliminate «, p, a, then the system of (iv(! tH|mil.i..nH, 


V . 


- ^ 
* 

- 

. N' 


. V 


« (C - 8) - 4,0 -ry - ^ + 4a + 8B+ 6y + 4/ ,, v 

(a - i) (tt - 2) - lltt + 3c + 4a + 97i + 2/5 + 3y -|- 3; -j. (iy .|. , , v 

3r-2On.+ 6c-0 + 2i + lOa+2O7i-l-lOy-(-IOy-4d ' • 

2j — 26 (n — 2) + 5B + 6y + 6i q- 3f -|-y ,.,i s> 


. V 
‘ *-<• 


foregoing Memoir: HioKi.luritirs .mnsid.'nul i,, , 1 ,,. 

^ Wciene, 

TU,. eh.„,d be e,„el tk. «cioM, of fb. 

“ 0(»-2)(» 3)-»2(»-8)(l + o) + 85 + (|,.+ 2«+,f2,3 + i,l,.y.|. Ij(_ 

fro» o oo„bin.ta of .he l.et.,„fi„„.a ».o o„bali„„„ 

“• P-«dinir 

Subetituliog for J its ]„ ' t? - % + 10-lC'- lOrt - V, 

ooeouted lotto, 

-26»' + 12o'_j -y .8^ 
and thence ‘’''“8« + « + 3w', 


• V’l 


A MKMOIII ON -run 'I'UKdtlY 0 |.' 


Hl':( !1 |•|UK!A || HU IU.'A( !|.:h. 


vvriliii^r licn>iii 


It' a \ K -- (I -■ id.: .|.// ■ • ij . 

Ult‘ vullll! IH 

^ - ■ ' 2 (k |. a'iA-. . U()U‘. -K)/.'. . 2 ( 1 / . |(k. 

Sulwl,i(,iil,iiijf (or K. ilM Viiluo «(;( • 2) I- /( •/, ■ - 2<r, wo Imvo 

I 'Jd' - • 2(>«' r . II - - 70) • • 2(»/ I Hi! ■ 2(}/ - ■ :10 y. ... 2'2/> • 
or Hiilwl, if, tiling- (in- ii, ft, «■ rhrir vhUwh, iImm im 




= - («(V( I ). ■ '2h ■ ;k-| {'Mil ('O) 2(H.'~- iN/f... H)J .... MOy, 

- 22/. (H ■ . 2) 1. Nv:/ ) li(iy.|.li(K 
• -270 (If - 2) I l(W/y .| -27y I 27//, 
iukI ii<tiliii^( ht'r<>(:o t'l'iniLiniti)' (I'lnis, 

ji I 2<Jh • • I 2tt !• i' ■\ 7/' •(. N/ jj//' -|. .yr lo/j' 

V M.v 14 /' I-/' ■ 10//. 

wo I1H.V0 




/:/' f • 2.( (.. 2) ( 1 J II . 2'l ) I /. ( • lilio I I H I.) |, ,, ;j;|„ .|, 2iV2) .|. }|;|.y .|. 

'•'■■I- ''/ I Hy;' 4//'.|. .(./.''MO//' 

- • I • '27J ■ !).S\< (. fiju; . 2K.' .. 2.S//. 

l»i'‘Koii»K \V(^ .Hhu.il.I 

I).:,. t'J.;- 12,“/ - 

“■ •!• I ) »' I -Ky' ■ • J //' }»/,” - 2 .'///' 

-• (.r I .Ml) i .) «;/ .|. . . '2() .|. 2.H// 

I- NY“"// !• I(l//'•|• Hy' l 

or, \vlui(, iH (ho WKiio tiling, 

0 ( JlrH - 4Si) - ‘)H/y - I .*ty -|. *I», 

ir I'oj- hIioi’Iudkm 

• 1 . « -f •)) ... r.(iY' - 7 //’ ™ aiiO’ - 112 ,//' 

™ (ii- .(. !(.J •) ) f . 2‘ij 7 ( lY - fit/ -r- 1 1 2 // 

•/' i// ( - 1 (»// .Sy -- // -h I (l/i* -I Hy' >(• O' ). 

I tilt Iioi, tiUtfjnpt 1,0 Vt-rily iliin oijiinli..ii. lint. I will |im-liully vorify a n-HulL 
!lu(ln«ibl« n-oiu it, ; vk if <!>' tho liko (•.mriioi, ..C Uio n.-.-onUxI li.|,t«r«. Uiuti wo liavo 

11 *. 

n « ~ -ki: - {/40 ) i + 24/ 4- I 2«y + 2247/ 4 SOf/- 0 

~kg{UiH + Hx + 0); 


whore? 
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and n' ,» the like Emotion of t|,e .ocontol lettoa And this being so, „e shonid have 

IScn - i8c - 48B ~ Idy + n = 13cV - 48c' - 48/9' ~lSy' + H', 
or, as this may be written, 

lSc?i - 48o 48jS *- 13y + n = 2. 

We have 

26n- 12c+/9-i-7j- 8;v: + ^6i-4O-105=S; 
and iniiltiplynig by -4 and adding, the equation to be verified is 

ISn (c ~ 8) - IaS (4/9 + y) + n + U + 28j + S2x-20 + 16G+ 40B = S. 

But we have from the Memoir 

- ISn (c - 8) + 13 (4^ + y) _ 52 j - 78;^ + 13^ - 320 - 1045 = S, 
which reduces the equation to 

n + 4i - 24y ~ 46;^ + 11^ _ 300 - 64i? 2 • 

or substituting for 11 its value, this is 

th« in <‘*’'''^-83»)«' + 80x+10d + lCO«-2xa6£ + 8;,. + d).2;, 

4 (.'V' - ® ~ 84) » - (^1/ - 10) (165+ 8;t + ^) = 2, 

an equation which is satisfied if 

= % &) = ( 0 , 


and 


S'- 20, or else IGB + 8x + e = lQB' + 8x' + $'. 



A MKMolIl ON OUHlc S(fRKA(M'X 


I'Vm.m fl,.. nUu.,.),hu:,} (h- .S'^nV/y „/' h>u,l,m, v..|, ci.IX. ((Ur Uh- 

v.'i.i- IWIIh. j,|., L':il K.iviv.l N..vv„.lMr l-J, isns,: UruU .)un,m,T l•^ 


hii: in uimI in ii, 4, HUi.pl.Mii-^iitapy I,, I flml. 

A' ||,„ l)iMiilMiri.,ii ..r Snifn.vs ..f til.' 'I’liiril Onl.-r iut'o 

i Kl-ivn... I., ||,„ Ml ,.1 Sii«.ulur I'.iintH. iukI tli.. jvalil.y ..I’ iIumi' 

.iTi. './ 1 %! VV..»v, V..1 .11(1, (IKtiU). ,,,, hi;) o.h. ,.r 

ill.'i.’Kl, I tli».i.p;ui.| Iil|.y;,.ili..|- Ih.' Iiliiiniil.- itivini.oi i|i'|irii.|iii^« mi ||t,. n.|i|i(,y 

Mm-, itll-'itihiii. .'Illy I-. till- iliviMit.ii iiitM ttwmity twu, tn- uh I jiiMl'.-r In iwltmi i(,) 

.^. .-Iity lln. .. I„n, n .1, |,, I„|it,i{ m, „j- tli.i aii»)tftiltit ili.-n, Aii.l 1 I C.i l,lii. 

(i. nlimi. \try iimi-li mi u<'i..iiitr ■.! iln< Ij^ln i,. h,. nl.luiiu-.l in inli'ii'iit!.. ti» |,|m |,|||Miry 
U>ri|ti...iil SmI.i..-., Tih- lm•lM..i|• |.<(;.||.•,| Iiuiiinlji.n Ih |iu-|. h ,,f umii-rinlM 

■r tlii-H iiiii>.inii.-), n.n it «|.!uiii(||y m- rmiit.l.-n-ly i)u< t'i|UiilimiN 

I limit, n i.r ill.- H. vrtal fun.-n ,.(• milii,. .Hiii-Ian-M, m-“ xvimt i.M t lm Kiimi- t iling, 

M’ ''iimli.-itn III th.iiif i.r ih,- !i,-v.-ml miiIiH'i-h (mil.-r.H l:i hi i{) j.v - ' 
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IV =12-26'3, 

TTO-h P( 7 ^ + SF) + (ft, b, c, rfJZ, 7)^=0, 

V =12-5,. 

WXZ + {X + X) ( 7^ - aX^ - b/J) = 0, 

VI =12 -53- (72, 

WXZ+Y^Z + ia, b, c, dlX, 7)’ = 0, 

VII =12-53, 

WXZ + 7“X + 7X^ - = 0, 

VIII =12-3(73. 

7» + 7= (X + Z+ W) -t- 4:aXZW = 0, 

IX = 12-253, 

WXZ+{a, b, c, dJlX, 7)» = 0, 

X =12 -5, -(7,. 

WXZ + (X + Z) ( P - X“) = 0. 

XI =12-5,, 

WXZ^■Y‘^Z^X^-Z^ = (i, 

XII =12-(7e. 

17(X + 7-|-X)= + Z7.^=0, 

XIII =12-5,-2(73. 

WXZ-^ P(Z+ 7-t-if) = 0, 

XIV =12-5,-(73, 

17X^-|-7=^r+ 7X» = 0, 

XV = 12 - U„ 

FX“H-Z^='+7‘X=0, 

XVI =12-4(7,, 

W (Z Y+XZ+ YZ) + X YZ = 0, 

XVII =12 -25, -6',, 

FZ^ + Z7“-|- 7» = 0, 

XVni=12-5,-2(73, 

FZ7-|-(Z-|-if)7= = 0, 

XIX =12-5o-(73. 

FZir+7»7H-Z3 = 0, 

XX =12- (7,, 

FZ^-|.Z2r»+7a =0, 

XXI = 12-35,, 

FZ5-h7>' = 0, 

XXII = 3, 5(1, 1), 

FZ5 + Z7“ = (), 

xxm= 3, 5(0), 

Z(FZ+7^)+P = 0; 


2. Where C's denotes a conic-node diminishing the class by 2; i? J5( a 

bipianar node diminishing (as the ease may be) the class by 3, 4, 5, or 6; and 
rnu uniplanar node diminishing (as the case may be) the class by 6, 7, or 8. 

The affixed explanation, which I shall usually retain in connexion with the Roman 
number, shows therefore in each case what the class is, and also the singularities ■which 
cause the reductzon: thus XIII = 12 - R, - 2(7, indicates that there is a bipianar node. 

3 , diminishing the class by 3, and two conic-nodes, 6\, each diminishing the class 
by 2; and thus that the class is 12-3 - 2. 2, =5. As regards the cases XXII and 

ff he cW r® a nodal right line, and are consequently scrolls, each 

of the class 3. viz. XXII is the scroll ^(1, 1) having a simple directrix right lino 

distinct from the nodal line, and XXIII is the scroll ^(iTi) having a simple directrix 
right hne coincident with the nodal line: see as to this my 4ecoiu/]vL2i oil 
Skew Surfaces, otherwise Scrolls,’' PUl Tram. vol. CLiv. (1864), pp. 569-677, [340]. 

3 The nature of the points a,, B,. B,, B„ U,, U,. U. requires to bl explained. 

‘ ?>»“. ""ve . P.-OPOI- 

it rH tr“ -.‘•‘•'"Si: ix z 
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In Bi, the tangent plane is distinct from each of the biplanes: 

In J 3 | 5 , the tangent plane coincides with one of the biplanes; we have thus an 
ordinary biplane, and a torsal biplane; 

In Ba, the tangent plane coinciding with one of the biplanes becomes oscular; we 
have thus an ordinary biplane, and an oscular biplane. 

U (= U^, U-t or Z7a) is a uniplanar-node, where the quadric cone becomes a coincident 
plnno-pnir; .say, the plane is tlie uniplane. It is to be observed that there is not in 
this case any edge. The uniplane meets the cubic surface in three Imes, or say " raj's,’’ 
passing through the uniplanar-node, viz. 

In Un, the rays are three distinct lines : 

In TJt, two of them coincide : 

III TJ^, they all three coincide. 

4. To connect these singular points with the theory of the preceding Meinoii’, it 
is to be observed that they are respectively equivalent to a certain number of the 
cnicnodos 0 (== 0,) and binodes B (= ij), viz. we have 


G, 

B, 

B, 

B, 


G, 


B. 


= 2(7, 

= G+ B, 

B, = 3(7, 

U, = 3(7. 

U, = 2C'-l- B, 

U, = a -1-271. 

0 . I take the opportunity of remarking that although the expressions cnicnode and 
bimxlo properly rofer t>o the simple singularities G and B, yet as 0^-G, G, is proper y 
apokon of as a cnicnode, and wo may (using the term binode as an abbreviation for 
biplanar-nodc) speak of any of the singularities B„ B„ B^ as a bmode. Thus le 
surface X = 12 -17., -(7a has a binodo 7?., and a cnicnode (7,; although theoretically the 
binodo .B, is equivalent to two cnionocles, and the surface belongs to those with three 
cnicnodos, or for which (7 = 3 . I use also the expression uiiode for shortness, instead 
of uniplanar-node, to denote any of the singularities Uu 

6 . The foregoing equations (substantially the same as Schlafli’s) are Gmomcal 
fmM- the reduction of the equation of any case of surface to the above form is no- 
always obvious. It would appear that each equation is from its snnplicity m the form 
best adapted to the separate discussion of the surface to which it beonga ; eie is le 
Ladvantago that the equations do not always (when from the geometrical connexion of 
tho muto they ought to do .0) IciuJ the one 

inoludee VII - 12 -Ii., but ,v, 7 "”^ ^ This ssould 

nf ibo former imss to the equation IrAzi-t- ia + jt-a uuiu 

be a Iperfecti^ the object were to form a theoiy of the quaternary 

4 * fi-iAn Y 2 but the equations are in the present Memoii use y 

“ tot Lf r;tabli.h..eut'of the gee^etoioe, thee, of the — ces to wh.ch 
they respectively belong, and the imperfection is not material. 

O. VI. 


46 
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1. I have used the capital letters (X, 7, Z, IF) in place of Sohlafl.i’.s (co, y, z, w), 
reserving these in place of his (p, q, r, s) for plane-coordinates of the cubic surfaces, 
or (what is the same thing) point-coordinates of the reciprocal siu’faces; but I have 
in several cases interchanged the cooi-dinates (X, 7, Z, W) so that they do not in 
ilm order correspond to Schlafli’s («, y, z, w): this has been done so as to obtain a 
greater uniformity in the representation of the surfaces. To explain this, let j'l, B, 0, D 
be the vertices of the tetrahedron formed by the coordinate planes A= 7ZW, B^Zi^X 
G=: WX7, I>-X7Z; the coordinate planes have been chosen .so that determinate 
vertices of the tetrahedron shall correspond to determinate singularities of the surface. 

8, Consider first the surfaces which have no nodes B or W. It i.s clear that 
the nodes C'a might have been taken at any vertices whatever of the tetrahedron • 
they are taken thus: there is always a node G, a.t B; when there is a, second node o/ 
this is at G, the third one is at A, and the fourth at B. 

9, Consider next the .surfaces which liave a binode B„ B^, B„ or .B„; this is 
taken to be at D. and the biplanes to be Z=0, Z =(}(>) (the edge being thoreforo 

VIZ. m or B«, where the distinction arises, X = 0 is the ordinary biplane 

7 ~ ® oscular biplane. If there is a second node’ 

t^his of nece^ity lies m an ordinary biplane ; it may bo and is taken to be in the 
ipane Z-O, at C. I suppose for a moment that this is a node G.,. It is onlv 
when the bmode is B, or B, that there can be a third node, for it i,s only in those 

tlirthiwf n ^ vospoctively 

e thud node, a may be and is taken to be in the biplane Z = 0, at A. 

10, Tim only case of two binodes is when each is a B,. Hero tho firsi- t« 
biplane Z-0, at C, the biplanes thereof are then X = 0 (which is thus a binlmm 

— ^ Tir 

0, or A. but it mil fa eito casu' li. fa , o bfal J ^ - Zf iw“r Z , 

.nd K token to bn at it a bfaoda, then ito biplanes ate of neZit 0 

ir-O; a^d he plau. F^o itill be the plane tfaeush the thtee binol S « ,1 

nniplan, Tt ItZ XII-Ts “ ’’tho“‘ ^ 7“' 

Wet, token t, be xbete it neve, beeiZ Itio 

eqnatiL^lert t 1 \Tb" ““ ."'f “ ‘l'“ 

in.l2-..,.he bipZfefZ^tbinrrx^ot-?';! I" 

X = 0 being the ordinary binlane Z-O iho • i t i ’ 5 0 (foi a bmode B^ or B,, 
X=0, F=0, those of\he\hi;d blode 

as represented by its equation Vzz/p/! 7 o"'' XVII = 12- 2B,-. 

being X-0 g.o, a a at 0. the b^fanl^ilV-O f ‘''t. 'T 

common biplane), and a 0^ at ^ ^ i), w ^0 (iherQbre X^O the 

^ In the case, liowever, of a sinftle J?. ill- 1 o i> u- i 

3» tho biplanes are taken to bo,X+y+^:=0, 
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13. It will be convenient (anticipating the results of the investigations contained 
ill the present Memoir) to give at once the following Table of Singularities; the 
several symbols have of course the significations explained in the former Memoii\ 



0 ‘ 

B 
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Ai’ticle Nos. 14 to 19. Explanation in regard to the Determination of the Number of 

certam Singulanties. 

14. In the several cases I to XXI, we have a cubic surface {n = 3), witli singular 
points G and B but without singular lines. The section by an arbitrary plane is thus 
a curve, order }i = 3, that is, a cubic curve, without nodes or cusps, and therefore of 
the class a = 6, having = 0 double tangents and x' = 9 inflexions. The tangent cone 
with an arbitrary point as vertex is a cone of the order a = 6, having in the case 
1 = 12, S = 0 nodal lines and «=6 cuspidal lines, but with (in the several other cases) 

C nodal lines and B cuspidal lines (or rather singular lines tantamount to G double 
lines and B cuspidal lines): the class of the cone, or order of the reciprocal surface, 
is thus «' = 6. 5-2(0 + C}-3(6 + iB)=12-2il-3a. 

lo. In the general case 1=12, there are on the cubic surface 27 linc.s, lying by 
3^s in 46 planes ; these 27 lines constitute the node-couple curve of the order 
p' = 27, and the node-couple toi-se consists of the pencils of planes through these line.s 
respectively, being thus of the class p' = 6' = 27; the 45 planes are triple tangent 
planes of the node-couple torse, which has thus t' = 46 triple tangent plane.s. But in 
the other cases it is only certain of the 27 liue.s, say the "facultative linos” (as will 
be explained), which constitute the node-couple curve of the order p' • tlio pencils of 
planes through these lines constitute the node-couple torso of the class h' = p'- the i’ 
planes, each containing three facultative lines, are the triple tangent planes ’of the 
node-couple torse. Or if (as is somewhat more convenient) we refer the numbers 
’ ? !r reciprocal surface, then the lines, reciprocals of the facultative linos, 

constitute the noda curve of the order 6'; and the points i, each containing three 
of these lines, are the triple points of the nodal curve. Inasmuch as the nodal curve 

Zrf ol-fi u"';' T’'®" given by the 

foi inula 2k -b ~b-9t- and comparing with the formula q' = b'^-b' ~2k' ~ Qt' 

we have q +3y' = 0, that is, j'=0 (q‘ the class of the nodal oLo), and also ^ = 0. 

16 In the general case 1 = 12, the spinode curve is the complete intersection of 

I'lS buT ih^ Z °rder 4, and it is thus of the order 

t lu' ^ complete intei-section consists of the spinode curve 

ogether with certain right lines not belonging to the curve, and the spinode curve 

accountrd ^(LeVrNos'^Vft^^!)' reduction 

are common tangent planes of the^lode Lse ltd 1 

planes of the spinode torse; or we have /3' = 2p'-64 In ^th^^T ° 

that is, the number of contacts gives /3' not in gener”^'. 
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.18. Tliere are not, except as above, any common tangent planes of the two torses, 
that is, not only ^' = 0 as already mentioned, but also i' = 0. I do not at present 
account d priori for the values B' — 16, 8, and 16, which present thein.selves in the 
Table. The cubic surfixce cannot have a plane of conic contact, and we have thus in 
every case G' = 0 \ but the value of B' is not in every case =0. 

19. In what precedes we see how a discussion of the equation of the cubic 
surface should in the several cases respectively lead to the values b', i', p\ a , jS', /, B\ 
and how in the reciprocal surface the nodal curve of the order b' is known by means 
of the facultative lines of the original cubic surface. The cuspidal curve o' might 
also be obtained as the reciprocal of the spinode-torse ; but this would in general be 
a laborious process, and it is the less necessary, inasmuch as the equation of the 
reciprocal surface is in each case obtained in a form putting in evidence the 
cuspidal curve. 


Article Nos. 20 to 23, The Lines and Planes of a Gubio Surface; Facultative Lines; 

Explanation of Diu(/ranis, 

20. In the general surface I = 12, we have 27 lines and 45 triple-tangent planes, 
or say simply, planes: through each line pass 5 planes, in each plane lie 3 lines. For 
the surfaces II to XXI (the present considerations do not of course apply to the 
Scrolls) HCivoral of the lines come to coincide with each other, and several of the 
planes also come to coincide with eooh other; but the number of the lines is always 
reckoned as 27, and that of the planes a.s 46. If we attend to the distinct lines 
and the distinct planes, each line has a multiplicity, and the sum of these is =27; 
and so each piano has a multiplicity, and the sum of these is = 45. Again, attending 
to a particular lino in a particular plane, the line has a frequency 1, 2, or 3, that is, 
it roproHonts 1, 2, or 8 of the 3 lines in the plane (this is in fact the distinction 

of a Hcrolav, torsal, or oscular lino); and similarly, the plane has a frequency 1, 2, 3, 4, 

or 6, according to tho number which it represents of the 5 planes^ through the line. 
It requires only a little consideration to perceive that the multiplicity of the plane 
into its frequency in rogavd to the line is equal to the multiplicity of the line into 
its frequency in regard to the plane. Observe, further, that if M be the multiplicity 
of tho plane, then, considering it in regard to the lines contained therein, we get the 
products (ilf, ilf, M), (2ilf, 1/). oi’ 3 j¥, according as the three lines are or are not 

distinct, but that tho sum of tho products is always = 3i¥, and that in regard to all 

tho planes the total sum is 3 x 46, =135. And so if M' bo the multiplicity of the 
lino, then, considering it in regard to the planes which pass through it, we get t e 
products (JIf, ilf, ilf, ilf, if). (2if, i^'. •••(Si'f). as the case may be, but that 

the sum of the products is =6i/', and that in regard to all the lines the sum is 

5 X 27, = 136, as before. 

21 Tho mode of coincidence of the lines and planes, and the several distinct 
line.s and planes which are situate in or pass through the several distinct planes and 
lines respectively, are shown in the annexed diagrams I to XXI(‘): the multiplicity 

1 Seo the cominencementB of the eeveral sections. 
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of each line appears by the upper marginal line, and that of each piano by tlie 
left-hand marginal column (thus in diagram I, 27 x 1 — 27 and 45 x 1 — 45, 1 is tlio 
multiplicity of each line, and it is also the multiplicity of each plane); the frequencies 
of a line and plane in regard to each other appear by the dots in tho square 
opposite to the line and plane in question, these being read, for the fre(]uency of tho 
line vertically, and for the frequency of the plane horizontally; thus ' \ indicates that 

the frequency of the line is = 3, and the frequency of tho plane is = 2. Xhoro 
should be and are in every line of the diagi’ani 3 dots, and in every column of tlio 
diagram o dots (a symbol * I being read as just explained, 2 dots in the lino, 

3 dots in the column), 

22, For the surface 1=12, there is of course no distinction between tho linos, 

but these form only a single class, and the like for the plancvs; but for the other 

surfaces the lines and planes form separate classes, as shown in tho diagrams by the 
lower marginal explanation of the lines, and the right-hand marginal explanation of 
the planes, I use here and elsewhere ^^ray'' to denote a line passing through a 
single node; '‘axis'' to denote a line joining two nodes; "edge" (as above) to denote 
the edge of a binocle; any other line is a "mere line." An axis ia always torsal or 
oscular; when it is torsal, the plane touching along the axis contains a third lino 
which is the "transversal" of such axis; but a transversal may be a mere lino, a ray, 
or an axis; in the case XVI = 12— 4(72, each transversal is a transvorsal in regard to 
two axes. 


23. Ill the general case 1 = 12, each of the 27 lines is, us already meiitioiiecl, 

part of the node-couple curve; and the node-couple curve is made up of tho 27 lines, 
and is thus a curve of the order 27. In fact each plane through a lino moots tho 
cubic surface in this line, and in a conic; the line and conic ineot in two points, 
and the plane (that is in any plane) through the lino is thus a double tiuigont 

plane touching the surface^ at the two points in question; the locus of tho points of 

contact, that is the line itself, is thus part of the node-couple curve. Bub in tho 

other cases. II to XXI. certain of the lines do not belong to tho iioclo-couplo curve 
(this will be examined in detail in the several cases respectively); but I wish to 

show here how m a general way a line passing through a node, say a nodal ray, is 

not part of the nOde-couple curve. To fix the ideas, consider the .surface n=12-C'»- 
there are here through 0, six lines, or say rays: attending to any one of these, a 
plane through the ray meets the surface in the ray itself and in a conic; the ray 
and the come meet as before in two points, one of them being tho point the 

plane touches the surface at the other point, iirf it does not touch the surface at 0,. 

iodr/°tlmrr'ir'^ I leave it an open question, whether we ought to say that at a 
nodal cone Iro I i f ^ f *1^® 
through C, IS a tangent plane.) The plane through tho ray is only a sindo 

WeT^yThat a ? ' TT' ’''r* node-couple 

curve. We say that a hue of the surface is or is not “facultative" according as it 
does or does not form part of the node-couple curve. accoiding as it 
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Article Nos. 24 bo 26. the different kinds thereof. 

2* A line ioming t»e nodes is im nxis; suoh a lino is aUroys a line, and il 

is a to-sal or oscular line, of the surface. But some farther distinchons a» mviisi , 

rrsing the erprtssions in their ^““Lle and a hinrtle, 

rSaIrj!“l;" l hinode,. A Oa^J is toraal, the transrersnl being a 
1,‘e line not a ray thmugh either of the enicnodes-, a OB-asi» is torsal, the 

transverml being a ray of the hinodei o M-aais is oseulaa 

eonrae carried tlvrou^r « red’^^ 

f edt'of‘a^^^^^ thriee-tahen Ca-axi, i 

«i ‘“Lyfl rVardod as^a Ca-axis-, (l/, = ;id-20) the Rouble ray is 
regarded as a twice-taken G£-m and the single ray as a OC-axis; ( [7, - 27^1 -1- 0) 
the ray is regarded as a BB-a.xiH + a twice-taken Oii-axis. 

25 It has been mentioned that the intersection of the surfiice with the Hessian 
consists of the spinode curve, together with certain right lines; these lines are in ao 
r axo^vi.. tL examination of the several eases shows that in the comple o 
Intersection each OO-axis presents itself twice, each Oil-axis 3 tunes and each i?7J-axm 
4 times. We thus see tliat a 00-axis, or rather the borsal plane along such axis, is 
{he ninch-nlano or singularity / = 1 ; the Oil-axis, or rather the torsal plane along such 
^. L d^ose-ploiie of .togulordty x'-l; »nd the M-axie. or cBoulai- plauo utog ouch 

axis’ the bitroie or singularity F = l; for a cubic surface with singular hmss the 

axis, cue 1 f„„A / _ lo _ Oy' „ There are, however, some cases 

oxpre»ou of o' rvhoro tbo odgo 1. by what 

iu made „*p of the odge 4 times oud of 

L octic curve; the consideration of the reciprocal surface shows, however, that the 

edge taken once is really part of the spinode curve (vi^i. that this "P 

of the edge taken once and of the oetic curve, its order being thus <r =9) and ho 
interpretation then of course is that the intei-sectioii is made up of the edge taken 
3 times (as for a C?5-axi8 it should be) and of the spinode curve. 
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Article Nos. 27 to 32. On the Detei'mination of the Redin'ocal Equation. 

27. Consider in general the cubic surface Y, Z, F)“=0, and in coinioxion 

therewith the equation Xx+Yy Zz Ww = 0, which regarding therein X, F, Z, W 
as current coordinates, and x, y, s, w as constants, is the equation of a jilano, If 
from tlie two equations we eliminate one of the coordinates, for instance IF, wo obtain 

(*5Zw, Yw, Zto, -{Xx+Yy-^Zz)y=:(), 

which, (A, F, Z) being current cooi’dinates, is obviously the equation of the cono, vortex 
~ F=0, F=0), which stands on the section of the cubic surface by the plane. 

Equating to zero the discriminant of this function in regard to (X, F, Z), wo express 

that the cone has a nodal line'; that is, that the section has a node, or, wliat is the 
same thing, that the plane xX + yY zZ wW — Q is a tangent plane of the cubic 
surface; and we thus by the process in fact obtain the equation of tiio cubic Hurfaco 
in the reciprocal or plane coordinates (x, y, z, w). Consider in the same c<iuation 
.r, 1 /, z, w as current coordinates, (X, F, Z) as given paramotera, the equation reprosonta 
a system of three planes, viz. these are the planes xX -[-y Y+zZ ■\-w'W' = 0 whore W 
has the th^e values given by the equation (*$X. F, F or, what is the same 

t ing> X, 1, Z, W are the coordinates of any one of the three points of intorHoefcion 

of the cubic surface by the line ^ ^ ^ ^ /v v 7 xr/'\ i 

^ ^ ^ X ^ bolougB to a point on the 

surface, and 

-V yY + zZ-\-wW* = 0 

IS the polar plane of this point in regard to a quadric surface X“ + F -h -I- IK'' - 0 • 
the equation r ^ i n - o , 

{*^Xw, Fw, Zw, - {Xx + Yy + Zz)y = 0 

is thus the equation of a system of 3 planes, the polar planes of threo pointe of the 
av|bic surface Jvlneh thi-ee poiul. lie on mi arbitrary line through tho\mirl= 0 
y ,z ). In equating to zero the discriminant in regard to (A'', F, Z) wo find the 
envelope of the system of three planes, or say of a plane, the polar p i o ^ 

" cubic surface, -or we have tlm oqmtioi/of thrrocilcal 
sui face, being as is known, the same thing as the equation of the cubic surfalio in 
he reciproca or plane cooidinates (.., y, ,, J ,„mt precedes wo have tho 
explanation of an ordinary process of finding the ecuation of tlm ^ 

Sx'H;. <J--minanror: itTon 

i ■« 

-m mI .rt° -ft fto poto (.= 0 lit 

n™ .( Ttf” 1 

parameters, and by takinc* the' envplni ’ ^ contains the two 

vaAble, « have fa equation of tl. “ 
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29. But let the parameters, say 0, 0, be regarded as varying successively; if ^ 

alone vary, we have on the surface a curve ©, the equation whereof contains the 

parameter 0, and wlien 0 varies this curve sweeps over the surface. The envelope in 
regard to c/) of the polar plane of a point of the surface is a torse, the reciprocal 

of the curve and the envelope of the torse is the reciprocal surface. In particular 

the curve @ may be the plane section by any plane through a fixed line, say, by 
the plane P — 0Q — 0 \ the section is a cubic curve, the reciprocal is a sextic cone 
liaving its vertex in a fixed line (the reciprocal of the line P — 0, Q = 0), and the 

reciprocal surface is thus obtained as the envelope of this cone; assuming that the 

equation of the sextic cone has been obtained, this is an equation of a certain order 

ill the parameter 0 ; or writing 0 =^P : Q, we obtain the equation of the reciprocal 
.surface by equating to zero the discriminant of a hinary function of (P, Q). 

30. With a variation, this process is a convenient one for obtaining the reciprocal 

of a cubic surface : we take the fixed line to be one of the lines on the cubic 

surface; the curve ® is then a conic, its reciprocal is a quadricone, and the envelope 

of this quadricone is the required reciprocal surface, This is really what Schllifli does 
(but the process is not explained) in the several instances in which he obtains the 
equation of the reciprocal surface by means of a binary fimctioii. I remark that it 
would bo very instructive, for each case of surface, to take the variable plane 
successivoly through the several kinds of lines on the particular surface; the equation 
of the reciprocal surface would thus be obtained under different forms, putting in 
ovidonce the relation to the reciprocal surface of the fixed line made use of. But 
this is an investigation which I do not enter ufjon; I adopt in each case Schlaflis 
process, without explanation, and merely write down the ternary or (as the case may be) 
binary function by means of which the equation of the reciprocal surface is obtained. 
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. X + -- Y + nZ+W^0. 

m (;> — «) 

[66':=1] 

izH-F.O, 

11 

2!j 


[64' = n] 

, z + 7)ir + 1 + F = 0, 

,) (j) - a) n 

[15.26.34=1] 

n^+lf=0, 

1 1{V- “) 

[16. 24. 36 = m] 

IX ^-'--Y-—;- x^+T^"=0, 

^ ?/l W (iJ “ «) 

[14.25.36 = n] 

wJ?+F = 0, 

2>/j 

[65' =y 

in n 

[46' = in,] 






A MEMOIR ON CUBIC SUBPACES. 



- X + ftF + mZ - — (i (1 - - „») {p _ «) _ 2m?i ) = 

« J {,„ (1 _ _ a) _ 2n^ ) = 

mX-lY-i^:^Z-^^ [n {\~P~m^){p~u)-2hn) = 

43. The coordinates of the 27 lines are then found to bo iw 


^0. [2r)'==p,i 

0. [:i.5 . 23 . 4.(5 
0 , (;r, 3 ' = r,] 

0 . [( 5 r = p,] 

0 . i; 3 (i'=(i.] 

), [i:3 . 2(5 . 4..") = 
follows : 
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(/) 
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(A) 
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0 
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-{p+ ft) 
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ilp-a.) 

(35 = tte) 

20;-h 13) 
m (p-a) 

0 

-(p + ft) 

(25 = 6„) 

- (}>+l^) 

2(?; + /3) 

71 (77 - a) 
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(15 = Oo) 
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2 {??+/?) 
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p + ft 

(46 = 07) 
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44. We have X = 0, F=0, Z={i, TF = 0 for the equations of the planes 
(12.34.56 = 4 (42' = y), (14' = 4 (12' = w); 

and repre.senting by f=iX+— F+-^+ TF= 0 the equation of any other piano (41' =f) 
the equation of the cubic surface may be presented in the several forms : 


0= IFfF 

+ k|F.^, 

li 

+ ki/^A", 

= TFlih 

+krzy, 

= wee 

+ kfi;?> 

= FIT, 

+ kyzx. 

= Finn 

i, + kzx3^ 

= Fnn, 

+ kxyz, 

= FlJ 

+ kyzx, 

= Fufiiir 

i + kzxy, 

= Fn,n 

+ kxyz. 

If 

+ k^yz, 

= Fqq, 

+ kijzx, 

= Fit, 

-f k?xy, 

= Fpp, 

+ kfy z, 

= ff'qqj 

+ kjyzx, 

= Ffi", 

+ kf5y, 


■hich are the 16 forms containing W out nF tliA aa t .. 

ail- forms. ^ eompleto system of 120 trihedral 


therefore yS" (= 2p') = 54, ^ tangent of the spinodc curve, luul 

*6. The of ,h, ^ 

»l,e,-e J,, e, «)., 

"L-S* ““ of the 
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of a (loubLo-sixei- is a double-sixer. Hence the 27 lines of the reciprocal surface may 
be (and that in 36 different ways) repi-esented by 

1, 2, 3, 4, 5, 6 
1', 2', 3', 4', 5', 6' 

12, 13,.... 56, 

where 12 is now tlio line joining the points 12' and 1'2; and so for the other lines. 
The linos 1.2, 34, 56 meet in a point 12.34.66; the 30 points 12', r2...56', 6'6, and 
the fiftoon points 12 . 34 . 56 make up the 45 points t'. 

Tlio above ecpiation, = 0, shows that the cuspidal curve is a complete inter- 

.soetiou 6x4; o' = 24. 


Section 11 = 12 — Oj. 


Article Nos. 47 to 5!). Equation W (a, h, c, f, g, h\X, Y, Zf-{-2hXYZ = Q, 

47. It may be remarked that the system of lines and planes is at once deduced 
from that bolonging to .1 = 12, by supposing that in the double-sixer the corresponding 
lines 1 and 1.', &o. severally coincide; the line 12, instead of being given as the inter- 
section of the phums 12', 1'2, is given as the third line in the plane 12, which in 
fact roproHonts the coincident planes 12' and 1'2. 
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48. The dinpfram is 


Lines. 

C’t CO 09 CU I'd to to lO M HI M M M 

OC9CriC50l>ii-OCn>t-.COOOirf»*COlO OJOlrfinOOtOl-J 


IIr=l2-*6’n 


12 

13 

14 

15 
Ifi 

23 

24 

25 
2C 
31 

35 

36 
45 
40 
50 


05 

X 

to 

)l 


15x2-30 


15x1 = 15 


Bimclial ijltinoH, Ihrotiith 
oncli ijair of myn. 


I. 


I^lanoH oftoh contain iii^ I 
three more lines. < 
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49. Putting the equation of the surface in the form 

Wil, 1, 1. U], « + i, « + Y, 2f+''-^X72=Q, 


^vhere for shortness 

a = mn — 1, 

— m, 

7 — Im — Ui 

8 = Imn — 1 , 

p — hmiy 

then taking = 0 as the equation of the plane [12], Y"— 0 as that of the plane 
[34], 2=0 as that of the plane [56], the equations of the 30 distinct planes are 
found to be ^ ^ 



X = 0 , 

[ 12 ] 


7=0, 

[84] 


2 = 0 , 

[ 66 ] 


m X + l 7 + 2 = 0 , 

[23] 


m~'X + l 7+2 = 0 , 

[24] 


m X + 7 + 2 = 0 , 

[13] 


X + 7 + 2 = 0, 

[14] 


X'’ + »i 7+wi 2 = 0 , 

[46] 


X + n-^Y+m 2 = 0 , 

[46] 


X + « 7+m-’2 = 0, 

[36] 


X+tt-i7+m->2 = 0, 

[36] 


n X + 7+J 2=0, 

[16] 


)r'X+7+Z 2 = 0 . 

[16] 


n X+7+H2 = 0, 

[26] 


X + 7 + Z”* 2 = 0 , 

[26] 


Tf = 0 , 

[12.34.66] 


X + /37lF=0, 

[12.36.46] 


X-aS F= 0 , 

[12.36.46] 


Y + ay TF= 0 , 

[16 . 26 . 34] 


7-/9S F=0, 

[16.26.34] 


Z +a0 W--0, 

[14.23.66] 


0 

II 

CO 

1 

[13.24.66] 

mnX + nl 

7 + hn 2 + a/S^S T 7 = 0 , 

[16.23.46] 

pX q* 71 

7 + TO 2 + 1878 T7 = 0, 

[13 . 26 . 46] 

TbX 'h p 

Y+l 2 + 7«8 F=0, 

[16,24.36] 

TTlX + 1 

7+iJ 2 + a/3S TF=0, 

[16 . 23 . 46] 

X + lmY+ln 2-/37S TP=0, 

[15.24.36] 

ImX + 

Y + 7?m .2^ ““ 7aS W = 0, 

[18 . 26 . 46] 

nlX + mnY+ 2 -a/38 11^=0, 

[14.26.36] 

IX H' Til 

7+w 2-a/37 TF=0, 

[14.26.36] 


0, VI. 


49 



A MEMOIR ON OUBIO SURFACES, 


50, And the coordinates of the 21 distinct lines 


(b) {0} I {/) 


7il 0 


0 0 
0 


1 I 


I 1 


(h) whence equations may bo taken to bo 

1 (1) Z=0, !'•+ la-^O 

-1 (3) r=0, ^ + wX=0 

0 (6) ^=0, z+«r=o 

1 ( 2 ) z=o, r+ 

■1 (4) r = 0, ir + m-‘X=0 

0 (6) ^ = 0 , x+ n->r =0 

71 

'fy «r+OTir=o, ZH./9y(r.:=o 

— (16) 1 + IZ-i-nX^Q, 3'^+ y(t fF-.” 0 

0 (23) ^ + mX+ lY-.r.O, Z-\-ui^W--^=0 


I 1 


1 I 




maS aS 


(46) X+ n~^Y + mZ=^0, A'-aSlK-^O 

(26) F+ + r-/?STr=-..o 

(24) Z + m-X + IY~~= 0, Z - y?i JF =., () 


(36) X-{- nY+m-X==0, X~a^W.,::Q 
(16) 7+ lZ^^n-X==Q, r-/3h'r.:.;0 
(13) Z + mX + r> Y^ 0, Z~yt> W = 0 


w m 



JL i 

^ -*■+ w“'l^+w"'^=0, Ar-|./3y)F=..0 

wya ^ ^ 0, 7 -t- ya IFs-i! 0 

1 

'mytt (14) Z + Vl-X^^ ^-ir=0, ^ + a^IF„0 


( 12 ) x=o, r =0 

(34) 7 = 0, JF=:0 

(86) ^= 0 , ir=o 
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61. Tlie six nodal rays are nob, the fifteen mere lines are, facultative. Hence 

!)' = /»' = 15; t' = 15. 

52. Resuming the equation W (a, h, o, f, g, li^X, F, Zf + %hXYZ = 0, the equation 
of the Hessian surface is found to be 

KW-ia, b. c,f, g, h'iX, 7, Zf 
+ 2k W {(a. b, c,f, g, h'^X, Y, Zf^FX!- OY+HZ)-BKXYZ\ 

~ k'‘ + 6«F< + - 2boY=Z» - 2caZ^X’>- 2abX^7^ 

- iXYZ [(«/•+ gh) X + {bg + hf) F+ (ch +fg) Z]} = 0, 

where 

{A, B, G, F, Q, E) = {bG-f\ ca-g\ ab-h\ gk~af, hf-bg,fg-Gh), 

K = abo — af^ - bg^ - c/i“ + 2fgh, 

The Hessian and the cubic intersect in an indecomposable curve, which is the spinode 
curve; that is, spinode curve is a complete intei’section 3x4; a' = 12. 

The equations of the spinode cui’ve may be written in the simplified form 

V(rt, h, o,f, g, h\X, 7, Zy + 2kXYZ = 0, 

- 8KXYZW 

+ 8kXYZ(afX + bgY + ohZ) 

- /c” [ct!‘X* + h^Y* + (?Z* - 2bo7^Z^ - 2caZX^ - 2a6Z'>F»} = 0 ; 

and it appears hereby that the node Ga is a sixfold point on the curve, the tangents 
of the curve in fact coinciding with the six rays. 

Each of the 16 lines touches the spinode curve twice; in fact, for the line 12 
wo have X = 0, F-0; and substituting in the equations of the spinode curve^ we have 
(bY^~oZ^) = 0’, that is, wo have the two points of contact X = 0, F=0, Y^b = ±Z-^o. 
Hence /3' = 30. 


Recip'oeal Surfaoe, 

63. The equation is found by equating to zero the discriminant of the ternary 
cubic function 

(Xa>+Yij + Zz)(a, b, c, /, (/, F, ZY-2ktoXYZ, 

viz. the discriminant contains the factor w® which is to be thrown out, thus reducing 
the order to n' = 10. 

The ternary cubic, multiplying by 3 to avoid fractions, is 
, 7^ , Z‘‘ , SY'^Z , SZ^X , 3Z®F , 3F.^“ , 2ZX^ ,3X7® , QXYZ, 

3a®, Sby, Qoz, bz-\-2fy, ox + 2gz, ay + 2IuB, oy+2fz, az + 2ga>, bx + 2hy. fx+gy + hz-kw. 
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Write as before (A, B, G, F, G, H) for the inverse coefficients = Jc — foc.^ and 
K = ahc — a/^ ~ hg° — ck- + 2fgh ; and moreover 


0, F, G,H\x,y,z)\ 

P =A(e-\- Hy + Gz, 

Q =Hx + By+Fz, 

B = ff a; + J’y + Gz, 
i =fa + (jy + hz, 

U = afyz + byziv + chxy, 

V = 2Kicyz - aPyz - bQz,v - cBxy 
~ — a Hy^z — b Fz‘‘a ! — o Gx'^y 
— a Qyz^ ~ h Hzte ^ — c Fwy^ 

+ (- abc — af^ — bg^ - ch^ + ^fgh) tmjz, 
W'=(A, B, G, F, G, B'$ayz, bzm, cxyf, 
L = k-iii^ — 2ktw — 4 >, 

M-^kmJJ+V, 

F = tkahc mjzva + W : 


5i, Then the invariants of the ternary cubic are 

B=:£<‘~12kwM, 

T-L^- l8kwLM~HkhiJ*N\ 
and the required equation of the reciprocal surface is 

— P’ - l2huMy _ - m^uLM - = 0, 

viz. tliis is 


+ q. _ 2ktto - <!>)“ {kw U + Vy 

-16toJlf8 -16Aw(/«<; £7+7)8 ^ 

- 27^’JV's _ 27/:V {2kahc myzw + Wy, 

which, amcged in pow™ of fa, i. roi,„„,. 

Coeffi {kwf= 2ahoaiyz, 

{h.oy= 2abcsoyz{--U)-\-W 

+ £7» 


(H’ - 2aio<rjfar (- 3^) + i2ia) + 

+ V^{~U)-\-2UV 
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{hwy - laho (eyz (12i<I> — 8i*) + Tf (— 3<[> + 1 2t^) 

+ (- + 4f ) + 2UV{~ U) + P 

- 86abe coyz F — 18 UW + l2abo xyztU 
-UUo 

- lOSaW^y^’, 

(huf = 2abc xyz (3<1>’' — 12i=<I>) + W (12i<I> — Si'*) 

+ Umi> + 2 UV{- 2<l> + 44=) + (- 44) 

- 18FTf + 72a&C(«y24F + SQtUW — S6aboa;yz(f?U 
-4>8U^V 

- lQ8abo(cyzW, 

„ (/w)= = 2ab6 xyz (— 6<4)=) + Tf (3<I>= — 1 2(=<I>) 

+ U'=<I)= + 2 Ur(m^) + V’^ (- 2<[> + 4«=) 

+ 36;: FF- SQcd)oxyz<l^V- 18<l5 C7F 
-48?7F= 

-27F=, 

„ {ktoy = 2abo xyz (— <Ij=) 4- Tf (— 6i<l>)= 

+ 2C/’F‘I>''-1- T^(4f<I>) 

-18(PFTf 

-161'^", 

„ (to)»= F(-4>=) 

+ F“<I>= ; 

but I have not carriocl tho iiltimato reduction further than in Schlafli, viz. I give 
only the terms in, {kwj, (to)“, {Imy, and (Jmy. 

1)5. I present the result os follows; the coefficients doduciblo from those which 
precede, by mere cyclical permutations of tho letters a, b, c and /, y, h, are indicated 

by (.,). 

0 = (jewy . 2a&o xyz 


1/V «W »^yz xy\ xyz^ 



4 -(i!M;)‘'.-jK‘[(.d, S,0,F,Q, JI^x, y, Ffy(^~2fy4^b!?)(fli!!^ ~2gzm-\-bsi^(J}a 
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56. lu explanation of the discussion of the reciprocal surface, it is convoniont to 
remark that we have 


ReciiDrocal plane is to~0. 

Conic of contact is 

(A, B, G, F, G, Tl^ai, y, zf= 0, w = 0. 
Lines are tangents of this conic from points 
(y=0, ^ = 0), (^ = 0, .•» = 0), (.^•=0, .y = 0) 
respectively, viz. equations are 

w = 0, cif -y-yz = 0 , 

w = 0, az^ - 'i.yzaG + ca? = 0, 

= 0, — 2hxy + aif — 0. 


Node G,, Z = 0, 7=0, ^=0. 

Tangent cone is 

(«. c, /, g, A$Z, 7, Zf ~ 0. 

Nodal rays are sections of cone by planes 
X = 0, 7 = 0, 7 = 0 respectively, viz. equa- 
tions of the rays are 

J = 0, 5P+2/77 +c7«=0, 

7 = 0, c^» + 2.f/^Z +aZ=’ = 0, 
i?=0, aZ’+2AZ7+&7» = 0. 

‘'■f* “ '"“I” "P of fto 

rthllint ' ' ’ 

w = 0, cy* - %fyz +bzfi=0, 
w = 0, az’ - 2gza; + c.'B“ = 0, 
w = 0, bx^~ 2hxy -f ay^ = 0, 

Tot tipis «">» "’«>■« 

.hofprett iri*2r.p°.riVr '*? ■'y 

if»0d...«p..h«sixtagepp,tfrte 

. line 12 ; „d .Z IVZrt ™ 

12 end 34 meet; »d the 11^12 ll t ““ «>“ 

points 12.34.66, triple points of the nodal curr^^^^ “ 

39. Ax ««PW«1 curve, .he .,„a.ie„ „f 

-3 (Z>j|f»+zw- ISkwLMN ~ mwAB- 27/i;VZ”) = 0, 

4j¥»-p sLF =0, 

LM + 9kuN=0, 

- 12bwM=x 0, 


<iiid we thus have 


or, what is the sanoie things 


z, 

12 M, 

-m 

kw, 

L, 

M 


==0 


(equivalent to two equations^ fnr a* 

the TOd ,ud Hihd »,iZnu, Ihetutilr”"'’^ » 

..taC,™ Of th, cuirtiuTStT T^r' ” 

partially intersect in the conic w = o Z = 0- or « > -LM -j- dJeioF = 0, rvliieh 

’ I or say it is a curve 4x6 — 2; 0' = 18. 
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Section in = 12 -il 3 . 

Articilo Nos. (10 12 . Equation 2F(X-|- F+ + toF+9iJ?)+ 2&XF.^=0. 

(iO. 'I'ho systoiu of linos and planes is at once deduced from that belonging to 
II .12 — f/a, by HUi)p()sing fclio tangent cone to reduce itself to the pair of biplanes; 
1) of the ]>lanes (a) of 11 = 12 - 1/3 thus coming to coincide with the one biplane, and 
three of tinnn with the other biplane. 

(il. 'I'ho iliagrain is 
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62. Taking for the biplane that contains the rays 1, 2, 3, and 

IX 'YmY^nZ = for that which contains the rays 4, 5, 6, we may take X—0, y=0, 
Z—Q for the equations of the planes [14], [25], [36] respectively; and then writing 
for shortness 

m-iiy n-l, //-, Vy 

and assuming, as we may do, /u — X/av, so that the equation of the surface is 
W (X + F + Z) {IX + mY + nZ) + (m - n) (n -^l){l^ m) X YZ^ 0, 
the equations of the 17 distinct planes are 


z=o, 

[14] 

F = 0, 

[25] 

2r = o, 

[36] 

X+ 7+ Z==0, 

[123] 

lX + mY+nZ = 0, 

[466] 

IX + nY + nZ = 0, 

[13] 

IX + nY + nZ =s 0, 

[16] 

lX + mY+ IZ=0, 

[25] 

nX + mY + nZ = 0, 

[26] 

niX ■{■mY-\-nZ = {i, 

[86] 

IX lY-\-nZ = 0, 

[36] 

F = 0, 

[14.26,36] 

F+ aZ = o, 

[14.26.85] 

F+«i/t7=0, 

[16.26.34] 

^Y+nvZ=0, 

[16.24.36] 

hnX + mnY + nlZ +W~0, 

[16.26.34] 

nlX + J/mY + mnZ— F= 0, 

[16.24.36] 
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63. And the coordinates of the fifteen distinct lines are 


{«) 


{«) 

(./) 

iff) 

(A) 

wlience equations may be written 

0 

0 

0 

0 


1 

(1) 

Z = 0, Y + Z=0 

0 

0 

0 

1 

0 


(2) 

r = 0, 2 + X = 0 

0 

0 

0 

- 1 

1 

0 

(3) 

^-0, Z-hF-0 

0 

0 

0 

0 

- 71 

7)1 

(4) 

X=0, mr + nZ = 0 

0 

0 

0 

71 

0 

-1 

(0) 

F=0, nZ + IX =0 

0 

0 

0 

- 7)1 

/ 

0 

(C) 

^-0, IX H-Wi .7.^=0 

1 

0 

0 

0 

0 

0 

(14) 

z = o, ir -0 

0 

1 

0 

0 

0 

0 

(26) 

II 

1! 

o 

0 

0 

L 

0 

0 

0 

(36) 

z = o, ir=o 

1 

n 

71 

ll^V 

- 9ily 

0 

(ID) 

lX+nr+nZ = 0, W+nvZ==0 

1 

7)1 

in 

- 

0 

hilt. 

(16) 

IX - 1 - in Y + inZ =i 0, W -v 7 =« 0 

1 

7)1 

1 

0 

n 

-hn^i 

(26) 

lX+mY+lZ = % ir + ;\Z=0 

n 

7n 

n 

iniiv 

- nV 

0 

(24) 

71 X + inY >\- 7 iZ ir-l’ iiv Z=0 

m 

m 

71 

- mn/j, 

0 


(34) 

7)iX + W + nijiY- 0 

1 

1 

71 

0 

nl\ 


(35) 

IX-v lY+nZ=0, IF + Z\Z = 0 


6'1>. The rays are not, the mere lines are, facultative ; hence b' = p' = 9: t' = 6. 

65. The equation of the Hessian surface is 

- F(X+ Y+Z){lX + inF+nZ)ip,vX + v\Y+\iiZ) 

- h (l‘‘X^ + in?Y* + n^Z* - 2mnY‘‘Z^ - 2nlZ^X’‘ - P) 

+ kXYZ {(i= + Sim + Sin + nm) X + (m^ + Snin + 3ml + nl) Fh- (n* + Snl + Snm + hi) Z\ = 0. 

The Hessian and cubic surfaces intersect in an indecomposable curve, which is the 
spinodc curve | that is, spinode curve is a complete intersection 3x4; a = 12. 

The equations may be wiitten in the simplified form 

W{X + F+ Z) (LY + mF + nZ) + hXYZ = 0, 

+ m^Y* + n^Z* - %mY^Z^ - ^ilZ^^X^ - 2i?nX»F* 

- 4X YZ {Z (m + n) X + in (n + l)Y+n(l + m) Z]^0. 

We may also obtain the equation 

/fi’ {X -\-Y + Z){lX + mY+ nZ) + inT^ + nP - (m + n) YZ - (ii + 1) ZX ~(l + m)X7} 

+ 7 J‘Y^Z^ + fi^Z^X^ + v^X^Y^ - iXYZ{(ivX + ?''XF+ \p,Z) ~ 0, 


C, VI. 


50 
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which shows that there is at 5 , an eightfold point, the tangents being given by 
{X + Y+ Z) {IX + mY + nZ) = 0 , 

{X\ ii\ v\ - ftp, -vX, -XfiJYZ, ZX, Z. 7 )“= 0 . 

Each of the facultative lines is a double tangent of tho spinodo curve; whaiico l.S. 


Reciprocal Surface, 

66 . The equation may be deduced from that for H= 12 - 6 '^, viz. writing 
(«. e, /, g, hlX, F. Zy = 2 (Z + F + Z) (IX + m Y + iiZ), 

that is 

(«. b, c,f g, h) = ( 21 , 2 m, 2 n, m+ n, n-hl, l + m), 

we have 

(A, R, 0, F, G, B) = -(X^, fi^, po, , vX , Xfx ); Z = 0. 


Writing also 


Ave have 
and then 


X, jtt, y = 1)1 - n, m as bofoi’e, 

H- fJLy -I- 
hm (Xiyz = 0^ 

I (m + n) yz + m (n ■>rl)z!o-\- n (I + m) my == v, 
l\ yz + mp Z.V + nv xy a ■f, 
(m + n)«)+ (»i + Z)2/+ {U.m)s^t, 


U=2v, V=2crf, 

50 that the eqxiation is 

0 = PN=^ ^Uo'^o‘‘~2kwt + <rJ{ikw0-~f^) 

+ m^ + 4 (&V- 2 to{ + o-«)!>(/tj«y + o-i|.)a 
IShwlMN ~ 144 ^ ^ ^ 

16foa jlfi _ 428 

- Ro _ 432 . 

facto te,, the tqmfcnh” *™” ” 1^'® '*liolo ot|uotit>n 



395 


412] A MEMOIR ON CUBIC SURFACES. 

or, what is the same thing, it is 

“ 2/cwi + + hw {— 2t0 + 1/® — + a-d + 2<TV'fr + 

— 36 (/c%' — 2kto( + (T^) (/cwu + — 1 ^^) 

— 32 (ktvv -1- ctt//')* 

- lOSkw (Uwff - = 0. 

67. This is 

{kwy . 6 

+ {Icwy .~^|^=-6^0 + 

+ (kwy . , 3^ + (r\lr , Bv + ^jr^. Gt + IBt^d — — 1440y 

+ (kwy . — + (7^ (2v^ — 10i5) + (— 8tv — 144*0) + ‘^lr‘ (— 12t^ + 36t') 

- 8{“0 + 4t“i/“ + 288iv0 - 32t^ - 17280= 

+ (kwy . cr^ . 30 + a■’‘^jr . 4a + . 12i + arlr^ . 37 

+ ff’ (12P6 - 4iu» - 1440U) + fff (+ 8t’u + 288t0 - 96a’=) + f “ (8t^ - 72tv + 8640) 

+ (kiv) . — + o-* (— 6<0 + a’) + O’*'*/'' (— 8<a — 1440) 

(— 8i ” 90u) + • ~ 72 + . — 108 

+ (kvy. 0^(0, 2u, 2t, 4 i\<t, ^y=o, 
which, reducing the Inst term, is 
(/my Imnxijz 

- 4.<r’Va (y -z)(z~ a) (x - y) (ny - mz) (Iz - m) (mm -ly)-0. 

68. I -verify the last term in the particular case « = 0 as follows: the coefficient 
of cr^ is 

{o, 2«(^ + w)flfy, 2(7n+n)a! + 2(n+l)y, + nvmy)\ 

which is 

= 2nVa!y {(i + m) (X« + /*2/)' + [(m + «) ® + (« + 0 2/] + f^^V) + 

= 27i^vmY {[{i + m) \ + (w + n) a] 

+ [2 (Z + 7 n) \(Ji + (wi + «) /aa + (w + Z) a\ + 2?ia] my 
+ [(^ "h m) /A + (n + Z) a] 

which, substituting for \, /z, a their values m - n-l> m, is 

= 2ii.='a«!y . - 2 V (m - y) (im - ly ) ; 

or for a = 0 the coefficient of <7® is 

= - 4i\fiv (m - y) {inx -hj), 

agreeing with the general value 

- 4\/ta (y -z)(z- m) (m - y) (ny ~ 7nz) (Iz - nx) (Im - my). 


50—2 
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09. Ill the discussion of the equation it is convenient to write clown the relations 
of the two surfaces, thus: 

Reciprocal surfnco. 


Cubic surface. 

B:„ X = 0,Y=0,Z=Q 

Biplanes Z + 7+ .2^= 0 

IX + mY + nZ = 0, 
intersecting in edge. 

Rays in first biplane, 

Z = 0, 7+^=0; 7=0, Z+X = 0, 

Z = Q, Z+F = 0; 
rays in second biplane, 

Z=0, mY+nZ=0; 7=0, nZ+lX=0, 
Z = 0,lX+mY=0. 


Plane w — 0, 

Points in w ~ 0, viz. 

{e = y = z and x : y z = l •. vi : n, 
in line (m ~ a; + (n -l)y + (I ~ m) 2 = 0 , 
that is, Xx + yy + v 2 = 0, or cr = 0. 

Lines in plane «a = 0, and through first 
point, viz. 

y~z = 0, 2 ~x = 0, ,v-y = 0; 
lines through second point, viz. 

ni/ - mz = 0, nz -lx= 0, lx - my = 0. 


I 

70. The equation puts in evidence the section by the piano w = 0, viz. this is 
the line <r = 0 (reciprocal of the edge) three times, and the .six linos (reciprocals of 
the rays) each once. Observe that the edge is not a lino on the cubic; but its 
reciprocal IS a line, and that an oscular line on the reciprocal surface; the six lino.H 
(reciprocals of the rays) are mere scrolar lines on the reciprocal siu-faoo; they pass. 

rae of ^hem, through the point x-=y=z, and the other three through the point 

mir^of binlI«o!t r'’ tangents of the point-pair (reciprocal of tho 

pail of biplanes) formed by these two points. 

71. I do not attempt to put in evidence the nodal curve on liho Hiirfaco- bv 

ihrn’ I ® a> = 0, y = 0 z^O and 

Jointe\4 l5^Tr2r2Vi“U”U\'®"^^^^^^ “iteracct hi tho nine 

and three lines .such as 14 26 36 

nodal curvejCLo^^ 6^1/, points ’on 'tiio 

72. The cuspidal curve is given by the equations 

I - 2kwt + 24 (kwv + af), - 36 (ilmnk xyzio ~ = o. 

ru 2{kwv + a-Jr) 

Writing down the two equations, 

(i V - ikwt + - 24to (1 !;mi„ + = 0, 

<r = 0 intect in tho lino iy = 0, 

tunes, say, the cuspidal curve is a partial intersection 4.5-4; 
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Section IV = 12 -- 26^ 

Article Nos. 73 to 84 Equation Y\yZ ^ 8W) (a, b, c, d^X, 7)^ = 0. 

73. Tile diagram of the lines is 


OO to to H-* MM 

f f ^ w ^ Liues. 

M M M to to 04 


IV = 12-2a2. 

Ml O 

X 

M 

II 

SI 

8x2=16 

M 

X 

M 

It 

M 

M 

X 

fl 


[0] 

11' 

22' 

1)8' 

41' 

12 

18 

14: 

. 23 

i 

J 24 

34 

1'2' 

1'3' 

I'd' 

2'8' 

2'4' 

3'4' 

12.04 

18.24 

14.23 

1x2= 2 



* 

• • 

Plane touching along 
axis. 

4x4=10 


« « 

« 4 

4 • 

♦ • 

• • 


’ 

Planes through axis, 
eaoh containing a 
ray of the one node 
and a ray of the 
other node. 

12x2 = 24 

• 

* 

• m 

• « 

• ■ 

♦ • 

# ft 



Birndial planes, each 
containing two rays 
of the one node or 
two rays of tlie other 
node. 

• 

» 

4 

♦ 

4 

ft ft 

ft ft 

■ ft 


i 


• • 

* * 


- 


Planes eaoh contain- 
ing three mere lines. 

1 

Mere lines, each the 
intersection of a bi- 
radial plane of the 
one node and a bi- 
radiai plane of the 
other node. 

Eays 1. 2, 3, 4, and 

1% 2', 3', 4' throng 
the two nodes re- 
spectively. 

i 

Ilf 

Sll 

Sw 

CO B 
& 

05 (t> 

Axis, through the two 
nodes. 
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7 4. Writing X {a, h, e, d^X, F)»-ySr4 = 
the 20 planes are 



X = 0, 

Z-/,7 = 0, 

Z-/,F=0, 

X~f,Y= 0 , 

X~AY^ 0 , 

+ ^0, 
S(A'-(f> + f,)F)-f,f,^ =0, 
M^~(f. + QF)-f.t'j? =0, 
S{-Y-(f, + Q7}_f,f^^ ^0, 
S^Y-(f8 + f4)F}-f,f,7 =0, 
^{-^-(fa + QFl-f^f,^ =0. 

7{A^-{UQFl-f,f„F=0, 
7(-^-(fi + f8)F}~fif,F=0, 
7t-Y-(f, + f,)F}-f,f,F=o, 
7{A'-(f8 + f8)F}-£,f,F=0, 
7{^“(fa + f4)F|-f,f,F = 0, 


[ 0] 
[irj 
[ 22 '] 
[33'J 
[44'] 

[ 12 ] 

[13] 

[14] 

[23] 

[24] 
[34] 

[ 1 ' 2 '] 

[1'3'J 

[1'4'J 

[2'3'J 

[2'4'] 

[8'4'] 


(fifa ■*" fsfj + 7^ + SF = 0, [12 , 34] 

~ (aF* ■'■ ^ + ^^/ + yY+BW==0, [13 . 24] 


(fiFi f./^) ^ +^y + yY+BW= 0, [u . 23j 
75, And the 16 linos are 


(«) 

(6)- 

(0) 

(/) 

(9) 

(A) 

whence equations may be written 

0 

s 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

V 

V 

0 

-y 

A 

A 

A 

1 

d 

-S 

-8 

-8 

-8 

( 0 ) x= 0 , F =0 

(5) ATssO, «?F+y^ + 8F = 0 

(1) X=f,r=0, 8F + f,^=0 

(2) 

<3) 

w .. .. 1 
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n’ 

,A 

I 
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vr 
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p 
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tt 
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'I'i 
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« . 
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it 

!b'? 
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ft't? 

A* * <1, 

(lai 

Z « 0. 

iru’i 

A’ '! Z « M, 

[III 

A'^ \ n f 1’ »>■ Z v' /» » U, 

1111 

A'v'.( + 

(12] 

A" v'« s f Z \ 7i s® II, 

1:211 

A’ V«t 'f- }’ -h Z ®* 0, 
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A, Uy Vy iKliuff, it will 1)0 nlisom'll. tllll(<liiitj)i nC ,,, | <y«> ’rii„ 1 . .. )- 

o<iU(ifcioii iH •' f ■ "" 

AMA»/t-.A I'.-|- U{‘) \ ihw 0. 

whom tho Conn 12 nmy ho onh-nhito.l wii.h,.n(. .lidioolry • . ^ 

tho (loVoIo))0(| OXpl'OHMiolIH of I A K I //n 1.1..I )• v, • 1 

Ik 4 i.. e.,* ,»i; ' "f II 

" «< . 7>S- .|. ,?) , ,(,S .|. „;y , . . I 

+ l.f' (!te'- m - iuy) (.'I,,,/ , . I J, , I 

•h !)/.») .|._y . (fi. ,|, 

•i- lC‘h * . (Si? 'I' 7W)'i 

I lio J'onii jntiM ill oviihiuoi) |.hi> Mooi.jitn 1,1. n,,, „|,,, ,, , . , . 

(■ho undo A viz. thiH is .1 oonio (M,o ro..ii,r„nil ..t " ), .7 ( , “ 
hnoH, tho ^•ooi|)l•o(;^^lH oC iln, i|,„|„| . ‘ • ‘•ix ) hvi.',., jui.| i'.mii 

tho i.lano h-r tl,.< ..vh'nn |.| 

^I’i. Tho iioiliil miivo is nm.lo nn ,,r ,1.,, .■ , . , 

mom linos nnd tho ti'iuisvoi'siil ■ viz w l> "h 1- ilo, 

‘'I", "!■ "Ill’ll i.* ii,i,:»,rt,im, li , f » 

I’ll" Will" i»ii.iK ..r ui, ■; 

III . ’ll".’ iv’i.,, ’ll ,'.’I 

A“ I' S'l'A/// .|. I•(l|y<£;7|)^„ ()^ 

A IJ "h ( IN K,.„ I j 

which «m two ,|)i(n.(;if, 1 . . 

A-II: » ,v„ ,My „.J. 
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The equations of the spinocle curve may bo presented in the form 


XZ, 

aX^-^hZ-^- Y\ 

aX^ + hZ* 

x+z, 

W 



it is a curve 3.4 2, the partial intersection of a quartie and a cubic surface which 

touch along a line, 

The binode is on the spinocle curve a singular point; through it we have two 
branches represented in the vicinity thereof' by the equations 



respeetively. 

90, Ihe edge counted once is regarded as a double tangent of the spinode 
curve (I do not understand this, there is apparently a higher tangency) ; each of the 
four mere lines is a double tangent; the transversal is a single tangent; hence 
/3'=2.2 + 2,4-hl, =13. 


JieciproGal Surface, 


91. 

quartie 


Ihe ecjuation is found by etjuating to ^ero the discriininaiit of the binary 
+ 4^10 (Xoj + Zz) XZ {X + ir; 4- + bZ’^) (X -h Z)\ 


viz. nniUiplying by 6 to avoid fractions, and calling the function Z)\ the coeffi» 

cieiits are 

24cwy® 

Qto (co 4- 2ato), 

4(a’ + to -h 4 (a+ b)w^, 

Qto (z 4- 
24}bw ^ ; 

and then writing 

L =: 7/8 4 (£o-^z)w^4i (a + b)w‘^, 

M ~ 4 4- 2 (b^t) -h az) w]^ 

N ™ liSahy^ — — a?/S 

we find 

and then the equation is 


- 12wW)» - {D - mu-^LM - 54wW)®} = 0, 

viz. it is 

L^N + DliP - IWLMJff — - 27 wW® = 0. 
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87. And the lines are 


a 

h 

c 

f 

<J 

h 

equations may be written 

0 

0 

0 

0 


1 


0 

(3) 

Z = 0, 

Z=0 

1 

0 

1 

0 


0 


0 

(4) 


= 0, IF=0 

0 

0 

0 

0 


Vi 


1 

(1) 


3^~.?’Vi-o 

0 

0 

0 

0 




1 

(2) 

z=o, 

Y+Z\/hr=Q 

0 

0 

0 

1 




0 

(1') 

ir =0, 

-zVft-i- r -0 

0 

0 

0 

1 


*- Vrt 


0 

(2') 

Z ^0, 

ZVi+ F=0 

1 

1 

_ L 

2 

2( 

*J a- 

Vi) 

-2 

(11') 

but for 

blio otlior lines the 


^ab 






coordinate expressions are 

1 

1 

1 




1 

• Vi) 



tljo more convenient. 

“ 


h/a 

2 

2(- 

- Vrt - 

-2 

(12') 



1 

4h 

1 

^Jab 

1 

Vrt 

2 

2( 

V« 4 

• Vi) 

- 2 

(21') 



1 

VS 

1 

\Jab 

1 

2 

2(- 

- 4 

-Vi) 

- 2 

(22') 




88. The four mere lines and the transversal are each facultative ; the edge is 
ako faeidtative, counting twice; p' = b' — 'l, 1f = Z. 

That the edge is as stated a facultative line counting twice, I discovered, and 
accept, (I posterion, from the circumstance that on the reciprocal surface the reciprocal 
of the edge is (as will be shown) a tacnodal line, that is, a double lino with 
coincident tangent planes, counting twice as a nodal line. Eeverting to the cubic 
surface, I notice that the section by nn arbitrary plane through the edge consists of 
the edge and of a conic touching the edge at the biplanar point; by what precedes 
it appears that the arbitrary plane is to be considered, and that twice, as a node- 
couple jolane of the surface : I do not attempt to further explain this. 

89. Hessian surface. The equation is 

(Z -t- Z) XZW -1- (Z - + (Z + Z) (Sa, - a, - b; Zf = 0. 

Combining with the equation 

XZW^ (Z + Z) (P - aZ« - bZ^')^ 0, 
and observing that from the two equations Ave deduce 
-XZY^ + (X + Z)iaX<‘ + bZ) = 0, 

it appears that the complete intersection of the Hessian and tlie surface is made up 
of the line Z — O, Z—O (the edge) twice (that is, the two surfaces touch along the 
edge), and of a curve of the tenth order, which is the spinode curve; o' = 10. 
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4117 ^ + ^L2f = 0 , 
LM w’iV .— Oj 
J?- 12w“il7=0, 


l, 

12M, 

- DjV 


A, 

M 


or, whafc is the same thing, 


for the equation of the cusjndal curve. Attending to the eccond and third equations, 
these are ijuavtics having in connnon = 0, A = 0, tliab is, the line ?/ = 0, w = 0 four 
times; or the cuspidal curve is a partial intcraectiou ‘1x4 — 4: c' = 12. 

Section VI=.12-7da-6V 

Article Nos. Do to 102. Equation WXZ+ Y^Z + (a, h, a, clJX, F)* = 0. 

9.’). The diagram of the linos and planes is 


rf* 
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o3 


IiinoH. 


CO t'i* ^ CO 


I 

s 


0 

00 

22 ' 

m' 

4d' 

12 

10 

u 
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p-ij to 

Mi X 

(jjo 

w 

X 

to 

II 

ov 

W 1 M 

X X 

0) t CjO’ 

11 ! II 

CD 1 CIO- 

M 

X 

il 


1x0= 0 

1x0=; 0 



0 • $ 

4 

• 

• 

4 

* 

4 

V 

• 

« 4 

4 

« 

4 

ft 

Biplane louoliing along axis, and 
containing ti’anevoL-Bal luy. 


• 

* 

* 

» 

Oihei' biplane* 

0x0 = 18 


PlanoB caob tbrough tho axiw and 
containing a ray of Uio binodo 
and a my of the onlonodo. 

0x8= 0 

• 

• 

• 

• 


«- 

i 

4 


Birndiftl planoa of the bin ode, 
each containing ray of axial 
biplaiiG and n ray of other bi- 
plane* 

0x2= 0 

il ¥ 

• 

• 

• 

* 

f 

• » 

t 4 

* * 




Biradial planes of the ouioiiodo* 


& 

§ 

i 

1 

a 

cr»S* 

II 

a 

m 

s. 

1 

Biplanar ray of asial 
biplane, being a 
transversal ray. 

il 

« I 

OQ 

& 

<P 

1 
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92. This, completely developed, is 
64?(;« . ah (a + hf {(a + &) 2 /= - (•'V - 

+ 32w» . 2 a 6 f 3 (a + &) [(o - 2 &) x + (- 2 a + h) z] f \ 

\+ (x - zy [(- 3a + oh) X + (.5a - 36) z\] 

^■1W( 2ah{d?-1ah + ¥)y^ 

I + [6 (9a*' + 26a6 - 6 ®) x^ — 26a6 (a + h) xz + a (— a" + 26a6 + 96-) 2 **] if 
[+(«;- zy [6 (- 12 a + 6 ) aj’ -f ^lahxz + a (a - 126) z^] j 

+ Sw’ '' 3a6[(2a-6)a’ + (-a-f 26)^]2/'‘ 

. + [6 (- 2 a + 66 ) a!® + 6 (3a - 26) x^z + a (- 2 a + 36) a;^^ + a ( 6 a - 26) z^] if 
.p 2 (a; _ zy [_ 26fB’ -P haPz + axz'^ — 2aj/’3 
Sab (a + h) if 

+ [6 (9a - 26) a;’ -t- Sabxz + a (- 2a + 96) z^] f 
+ 2 [- 66 a.'^ + bx^z - (a + 6 ) bjV + a(oz^ - 6az*] f 
+ 4a!V (x - zy 

+ 2w ( 2ah{x + z)if 

- — [36a!’ + 2biic?z + 2 aa ;2 + Sas?\ f 
, + V {x + z) if 

+ f (aif - a!®) {cf - 0 ’) = 0 , 

•where we see that the section by the plane w = 0 (reciprocal of Ji.,) is made up of 
the line w = 0 , y = 0 (reciprocal of the edge) four turies, and of the lines = 
«y!!_aJi =2 0 ; w = 0 , 6 y’-- 2 ’ = 0 (reciprocals of the ray-s) each once. 

93. The surface contains the line y — 0, to = 0 (reciprocal of the edge); and if wo 
attend only to the terms of the lowest order in y, w, viz. 

(IC (a; — ^)* «/“ -b 8 (a; -I- z) yhv if], 

which terras equated to zero give 

Ave see that the line in question (y-O, 'm; = 0 ) is a tacnoclal line on tlio surface;, the 
taenodal plane being = a fmd plane for all points of the line: it has already 
been seen that this plane meets the surface in the line taken (t times; ovory otlior 
plane through the line meets the surface in the line taken twice. Wo have in what 
precedes the d postenon proof that in the cubic surface the edge is a facultativu lino 
to be counted twice. 

94 Cuspidal curve. The equation of the surface may be written 
(£5 ^ Uw^M) + SLN) - (LM + 910^2^^ - 0 , 
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99. The equations of the sjiinode curve may bo uTitteii in the simplified form 

r^2 + (a, h, c, cV^X, F)=’ = 0, 

4-^ (a, h. 0, .F)* + 3 (4ac - 3&=, ad, hd, cd, d^-^X, F)‘ = 0. 

the line X = 0, .F= 0 here appearing’ as a triple Hue on tlie second aiu’fiico ; tl 
curve ia a partial intersection, 3x4 — 3. 

The node is a triple ])oint on the curve, the tangents being the nodal rays. 

The node Bf, is a quintuple point, one tangent being X=:0, 3fZF-t- = 0, and tl: 
other tangents being given by Z = 0, (4ac - 2b-, ad, hd, cd, d^'^X, F)‘ = 0. 

Each of the facultative lines is a double tangent to the curve, or wo have /3' = 0. 


Iieoi2)roml Surface. 

100. Comparing the equation of the cubic surface with that for ■IV=il2-2(; 
it appears that the equation of VI = 12 — ~ Cq is obtained by substituting in tlia 
equation the values S = 0,7 = 1. But instead of maldng this substitution in the rnin 
formula, it is convenient to make it in the binaiy (jnartic («‘5A'', F)', thus in fuc 
working out the reciprocal surface by ineans of tho function 

(a-Z» + yA' F-wF'^)= + 4^!yA"(«, h, o, d'^X, Yy, 

the coefiicients whereof (multiplying by 6 to avoid fractions) arc 


Cfl?” +24!azw, 
8a>y + 

y’ — 2imu + 12ozio, 
— Syiu + GdJS^v, 


We fi'nd 


where 


The equation is 


viz. it is 


6w\ 


•J/ = - 12«wil/, 

— J si’ — 182ioLAf ~ 

L = + 6 (a- + 3c?) w, 

Ilf = 2<f®y + 6 (2ca.’ ~by-\- 2bds) w — 4f«c*‘, 

iV = — 4dV — 8d (36ft’ — 2ay + 2«rf?) w — 12 (36’ — 4'ffo) iv\ 

IW 0 W 12?wif)’ ~ (/J - 18?w/Jf - = 0, 


Z’ (IX + ilf’) - 18?wXilfX - lOatvM^ - 27^’io’A^’ = 0, 
where however £X + ilf* contains tlio factor w, ~ wP suppose ; the 


Write 


Z’P - ISzLMX- imp - 21z^ivX- = 0. 


c. VI. 


A — 4.r + 1 2c?, 

B = 6cft — 36y + 6bdz — 2«w, 

G — 66dft — iady + 4ad‘z + 3 (36’ — 4ac) w, 


52 
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96. Writing (a, h, c, dfX, Yy=—d{$«X~Y){0,X-Y)(diX~Y), the planes are 


z=o, 

[0] 

7 = 0, 

[00] 

e,x~Y^o, 

[22'] 

1 

II 

o 

[33'] 

o 

II 

1 

[44'] 

d(d,X-Y)~Z = 0, 

[12] 

d(d,X~Y)-Z=0, 

[13] 

d(e,X~Y)-Z = 0, 

[14] 

XdA-YiB,+e,)-w=o, 

[2'3'] 

xeA-Yie, + 6,)~w=o, 

[2'4'1 

XBA- F(^, + ^,)-F = 0, 

[3'4'i 


97. And the lines are 


a 

b 

c 

/ 

(/ 

h 

equations may he writtou 

0 

0 

0 

0 

0 

1 

(0) z = o, r=o 

0 

0 

0 

0 


d 

(1) Z = 0, dY •\-Z --.0 

0 

0 

0 

1 

0 , 

0 

(2) <?jZ-r= 0,7=0 

0 

0 

0 

1 

e. 

0 

(3) t>3Z-r=0, 7 = 0 

0 

0 

0 

1 

0 , 

0 

(4) 04^-7= 0,7=0 

e, ■ 

i - 1 

0 

0 

0 

6^ 

( 2 ') O 5 Z- r=o, ]r=o 

6. 


0 

0 

0 


(3') OjA"- r = 0, o/z-i- )r= 0 

^4 


0 

0 

0 


(4') ^ 4 ^- r=o, 6 i^»a'h- ) r=o 

1 1 

d 

d 

1 

1 

— (0^ + ^ 4 ) 

“^ 2^4 

d{6A-0A-OA) 

d (^3^4 *" 03^2 — 0^0^ 

(12.3'4') 

but for the romaining linos 
(13 . 2'4') the coordinate oxpro8sion.s 

-f«4 

d 

1 

*"* (^a + ^a) 


d (^3^a ” ^4^2 “ ^ 4 ^ 3 ) 

(14 ‘’'3') “mivonioiit, 


The mere lines are each of them facultative ; = t' 


98. Hessian surface. The equation is 

(^+3(cZ + d7)}(XW+P2+(a, b, 0, dlX. Yy] 

-4,Z{a,b, c, d'^X, Yy 
- 3 (4ao - Sb\ ad, bd, od, d^'^X, Yy = 0 ; 

ajid it is thence easy to see that the complete intellection is made up of the line 
spinode curve- times, and of a curve of the ninth order, which ia the 
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L^-12zwM -0, Next as regaa'ds the surface iil/ + = 0 ; the line y—i), to — O is 

a simple line on the surface, the terms of the lowest order being Qzto (— 4d-.'«’) = 0 ; 
that is, we have tu~Q, and for a next approximation w — Ay^, viz, L=y\ M — ~2cyif, 

N = ~ 4dV, and therefore - 2dxy^ + 9z . Ay^ (- = 0, that is, rj = - , or 

^ IHdiGZ 

i^d^z ^ ^hcre is thus a threefold intersection with one sheet and a simple 

intersection with the other sheet of the surface The surfaces intersect, 

as has been mentioned in the conic ^ = 0, 0; or we have the lino ?/ =; 0, 

w = 0 four times, the conic once, and a residual cuspidal curve of the order 
4 . 4 - 4 — 2, = 10 ; that is, c* ~ 10. 


Section VII=:12~J?5. 

Article Nos. 103 to 116. Equation M^XZ ^ YX^ - ^0, 

103, The diagram of lines and 2 jlanes(^) is 


711 = 12-^5, 

Linos, 

H* M 

Od CO bd w o 

<s>l LO 

X 

II 

lOI 

to 

X 

Ot 

ir 

o 

X 

On 

II 

Ot 

1x10=10 


01 

00 

12' 

§ 

s 

18 ' 

1x15 = 15 



• 

9 

4 

• « 

4 

Torsal hi piano. 

1x20=20 


• * 

t • 

« 0 


• 

4 

Ordinary biplane. 

2)c 5 = 10 

i 46 

• 

• 

4 

■ 

• 

9 

9 

9 

9 

# 

« 

• 

9 

4 


Pianos each oontaining 
a more line, 



Mere lines. 

Eay of ordinary 
biplane. 

Bayoftorsal bi- 
plane. 

1 

t 

1 


1 The marginal symbols in the pveoediug aiagmms coiistitiito a loal notation of 
but horo, and still moro so in some of the following diagrams, thoy aio mere marks 
which are the lines and planes to which the soveml equations respeotivcly belong. 


the linos and pianos ; 
of voferenoo, showing 


52™2 



110 


A MM.MtIllJ IIN t run :'.l K| \t I t. 


1 1 


aii)i l,li(<rar<in< 


l.liaii W(t tiiivi- 


A : ■ //' ( 

M - iil.rif i /In', 

I 


I- (,'/■' I /la'i(.|,/-r- i wv-i i ,;V? 7 


■ ; I I ■ f J( • 

or (III! t'i|niil'iini ill 

/|,/V^| HM .U j If- r U-V ii . ,v H 

iOl. (t'lHIMilliT (In- H|.|.),i,,|i Ity ill.. |i|tti,.’ 7- -M, V,. Imw S/ V 

anil Ijiii ciiiiiMn,, lii-ri.iiHvi V(ryr :!/;./rv i a-f ■-M .1::?. IH- j I, r. ' .7 ' 

Hnl)s(,i(,iil.iii^. Ii.r A, /}. n fill. v„h„.H ' 

.1 If ! 

// •••• Ilf'.* • • k 

^ tUnh ■ H-ftf-fw ii J. ^*r'; 

-‘Ik-) (ini.f! I.U.1 ,1,;. ^ r"- •' 

..r (hi! Iii,,i«,„„. ,„v,, „ n'7';'r,;' 7 ^*^7 

nal, a lim- ..)• tin- i.iil,i.. ,^ 7,7 7 >» ! / ' 

an 'wi-nliir \in,> ..f (|„. ,i..i|i,.n-a! ..inii,.-.,. ' ' ' 


Innn 


»■ •« <... 


C!nnHic)|.|- (li,, (,4v„ 


rj A( il/, ;a,,\ 

' A. Ilf 

A' — I *,!:'«* .If — |ii_ 

/Jf I M, 


M 


cudl Ilf (III! fiDiitli 1,1,1,,,. 1 , 

('"-0. //'«()), h I -II r,. 1. 

"bHiimi Hmt. I, III. ti„„ i„ : ' , '7' ^ Tv, ,hr 

al,(.,-nili,.^; „„|y -ufa.,, i. 

• IMH Ml Ml.. 

I . , »“ «* II 

+ 1 acirV 1 .1..^.,,-^, - 1 4,^^/^, ; 

til tho .l. . 

> 0 ‘^Aif, viz. wii havi! Mjijn-tixiiiiuuslv Lmo* *'* Uy 

iUts '""'s.wfey: iluf lint! ,» fhm « 
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10!), Each of tfu) liuoH (A' - 0, and (,Y I- F r, 0, Y-Z'^tA)) in a 

doubk) (iaiig'Ciib of tho .spiundo otibio; in liic.b for l.|io (iral, of iJniw* liinjs \vn liavo 


bhab in, 


I (if)" .(• .s^)' I- r ^1- r, . 0. I a/)' .|. i i- .14)..= o, 

(2))^ I- I )■•' ( bif;* bf)' -P a) « 0, .J.r; p2)).' I- I y VI 0, 


HO bliab bht! lino (,ini(!l\o.n ab bin' (,\vo poiubn .i^ivon by 2)^.|- | : .= 0; imd Kimilnrly blio 
oblior lino toinilioH ab blio favo poinbn ^dvon by 2f)''-"|:; 0. 


'l.'lio 0, .^tv=0 ban apparoiibly ti barb wibli tbo 

viz. bho ot|nabiotis A” -- 0, ^ am nabiMliod by b)i !0 tavioo, O::^ fivo 
iniiHb 1)0 rockaiiod only as a dotibbi baii^p'iib. Ibaioo ' 2 . 2 !• 2, = = (!, 


Hpinoito iii.bio, 
biiiioM ; ball il. 


I ttx,ij>vwul Sii t'/'imc, 

110. Tbo o.|nabit)n ia obbiiino.l by .s|imbini.' l.i z.-ro blio diMcriiaiaatii. of bbo biiiaiv 

iHiai'tio 

A "'* wXy I A (w/A I .|■.<■A''). 
viz. (Uilliiiff bins (»Q^A^ X)\ bbo caoflioioubs (»nid(iplyin>; by (i) uro 


and bluai \vribiii/.f 


wo liiivo 


((!«)■', -My/a, if> [ -Irw, 


L = : 

//' -I- -I rm, 

.1/ = . 

• 2//i' ■ ■■' 

Nv:-.. 

•--•l.c:-' 1' llb fa. 

\l - 



~ ./ ■ = 7/' ... ,'i4/a^V, 

and bho oi|iia(:ioii is, a.s in fornior oasi'M. 


L'‘ ( AwY-i- Ah ~ I Hu>>LMX - Uirn^M' :i7m\X > 0 ; 
liub and bliorofnm bbo whnjo isputbian divid.-.s by w, mid wo ibtis oblaia 

l(i/;''{-~««“H,y^.r.p w()/5+ .p ,„■) ^ isu>ULV ... Iibn.1/'... 07 ,„,a'^ ,« o ; 

or, coiivplotoly duvolopod, bliis i.s 


/a’ . (»•[■ 


•P bo" . 82 ( :h/£ -- .kc^') 

4* w* . 1(1,1' ( 4. Jia') 

+ uf . ( y< + 8(>yV 4. 10()y5.r4 ... 272* b- (] I-,.'*) 

4- Ilf * . 4a’ ( lli/’.s + 1 2y*ar’ - 

• .!/’ ( 4- I2y*’a^ - ~ 

4 7A( 



412 


A MBMOIE ON CUHIO 8UUl!’A()t';S. 


104. Tho planes are 


The lines are 



Z =0, 

[10] 

X-0, 


(0) 

x = o, 

[00] 

7 = 0, 


(1) 

7+^ = 0, 

[12'] 

X = 0, 7-1- 

X = (), 

{i') 

F-.^ = 0, 

[13'] 

X=0, 7- 

X ..= (), 

(O') 



x-r=o, 7 -I-, 


(12') 



X.|-17=0, 7~. 

Zr:{), 

(i:n. 


106. The two mere lines arc facultative, ainl the (mIw; is iiIho liu-.iillutive ; /)% :;{ ■ 

t' = 0. 

106. Hessian .surface. The e((uati(jn i,s 

ZiWXZ-^ 7^Z+ + .V -i- > 0. 

The comi^lete intersection with the surface is thus given by the ts|nal.iiiiis 

WXZ + YZ + = 0 , - x* •• ( ), 

which is made up of the line X=!0, Z = i) (the edge) feiir tiiinw luul a eiirve of the 

eighth order. To see this, ob,sorvo that the lust-nieiitioiusl surlhecH have in 

the line X = 0 , Z = 0 , which is on tho first .surface a temal lint! {.n|iiuti..n in vicinity 

being ^ = -yX*>), and on the second surface a triple line (etinatunis in viciiiily licing 

^=p.Y> aiKl Bm i!— .^x- to,*. 

(2 + 2-) 4 times, 

lOr. I say that the complete iutorseotion is tlic line (X .-.I). Z^>U) thr.te tim-s 
together with a spinodo cinwe made up of this .same lin.t ..ins! ami ..f tln< ttiirv.- ef 

the eighth order; and that thus (r' = 9, 

The discussion of the reciprocal surface iu fact shows that the iveinroral of the 
t£of^ a singular line thereof, counting once as a nodal and twice as a cuspidal line 

.h, .“11“^ ..ti 

X ; r;Z: F=16^ : 4fl + 16tl» ; 
the values of 0 at the binode B. are 5=0 <9 — n, i i 

bourhood thereof the two branches ’ ~ ’ nefigh- 
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that is, the sui-face has the nodal lines (ir + y = 0, a>-w = ()) and (^-y = 0, aH-w=0), 
which are the reciprocals of the lines 12' and 13' i-espectively. The nodal cnrvo is 
made np of these two lines and of the line y=Q, ?a = 0 (reciprocal of edge), as will 
presently appear; so that we have &' = 3. 

112. The equations of the cuspidal curve are 

LM+ == 0, 

+ .SZjY == 0. 

Attending to the two equations 

— 12 wW =y*-\- + Wx’^w- H- 2‘}!yjgio'^ + 48?a^ = 0, 

ZM + 9i«=iV = fs + + 4.vi/ziv + (8 — *72 =) - + 1 = 0, 

these surfaces are each of the order 4, and the order of their intersection is = 16. 
But the two surfaces contoin in common the line (y = 0, w = 0) 7 times; in fact on 

the first surface this is a cusp-nodal line iajio H- ?/ + = 0 ; and on the second 

surface it is a nodal line w (iaiy + ISsw) = 0 ; the sheet is more accurately 

4>anu + f + Bf...==0; whence in the intersection with the first surface the lino counts 
5 times in respect of the fir.st sheet and 2 times iilf respect of the second sheet ; 
together (6 -t- 2 =) 7 times, and the residual curve is of the order (16 — 7=) 0. ' 

113. I say that the cuspidal curve is made up of this curve of tho 9th order, 
and of tho line t/ = 0, w = 0 (reciprocal of tho edge) once; so that c'==10. In fact, 
considering the line in (piestion y = 0, w = 0 in relation to tho surface, the eipiation 
of the surface (attending only to the lowest terms in y, w) may ho written 

- lez^ (if + iaiwy + w(- + w'J (- GG(syz^) + &o, = 0, 

giving in the vicinity of the lino 

+ y°~ Ay®, 

and then 

that IS, A®==-2— or 4a.w + y“ = V — 2. ^y® ; wherefore the line is a cusp-nodal lino, 

counting once as a nodal and once as a cuspidal lino; and so giving the forogoine' 
results 6'= 3, c'= 10. 6 ° b 8 

114. I revert to the equation which exhibits the nodal linos (a; — -w = 0, y -f ^ = 0), 
(® + w = 0, y~2 = 0) for the purpose of showing that they have respectively no pinch- 
points ; that is, that in regard to each of them we have j' = 0. In fact for the first 
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111. To transform the equation so us to put in uvidifiieo tlio iiothil cnrvo, 
I collect the terms according to their degrees in (y, z) iind (,r, v/;); viz, tho o((mitiou 
thus becomes 

64^6'*’^^ — 128a?V*|- 
q- z^{ — + 144, w*) 

+ zy{ 160,^'W q- OG?//) 
q- y'** ( 4S.^’W q- S0.^w‘) 

q- -S’* , 27?(^^ 

+ , - Sai^w q- 30# 

q- zjf * 44^# 

+ q- 

+ z^y^ , — 10 
+ zY , w 
zy^ 

- 0 ; 


and if for a moment we write z^a^y, y=:«-y and oelloot. ultiinatoly 
I 7 3 leii vanes ^{z--y)j tho equation can bo oxpn.NSseil iu |;lu> Tor 


i'()|)la(nng' 

in 


64?(;'’ (.'ll® — v/^y 

+ 8?y« {z +y)'> (it! + w Y (to + }Jw) 

+ 8w» (z - yf (a, ~ w )a (a- _ •},(,) 

- 32w« (z'> - ya) (a-a _ 

+ +y)n<B +w)’ 

w (z +yy(z~. y) (a- ^ (3a. + 7,0) 

rv (z + y) (^e-yy (.j^ _ 

+ iw (« -y)<(a-w)» 

- 2/’ («’-2/^) (««o + ft»/)=0, 

and observing that we have 


> + (ey = ~z{!e - w) + w(z + y) 

- ^{t« + w) ~ rt! («r _ 


we see that everv term j.- 

W~w conjointly; and also at ]easV*!)rthe^el^TVf . + 

lul order m z~y and w+w conjointly; 
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115. The cu.spidal niatluc citrvo is a uiiicnvsal ciirvo, blio equations of wliicli ctiii 
be very i-eadily obtained by considering it ns biio reciprocal of the spinodo torso: ^vo 
m fact have 

re y z •. w = ^W-f-2Xr : : WX + 

or substituting for X, F, 1F their values (= KR’l-', 40 -|- - 5 — iS0'- 160'') 
and omitting a common factor 1603, wo Hiul for tlio cuspiilnl curve 

re ■. y t z : w = 30 H- 240 - 160» : 240 + 320" : -4-480‘ ; 160-' 

(value.s which verify the equation X/v-i- i y ]Yw — 0)', the spinodo carve being 

thus of the order =9 as montionod. 

For 6 = CO wo have the singular point (y = 0, z==0, 1^ = 0) (reciprocal of torsal 
biplane), ana in the vi(5inity blxoroof a? : jr ; ; 3 r ; = I : ^ 20'^^ ; ^ 0-'\ tlieveforo 



For 0 = 0 wo have the singular point .v = 0, i/ = (). w = 0 (reciprocal of tho other 
biplane), and in tho vicinity thereof re i y : z ; tu=^ ~ ^ r - (J03 ; 1 ; _40 j, thoroforo 



116. Tho section of tho .surface by tlio plane s«0 i.s an intorosting curve. 
Writing z = 0 in the ctiiiation of the .surfiico, I liiul that the resulting oiiuation may 
bo written ' ■’ 

(C4iy'>, 144fw=, w» + 7G.r'ha + retf'^vf* + 27*"', y’ - 32a'?(»)'> = 0, 
whore oKsorvo that 

64?<;'' (w® + 7 (iieho H- (ey‘‘) - (72ai0)» = 6410 [iw (70 + 27.-0) + a- (y» - ;^2.^'^o)] ; 

HO that tho curve has tho four cusps 704-270 = 0, j/" - 32 vk/ = 0 ; the iihino ^ = 0 
intersects the cuspidal ninthic curve in tho point (y = 0, z==>0, 7 i; = 0) « <- 

and in the last-mentioned four jioints: in fact, writing in tlio cquati 
curve 0 = 0, that is 1 + 120" = 0 , wo find re, y, 7 a = ft0, fA03, 

70 + 270 = i^'i.0" (1 + 120") = 0, if~ 32.^1^> = 0. 
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of tliese lines, neglecting the terms which contain x — w, y-Vz conjointly in an order 
above the second, the equation may be written 

C 4 je’ (is + xvf (a; — lof 

+ {w + wf (x + 3w) (ji + yy 
+ 8iu' (z — yY “ 3w) (a? — wf 

- 32w’ {z -y) {x + w) X (x — w) (z + y) 

+ h” i^-yf (ii«® - 27 w=) (z + ?/)'■> 

- w (z-yf (3a! - 7w) (x — w) (z + y) 

+ {z-yY (x - w)” 

+ (®-w)(«+y) 

. . - A i^-y) (? + y)= = 0, 

(A, B, 0'^x~w, z + yY~0, 

ivhere, collecting the terms and reducing the values by moans of tho mmations 
a' - w - 0, 2 + y = 0, or say by writing x = zv,-y = z, we have 

A = C4iti’ (x + wY 

+ 8w- (z - yY (x - 3?t!) 

+ iw^Z-yY 


B — 32 (^ - y) (to + i(j) xio- 

-w(z-yY{8x~7w) 

+ fz{z~y) 


= 250 w’ 

— G 4 ?o“^“ 

+ A'Wz* 

= 4 w (z^ — 

= — 

+ 32 w'’^» 

- 2 ^" 

= - 2 ^( 2 '''- 8 ?t!«)» 

= 128 ?o'’ 


8tu’‘{x + w^){x + Stv) 

+ hw(z~yY(llx-‘~2ho-‘) ~ 

^y ^^~y) + iwz*' 

nonce the condition 44C-»J-o nf « i 

points (if any) would be at the“point8 ^ 7-07+ f 

= 1. -2V2, 2V2 1 But uJ , + ^ = = orsayat n;,y,,c.w 

‘^atisfy the <^q^iations ^ = 12, 12, -^10; values which 

in question are obviously not on* tlm i’^ SZiV'rz 0, and as tho points 

component of the cuspidal curve beinp in fnAf^ tl^oy He on tho niiitluc 

The line y = 0 1= 0 ' pmeh-points. 

being part of the cuspidal ^curve, no noLt"^ll**^ "■ pH^ch-point, but 

w, in regard to this line also we' have i'-ft 'T°i as a pinch-point; that 

^ =0- «i<^''efore for tho ontiro nodal curve 





<M|iiutiniiH iiiiiy )k< \vi'i(lt<ii 

(7) X .0, r 0 

(«) ^ 0, y 0 

(!i) ir 0, r 11 

(7) V i X 0, If' (I 

(.s) r.i.A’.i ir (I, ^ : 0 

(It) .i. ir 0. .V (I 

(1) )' <«i, l)<^ 

(-*) »' (*«. 1).V (mr\)Ji 

(;j) Y (i«; 1) tr K |) A' 

(1) r («(, 1) »' (/»r 'l)A' 

(f*) r cwi, 1) jr 

{C) r -()«,- l)X ».(m, 1) fl- 


53—2 
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Section VIII = 12- 3CV 

Article Nos. 117 to 125. Equation Y^-\-Y(X-\-Z+W)-\-‘kiXy^W = {). 
117. The diagram of the lines and planes is 




A jiuAnnii ON (iirntd .sirui<'A(!i«, 


<r 2 i. 


(»!’ fur /3, 7, 8 in Uiu (ii'Mt lunl lust, linu.s (.Innc vnluos 

. (— .r-l- J«, .rc •!* .rw-l- iw, utzio), 

Mum ih 

-I- ».■•* « 1 97 - /y* - (S/i 7 -I- :i(;S) /y ' + (M(»/3S -1- Hy>)i/‘ ~ .|. 27S't 

-I- 2(f f ((i7'J - ^y ~ UfjH) ,f .|. ( I „ Uy^yj ... I Hyg) y ,|. Oy’i .|. 

— {(0 - £)'■' (ill ~ VlY (s - loY 0. 

1 9:1 Thn nudnl mirvu U idikIo ii|i of |.hu liwun (ij .n :), (if x > 10 ), (i/:-^ s =■-. w), 
i'(!(!i)ti'tK'iilH uf l.lin (hriMi l/nuiHVi'i'HalH. 

'I'll hIiow l,l)in I mi nark lliul., writing' 

/j' (a; - ly) -|- (5 - y) -f (w - /y), 

7' == ~ yy) ( * - ,/) 4. (.,) yy) _ y) _yy 

Iilu! <ii|iiubioii nf liilo snrfulu) may bu wi'iU:i!ii 
•lay (//•" as) (//“ 5 ) (//-«/) 

-h it.^ l/f (1 2/HT - 7'“) I- 11 , . IHyg- .|. 

•|. 9a, (yy (- (iyS'nS' .f ifj'y'^ -i- !»7'8') Sy'-'' + 978'^ - S>/;r7'8'j 

?)»o<;- w)Mc~ w)'«iO, 

whonri- uliHorviiiK 7 ' '« nf tliu miti-r I ami 8' of |.)m ohIim' 9 in (x-^y), (.--y) 
wiiJninUy, I’lmh of (Im 0 |muiuii in m, li-nst of tho Nwoml onliu- in (.r- »/). (?•» y) 

conjointly; or wo liavo y«=.>i-«c. a mulal lino; uml Hiniilnrly Mm othor f,wu ’ linos uVo 
noilal lini‘S, 


121'. llu!^ foroyfiiinyf Irnnsloninsl oijnation is hiohi, minlily olituinoii l>y ro,voitin;{ to 
tlu) cnbio in I/, vi/,. writinyf yj^ic — yy, r.-a 5 ~yy, .SKii«)~.iy, ami thorolbro m sm y + ii, 
««y.|.,., i«*=y/-|.i;, till! ttnlm: finmtiini (imtlinyr tluTOin y® F-i-yt/) lioomnos 

a { F+ yl/) -I- ( K-~ /) //) ( r ~ ,‘f/) ( I' ~ hU) ; 

writing / 3 , 7 ', 8 ' b# /> -i- r -I- #, /«• + yw -i- nt, yir.v, tho ooolliciim ts am ({» (it I ), ay ~ fj\ y, - 
and tlio ci|uation of tlio sni'fiico is thus ohtainutl in tlio forni 


27 (aH-l)»8'» 

+ l«(«-H)(ayy-yi')7'8' 

+ (a *1- 1)7'* 

- 4 (ay ~ fi’f 8' 

midt’ voverHing tho Hign, is tlm forogoing traimfonncil 
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120, The three transversals are each facultative; p^b'—3\ t'^0, 

121. Hessian surface. The equation is 

4^aX ZW (SY+X + Z-h W) + (X^ + F' - 2XZ^ 2XW - 2ZW) = 0. 

The complete intersection with the cubic surface is made up of the linos (,l'^s=0, 

X^0)j (F=0> Z=0\ (F = 0, T'K—O) (the axes) each twice^ and of a soxtic curve whioli 
is the spinode curve; (r'=6, 

ihe spinode curve is a complete intersection 2x3; the equations may in fact bo 
written 

P + P (X ^Z^ W) + 4aX^F =. 0, 

3 P -f 4r ( X + ^ + W) + 4 (XZ + X IK ^ Z W) - 0 ; 

the nodes D G, A are nodes (double points) of the curve, the tangents at each node 

hfiinff thA nnfln.i mve 


Each of the transversals is a single tangent of the spinode o.irve; in iav,t for 
th! enbir''' + F= 0. these equations of course sati-sfy the oquabiou of 

u 1 r+^ + Z = 0, F=0. F = 0 is a point on the a.vis If =() F=() 

not belonging to the spinode curve; we have only the point of contact 
y} = u, A = Hence )8 = 3, * • > 


Reciprocal Surface. 

122, The equation is found by means of the binary cubic, 

aT {T -yUy + (r-«!U) (T- zU){!J}~ w V), 
viz, writing for shortness 

^-le + z + w, 
y = W2 + xw + zw, 

B =xzw, 

this is a binary cubic (»$?>, Uf, the coefficients whereof are 

3(«+ l), -2atj~^, ayHy, -38, 
and the equation is hence found to be 

+ my~^)f- (8^y+368)y* + (30/38 + 8^) f - 8678^ + 27S«) 

+ 2a((67«-^V-9^S)yH(12^»8-2/37’-187S)y+2y + 278»- 9/978I 

(^V + 18^-y8 - 4/3*8 - 47* - 278*) = 0 ; 
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ami (ilu! liiiox an! 


iqx, y 


-*U/.x- 



X r. 

= t). 


[ » 



- 

'0. 


[ 7 



IF- 

■i), 


[ H 



/.X 

~ Y 





./vX 

... Y 


[25 



./ ;x ■ 

- V: 

r- 0. 

i'M. 

li 


X' 

- 0. 

F « 

0. 

(<0 

M 

- I'. 

tl, 

iiT 

0, 

(i) 

AX 

™ F, 

^.0, 

;f 

0, 

(2) 

./;a- 

- V: 

(h 

X « 

0. 

(«) 

./’.X 

- F.- 

0, 

1F« 

0. 

(>i') 

./;a' 

™ F> 

:: 0, 

11' - 

l>, 

(b) 

./;a' 

.... 

.. 0. 

IK^:. 

0. 

((i). 


y), tins plant's ans 


I2H. 1 h(!i'(! in )io tiianltHtivi! liui! | p' b’ --i {), yi«0; anti Inincii also 0. 

120. HttHsian mirUmo. Tlio t!(|im(.iitn in 

A l(''(oA' *!• (^F) •" JlA' (tw — /)■*, ud — /w, lid — r.;; <>, 

Hit that tlui llttHHian ItmaliH up inttt jilniit! A''5-!(l (axial or minmioii bipluut!) mnl 
into a onhio muTattt!, 


Tlu! oomplott! iiitiorHootion of thn lltwinn with thn tuihiif surlUi'o is iiiu(h!i np nC 
tho lino A’'«(), (tlio axin) lour liinoft; anil .iC a Hyrtlmn of toui' o-inif.s, wliioh in 

tlu! .spinodo oiii'vt!; a'«H, 

in fact ooinitinin^ tho (!i|uationH 

irA'.^'i- (rt, h, II, ililfX, 

anil 

^iK(cA’’4-<(y)-:iA'((ic™(iS ad — lw, W — 

tluiW! intovHCot in tho axiw tnitm, iintl in a (•nrvo of' tho oiKhth onlor whioh InvnkH nii 
into four conicH; for wo can from tho two ispiatioiiH iloilnoo 

_ (a. b, 0, d^X, F)»(oA’'•h<M’).^}^A'»(«c~7»^ iul~ bo, bd--(i%X, Fy^O. 

('iac-tli''. lid, bd. cd, iP]iX, F)'»(), 

a ayHtoni of four plnnoH each intei-Hoetiug tho cubic XZ\Y-^{it, h, c. dp'X’, F)>m(| in 
tlio axis and a conic; wliencc, n« above, 8|;iinode curve is four conics. 

It is coay to seo that tho tangent planes along any conio on the Hurfacc pnHw 
through a point, and form therefore a ijuiulric cone; honco in particular the apinotle 
torso ia made up of the tpnulric cones which touch the surface along the four conies 
rospootively. 
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125. The cuspidal curve is given bj'’ the equiitions 
jj 3(rt + l), — 2ai/-/3, rt?/-+<y 

-S 


= 0 , 


or sajf by the equations 

that is 

and 


3 {a + 1) {aif -I- 7) - {Uy + /3)'' = 0, 
a {a - 3) y’ + 4«.;8y - 3 {a + 1)7 = 0 , 


consequently 0 ' = 6. 
section, 2x3. 


- 3 (a + 1) 8 + (2«i(/ H- /9) (<«/- -I- 7) = 0, 

It is to be added that tho euapidiil eurvo i.s a eoiuplole ii 


Section TX = 12 -- 27/„. 


126. 


Article Nos. 126 to 136. Equation h, q, d^X. Vy 

The diagram of the linos and pianos is 


0 . 
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133. The cuspidal curve is a S 3 \stem of four conics; in fact from tlio preceding 
equations written in the forms ” 


{bd-c-, ^{dxy-cy% 1)’ = 0, 

{ud-ho, U(f?-2ca)y-bf, -’ia)\/$\2zw, 1)“=0, 

eliminating zw, we obtain 

{^{bd-(S% ^ 

2 (— ad^ — 36cd + 4c’), 

6 {aod + h^d - 26c»), ^ y)* = 0, 

6 {bo ~ ad) b, 

tCkl — 6 ", 


which shows that the cuspidal curve lies in four planes, and it hence consists of four 
conics; these are of course the reciprocals of the quadric cones which touch the cubic 
surface along the four conics which make up tlie spinode curve. 


134. The equation of the surface, attending only to the terms of the second order 

in y, z, w, is 21 d^ao^zw = 0 ; it thus appears that the point y = 0, z—0, w = 0 (recqn’ocal 

of the plane if = 0) (which is oscular along the axis joining the two binodes, or 

5j5-axis) is a binode on the reciprocal surface, the biplanes being z = 0, w = 0, viz, these 

are the planes reciprocal to the binodes (A' = 0, F=0, W=0) and (if^O, y = 0, ^=0) 
of the cubic surface; wo have thus JS'=1, 

It is proper to remark that the binodo y = 0,z=0,w = 0 is not on the cuspidal 
curve, as its being so would probably imply a higher singularity. 

136. A simple case, presenting the same siiigulnrities UvS the general one, is when 
a = d, 6 = 0 = 0: to diminish the numerical coefficients as.sumo a=d = .jlj, the cubic 
surface is thus 12X2W + = 0, and the equation of the reciprocal surface, 

multiplying it by 4, becomes 

+ 

4- (Sa'* — 12af‘y) zw 

— 4?/’ {ai’‘ — y*) = 0, 

viz. this is the surface 

42/“ 

— 4y“.^• (af^ + Szw) 

+ zw + ztoy = 0 

considered in the Memoir " On the Theory of Reciprocal Surfaces." 
is, as there shown, composed of the four conics y = 0, 3®“ + ztv = 
a)“ - = 0 ; and it is there shown that the two points (is = 0, y = 0, z = 0) 

each reckoned eight times, are to be considered as off-points of the rc 

C. VI. 
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Reciprocal Surface. 

1.30. The equation is obtained by means of the binary eiibic. 

XiwuX + yyy + izwia, b, c, dfX, y>', 

viz. calling this F)’ the coefficients are 

( 3 iB'’ + 12 azw, 2 {oy + libzii>, i/* + 12 cw, I 2 (kw). 

The equation is found to be 

432 (ft’rf-’ — Qabcd + 4ao’ + 4ii*d — 3i!i°c-) 

+ 216 [{ad^ — 3&cd + 2c“) + (- 2acd + ibHl — ‘2/)0’).w/ + (~ uhd + 2fU!’ - l>k.) //• | :'W 
+ 9 [3fZV -12<!d«®y + {106d + 8c®)«!y-(4«d + 36c) a'i/H (> ktc!-- 

— y’ (cf.'e® — Seai^y + 3fey“ — ay’) = 0. 

The section by the plane w = 0 (reciprocal of lk = D) is tlu! lino v) <■■={), if (rcoiiiiooid 
of edge) three times, and the lines «; = 0, d.^■’ - Sc.'s’y + 3/wy’ - ay’ == (.) (reoiin'Di'nls of tho 
biplanar rays). And similarly for the section by the piano ^ = 0 (rooi|mi(!al nf Jl,-0). 

The section by the plane ir/ = 0 is made up of the linos (// = {), £.-..()), (v/^O, w,)=t^()) 
each once, and of two conics, y = 0, 


16 (»’(#“ - 6ai(cd + 4ac’ + - 36’c’) 

+ 8 (ad’ — Sbcd + 2c’) efzw 
+ d\v* = 0. 


131, There is not any nodal curve; &'=:0. 

132. Cuspidal curve. The equations may be written 


3a;’ +12a4;w. 

2.^’y + 12is}y, 

y’ + 12 c£«/ 

2a;tj + 126aiw, 

y’ + 12 c^!«;, 

lidzio 


Forming the equations 


(bd - c» ) . 144««j(;’ + 2 (day - erf) . Uzw - y* = 0, 

(ad - ho) . 144^V + (3(fa!’ - 2c(cy - brf) , [ izw ~ = 0, 


these are two quartic surfaces having in common the linoH (y^O, w«0) (v=»:0 jaO). 
attending to the line f« = 0 «--n\ , .i Y " w 'C : 

j 'd i )> 18 IS on the secoiul surfneo lui (woulnr lino, 

^ ~ iSdw^ ’ surface it is a nodal line, tlio one tangent piano being 

6(&d-c)w.ir+£fe^.y=,0, the other tangent plane being ^«0, but the lino being in 


regard to this sheet an oscular line, 0 = 


24ffefiy ^ ’ 


Hence in tho iiitcrsccbioii of tho 


(l + S.) fMir*tLe°°and'”tTO'u!i'iL^ Y",’ H”« V-'l, vi-0 miiiita 

;.l.ich la the ...aplL’ 0 “™“^°.“, (16-4-*») 8. 
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136. The like investigation applies to the genei’al surface, and wo have thus 
^ = 16; the points in (juastion are still the points (a-= 0, y = 0, - 0), (a' = 0, y==0, wj = 0); 
VIZ. the.se are the points of intersection of the .surface by the line (a) =0, y = 0), wliich 
points are also the common points of intersection of the four conics wliioh eompoHo 
the cuspidal curve, that is, they are quadruple points on the cuspidal curve ; it does 
not appear that the points are on this account, viz. quel quaclrnplo points of tho 
cuspidal curve, off-points of the surface, nor does this oven show that the points should 

)e ICC 'oned each eight times. As already remarked, the singularity renuiros a more 
complete investigation. o j i 


Section X = 12-j5j-Oa. 

Article Nos. 137 to 143. Equation FAif-f-(A'’ + =0. 
137. The diagram of the lines and planes is 



M 

W 

Lines, 

M CO o 

1 .*v— — 

0 

3 

IV 

i 22' 
1 

3' 

1'2' 


M 

X 

Ki 

11 

w 

to 

X 

II 

w 

X 

K 

CO 

M 

X 

Qi 

II 

O 

M 

X 

CO 

II 

CO 


1x13=12 




• 

« • 

4 

Biplane touching along axitt, 
and Qontaining odgo, 

1x12=12 



* • 

* * 

• 


Other biplano. 

2x 8=16 


• 

• 


* 

Planes each through tJio . 
axis and containing a bi- 
planar ray and a onianox 
dal ray, 

lx 3= 3 

• 



* • 

1 


Plane touching along the 
edge and oontaining tlio 
more lino. 

1 X 2= 2 

6 46 

• 





Biradlal plane through tho 
two cnionodal rays, 



Is 

P-g* 

0 

c* 

1 

V> 

» 

i 

g 

0 

g; 

1 

Biplauar rays in the non- 
axial biplane. 

W 

It 

P _ 

IB' 

' & 

a* 

§• 



Axis, throogh the two 
nodes. 
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138. The planes are 

Z =0, [0] 

Z =0, [3] 

X - F= 0, [ir] 
Z+r = 0, [22^ 

W = 0, [3'] 

X+Z = 0, [V2’] 

139. The facultative lines are tlie 


CUBIC SURFACES. 

and the lines are 

X = 0, .F=0, (0) 

X = 0,Z=0, (3) 

Z-F=0, .^=0, (1) 

A" 4- F= 0. Z = 0, (2 ) 

A'-F=0, F = 0, (!') 

Z + F = 0. W = 0. (2'> 

X + Z=^Q, lf=0, (12). 

edge counting twice, and tlio mere lino ; 


p = 7/ = 3 ; i' = 1. 
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140. Hessian surface. The ecpiation is 

X (X + Z) {ZW + 3 A"» - XZ) + F" (A - F)» = 0. 

The complete intensection with the surface consists of the line (A = 0, F=:0), the 
axis, four times; the line (A = 0, Z^iY), the edge, twice; and a sextic curve, which 
is the spinode curve ; c' = 6. 

Writing the ecpmtions of the surface and the He.ssian in the form 

A (ZW + F“) - A» + Z ( F“ - A») = 0. 

A (A + Z) (ZW + F) + (Z- 3 A) {- A« + Z ( F'-" - A*)} = 0. 

we see that the equations of the spinode curve may he written 

ZW+ Y^ = 0, 

- A» + A(F«~xY»)-0, 
viz. the curve is a comjdote intoiseetion, 2x3, 


There is at B, a triide point 1 ^ ^ = 

the tangents coinciding with the nodal rays 1F = 0, F®— A"’^ = 0. 


and at 0^ a double point, 


The edge and the mere line are each of them single tangents of the spinode 
curve. But the edge counting twice in the nodal curve, its contact with the spinode 
curve will also count twice, that is, we have yS' = 2 . 1 + 1, =3. 


Becipfaoal Sur/aoe. 

141, The equation is obtained by means of the binary cubic 
4t(;® A (A + Zy + 4wA (A + Z) (coX + zZ) + ?/®AF® ; 
or calling this (*\X, Zf, the coefficients are 

(12w®, 8w®4-4wii!, 4?t)®+ + 4w+^®, 12m), 


54—2 
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;iikI flit!iice the; eiiuation is found to be 
mu^[f-{x-zy\ 

+ IGfy* [{2x — 02) y’ — 2 (x — 2^) (x — zf] 

+ 8!0® [2^ + («,■= - X2 + 62^) f - 2iC= (jv - 2f] 

+ y‘(y’-a''’) = 0, 

where die section by the plane w = Q (reciprocal of binode) is ■ 

IS the hne » = 0,2/ = 0 (reciprocal of the edge) four ti.nos, and tlio limiH .11 i 0 , hi 

(reciprocals of the biplanar rays), > J • 

The section by the plane « = 0 is found to bo (i/* - ft;'-‘)(yM- teo -|- =, 0 viz f lii-. 

^='’' ■■■- 

It filso shows thftt; tli6 linp v 0 ^ f\ / * i n 

(=2 nodal lines) on the surface"^ in' fae7 !u taonodal liii.r 
we have »>*'y t" tho lowont turins in ,o. 


diat is, 


[16 (a; 2 y tt)» + 8 (^. .f. _j_ ^ |j _ 

Vx ’ 


..0 .,1„., whiel, 

y-0, 1,-0 twioo; S' ■’3,*'"'* S'”**, o-s-O ouco, and oliu limi 

143. Cuspidal curve. The equations 

! 81a +iu>x, in^ + i^ox + 4 no 2 + f, 12,02 f 

^^ + ^y-H4^ + 4nox + i,o2-Hf)^0, 

+ ») (4 m)« + 4ww -j. 4,02 + ,/a) = 0, 

or, as these are more simply written, 

4wx~12w2+4x^~3f = 0, 

so thsi II, • - 28 w% + w(4aa + 4x2 + 2w«) + au/’ - 0 

so that the cuspidal curve is » nn,. i . • "r + a?!/ - u, 

omplete intersection 2x8; 0' = 6, 



A .MUJliHll tiN (Ulinc .SUItIc’AOI'X 


Sriil.itiii X 1 1 2 

yVi'l.inln N(is. Hi |.<i li!). \\’SZ \- ■\- X-' -■ 

[•l-i. M'liii (tiu;{riiin til' (,h»i linos tmil iiIhhoh is 


XI lu> /«„ 


I'linitiM air 


n 1 K in ir* 




X w H is;!M m 


Oi'tliiiiny 1 ii|»lMn(n 


wIk'io tJni (M|iiulJoiiH uj' Uio lines lunt pliuies itiv hIiiwji in flit* uifUf(inH itf l.lui tlin^fviun. 

lin. Thi) eilj^rn Is a rueiilliitivi! line eniinlinK llnee limes; tliin will iiinienr IVom 
(lu) (liHeiiHrtion i*l' llin rc'ei|H'owil Kiulnce. Tlieieline sw /i' - I) ; i'sia I, 

14(5. ITeKHiiui HnrHu!(\ Tliis is 

Z( WXZ I- V^Z - t\x» - i]Z') 

biHdtUing ti]i into Zeisii, (hn nsmilar Iii|)lHiKs uml iiitn u euhio Hiiiiiuie (ilselT ii smlfien 
— TIhj eonijiletti iiitm'Hee.l.iun willi the cuhie. NUiiiiee is tnmle up <4 llm 
line A's^O, Z’l^a (tlie edge) six liineH, luul of a reHnlunl nexlie (i=*!5 (iunten), whieli in 
lliu spiiKidei (nirvu; o' »a(l. 

'I'hu tii|imfcion.s of the nextie are in llust A"' 4- 0, ho that, liiia eeii- 

siHiH of ihristi eonicH, ouch in a plane pjwjsiiig tlnoiigli the edge. 

Thu edge toncluia each of the three eoidcM at tlio |)oiii6 A ^ 0, Z 
il inuHt bo reckoned as a Hiiiglo tangent of the HpiiKKle oiirve, and 
three tiniea, /S' a* a. 
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Recipj’ocal Surface, 

147. The eciuation is obtained by means of the binary cubic 

VIZ. it IS X > /» 

43210“ 

+ 72w“z: (4.^w + y“) 

— 64 ?o“z“ 

+ ( 4 iiw+y“)“ 

- 0 -( 4 .i'M;+y“)® = 0 , 

or, coinjiletely developed, it is 

10*. 432 
+ 10^.288.^^ 

+ ?{;“. 72 y 2 z' + 64 »»- 64 z’ 

+w“. 48 .^■y - ito'- 

+ w . 12 ii?y‘ - 

+ S^(y“-^=) = 0; 

the .section by the plane w = 0 frecinroml nf 7 ? \ n 

times, together with w = 0, y’-z“=0, recipi-ocak of tTie~two^mys/''°“‘’'“'^^ 

148. The nodal em-ve is the line w = 0 - a / • , „ 

» r« .. I 

4jj^ off’ VIZ. there are two sheets osctilating ftloiiw the I" 

.1... ts .nt.reee.h.s h this lioe take, th.ee tirees. “ 

149. For the cuspidal ciu-ve we have 

I 12io* 4zw, yH4iwo =o, 
giving I 'f + ^w, -12io!> 

12a?Mi + 3j,2 _ 4^5 ^ 

» ...ulllplyiag the fire, u + “i 

Hence the ^eqLtioL ai' second, wo have 108,o» + 4.» = o. 

.s® + 27w«==0, 

„• at 12ii?W + 37/»-432=,0 

7ZZl ■" 

.here < J* +“ + 12 », Ms, I 63 SV- 1 .. + .■+ 2 r ».).,0 
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Section XII = 12 - U^. 

Article Nos. 150 to 156. Equation W(X + Y + 2)^ + XYZ =0. 
160. The diagram of the lines and planes is 


IjillGS, 

W M OO lo H* 


r2'3' 



cnJ CO 

X 

M 

II 

SI CO 

w 

X 

00 

11 

lO 


lx32=S2 


• < • 

« V 

Uniplano. 

3x 4=12 

1 

1 

* 

• 

• 

• 

• 

• « 

• 9 

Planes oacli touoliiiig 
along a raj^, and con* 
taining a mero lino. 

lx 1= 1 

5 46 



Plano through the tliiee 
more linos* 


Here lines. 

■^s 

p B 



161. 

The planes are 


The lines are 



X +Y+Z=0, 

10] 

A'^O, Y+Z^O, 

(1) 


X =0, 

[1] 

Y = 0, Z +X = 0, 

(2) 


11 

p 

[2] 

Z=^0, X + F=0 

/Q\ 


^ =0, 

[3] 

X = 0, F=0, 



w=o, 

[1'2'3'] 

11 

P 

11 

p 

(2') 




^ = 0, F = 0, 

(3'). 

162. 

The three mere lines are each 

facultative ; p'=b' = 

t' = 


163. Hessian surface. The equation is 

(X+Y+Zy(X<‘+Y^ + JZ\~2YZ-2ZX~2XY) = 0, 

VIZ. the surface consists of the uniplane X + Y+Z = 0 twice, and of a quadric 
having its vertex at C7«, and touching each of the planes A''=0, F= 0, 0. 


cono 
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The complete intersection with tlie cubic surfaco is made up <if‘ (iln; riija t 

and of a residual sextic, which is the spiuode curve ; c' = (>. 

The e(piations of the spinode curve are 

WiX^-Y+Zf + XYZ^O, 

+ Y^ + Z^-2YZ~ iZX - 2Z.F = 0, 

viz. the curve i,s a complete intersection, 2x3. 

hach ol the mere hiias is a single tangent (a« at (uiee appeiuw by writiiio 
instance ir = 0, Z=0, which gives (F-Z^^o); that is. /3' = 3. 

Iiecij»'ocal Surface. 

154. The equation is found by means of the binary cubic 

Vi., .vritiug f«, .tones, 

S = x + y + z, 

7 =y^ + m- + afy, 

^ 

then the cubic function is 

(12, W-4A 47 , -128J2', uy^ 

».i<l the e,|,mtio„ of the .eeipiecal i. 

432 8» 

+ 64 7* 

(w - 4/3)» B 

+ 72(w-4^)y8 

expanding, this is ^ (™-W 7 ’ = 0; 

+ wM 2 / 38 -,y!i 

+ 6)8^8 + ;37H97S 

«v r„e A ,, s to 

W* . — xyz 

+ ( 12,88 _,y«) 

+ 8?o .-6;9»S + ;97. + 9yg 

{'vhere S, 7 . S=® + 7 + , («* - 0 

" ^ ^ !;h:.r ziT? ““ 

lines: 6 = 3 aa above. 
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156. ]?or the onspiclal curve we have 

12 , w-4/3, 47 1 = 0, 

01 say *>■ • -12s I 

487- (w - 4/9)3 = 0, 

368 + 7 (?t» — 4 / 9 ) = 0 , 

whence the cuspidal curve is a complete intei-sectiou 2x3; c' = 6. 

Section XIII = 12 - 

Article Nos, 157 to 164. Eipiation WX^+y^(Y+X + 2^ = 0. 

157. I he diagram of the lines and planes is 


Lines, 


1 

2 

050 


S 6 

I 

P4 

H 

12 

0 



oul M 

M 

II 

bO\ 

M 

bd 

X 

td 

II 

rfx 

W 

X 

O) 

II 

o> 

h=i 

X 

II 

to 

X 

©> 

II 

M 

10 


2x 0=12 



• 

A 

A 

« 


•- ■ 

A 

A A 

« 

Biplanes. 

1 -I- 12 = 12 

— 



m 

• 

A 

A A 

• A 

Plano through the tlireo 
axes. 

2x 0=12 

lx 4= 4 

♦ 

t 

• 

A 

« 

4 

A 


4 

Pianos each through an 
axis joining tho binocio 
with a onionodo. 


• • 

• A 




Piano through tho axis 
joining tho two onio- 
nodos. 

lx 8= 8 

* 

* 

« 


A • 



Pianos through tho hi- 
planar rays. 

lx 2= 2 

8 46 

• 

• 



• « 


Plano 


1 

n 

ai 

P 

' 

II 

§ 

0 0 
^ W 
,® (» 

w 

©‘►S’ 

a-»©* 

Ip 

ip ' 
i* ® 

IS’ 

l| 

e6; ‘ 

0 Wl 

p.», l« 

(D 0 

(§ 

TO 

1 

s 

<> 

si 

g’(R 

if 1 

pj <0 

p ©• 

Ml 1 

r i 
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158. The planes are 

J=0, 

Z =0, 

7 = 0, 


7 + Z=0, [o] 

7 + ^=0, [6] 

7-F=0, [34] 

Z + 7+7=0, [12] 

17=0, [0] 


The lines are 

Z = 0,7=0, (5) 

7=0, 7=0, (0) 

7 = 0, F = 0, (0) 

Z=0, 7+7 = 0, (1) 

7 = 0, 7+Z = 0, (2) 

F=7=-7. (3) 

r=7=-z, ( 4 ) 

17 = 0; Z+ 7+ 7 = 0, (012) 


159. The transversal is facultative; p' = t'=ri, ^' = 0. 

160. The Hessian siuTace is 

FZ7 (3 7 + Z + 7) + 7^ (7 - Xy = 0. 

The complete intersection with the surface is made up of the lino 7=0 .7=0 
(C7-axis) three times; the line 7=0, 7=0 (C©-axis) three times; lino 7=0 17=0 
(Ca-axis) twice, and of a residual quartic, which is the spinode curve; o-' = 4. 

161. Eepresenting the two equations by Z7=0, 7f=0, wo have 

and + l^n37^ + 47Z+477 + 4Z7), =,¥7» suppose, 

but 9FZ7(37+ 4Z + 47) + 36 7» (ZH Z7+ 7^) + 27 7=* (A" + 7) ; 

(-9(Z+7)7+16Z7) ¥ = 

whence 287Z7(Z + 7) - 7n36ZH 28Z7+ 367-^) - 27 P (Z + 7). 

27 (Z+7) U+ m + (- 9Z7 - 977+ 16Z7)il/ 

= 7Z {12P + 28yrrZ + 64Z7 + 9 F (37 + 4Z + 47)} ; 
or, as this may also be written, 

27F^ (X -hZ) V , 


+ 9FW 


that is, 


u Horr+X- uxz)e. 


{->r(x+z)'+tsYX2+iexz(x +z)]n + | of *+ 6 fz + z - wxzts 

- F-^X U2F- + 2aF(^ + JT) + WJF + 9 IF (8F+ « + 42)J _ 0 • 

..d we th... obWn the of fh. .«id„al 3pi„«,„ „„„e’ i„ tl.e 

3P+ 47(Z + 7)+ 4Z7=0, 

12P+ 287(Z + 7) + 64Z7+ 9F(37+ 4Z + 47) = 0. 
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Tliu Hpinotlo cui'vt! in lilnia a cnmiplobo iiiUimocbum, 2x2; iiinl .siiuu) bho firsb mirfacio 
iH a coiu! having' IIh voi’Ikj.v on bho aoooud Hiu'faco, wo hoo tnovoovoi- tluib tlio apinodo 
oui’vo in a undal (|iuulri(|iiiitlrio, .[iiHtcad <i(' bho limb oipiabum wo may wrlto more 
Himply 

4 r(A' -I- z) -I- uxy.^\- 3 ir (»r-i- 4 .a + ‘hzy = o. 

'I.'lu! oquabionH of bho braiiHvomU aro ]r=! 0 , A' -|- T-l- if-' 0 , aiul HubHbitubing in 
bho oqiiationH of bho Hjiiuodo (Mirvo wo ohbniii from oaoh (M]Uabi<)ii (A' — = 0 , bhab io, 

bho braiiHvorNal in a niiiglo langoiib i»f bho Hpinodo ourvo ; jQ'm 'I. 


Hcoiproml ^hv/ucg. 

I(i2. Tlio (ti|ualh)n of bho oiibio jh (hwivod from bhab holonging bo VI«12“i/3 — 6'^ 
hy writing bhori'iii £-• 0, c-' 'i!'" I* Milking bhia oluuigo in bhe formuhu for bho 
roisiprooal miriuoo of bho oumo Jiwfc rol'orrod bo, wo Imvo 

// =•" y''* •)' 4 (a; ")w, 

Af 2n: (if -b- 2w), 
jV : ~ 4 ; 0 ''', 

P ■■■■■■ l(i;»d (if -|. V) — ft; -c) ; 

and Hiihnlibiitiiig in tho oqimbion 

-i- HiAlo - nsJJhY- -■» {), 


tin* oi|ualioii lUvidcH hy a;’; or throwing iIuh oiiO, bho oquatioii ia 


rodnoing, thia ia 


(i/‘ 'I- Am -I' 4 cw)'' (?/ 4 * fi> — »■’ — ~) 

Hft'j (// -h 2 w;)^ 

4 l);r« (//'■* ‘hrw 45l(») ( »/ d- 2iu) 

"• ‘J7,'<:Vw s« 0 ; 


t;/' . Ui (ill — e)'* 


•l-W''' f 


f (w + s) 




+ 2i/ (it'^ — 4‘ii;3 -I- s’) I 

[ -I- (a- -I- s) {2i>' - x) (- ft; -I- 2s) J 


-!•«; { 






d-%’(.r 4 >s) 
-2y’(*kM-23.rs + 4s’) 
•pi'tflft.7/s(.r + s) 
^- 27 «V 
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The section by the plane 'W =0 (reciprocal of ^3) is w — 0 , y-Q (the edge) tliree 
times ; and w = ^ = 0 ; = 0, 2/ — ^ 0 (reciprocals of the (IB-axes), 


163 . Nodal curve. This is the line y = a)==^; wherefore 6'-l, To put the line 
in evidence, write for a moment A’ = y4*a* z — y + then the equation is readily con- 
verted into 

. 16 (a — 7)^ 




(-y(Q.^-4}C(y + y^) 

\*f (a-f 7) (2a - 7) (-^ a + 27). 




^ y^(a'-10a74'7^)' 

' -18?/a7(a + 7) ^ 


+ fay=: 0 , 

which, each term being at least of the second order in cty y{^{c~-y^ z — y\ exhibits the 
nodal line in question. 


164 , Cuspidal curve, Multiplying by 27 , the equation may be written 
( 7 y “ Sx “ 3 ^ - 5 w, - y + 6w, - w'^if + ISyio ^ l^omo - 12i8:'?y -f 

- 20/ + 2 iyx *f 24 y 4 f - 27 xz - Sy^o 4- 16 ?y^V = 0, 

where 

iw ( 7 f/ - 3 » - 2 z,- 5 w) + (-y + 6w)^ = f+ 16 i/w ~ 12 (tv+z) w + 16 w^ ; 
and we have thus in evidence the cuspidal curve, 

1 /* + 16 yw - 12 (a- +z)w + 16 # = 0, 

~ 20t/* + 24y (ai + «) - 27a^ — Syw + 16# =. 0, 
which is a complete intersection, 2x2, or quadriqitadric curve; o' = 4. 
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iSoction XIV = 12 -yi„— 6^. 

Arfciok! Nos. Kir, t„ 171. ii(|ual,ion WX/. A- -\- YX'^^Q. 
’I'h(, (liagnuii of tlio Iuk.'h and ]»liiu<is in 



Avht*ro llii* ciiimliioiiH t,(’ bho jdanos mill liiioH uvi! hIhiwii in Iho niiir^inH. 

KHI, 'I’hi! c.ilgo ia a lumiltal-ivo lino, an will aitpaar IVoin iho iliHiiitHsion of l.lio 
I’C'fiiiironal Miirlaito: p'ls//®:!; //=a0. 

1(17. Ill•HHiall Hurfiuu!. Tln> <>i|ua(ioii ia 

WXZ^ -V - 8 A'“ YZ -1- A'^ .* 0. 

'I’lnj (ioniploto intcmiolioii \vi(:h tlio mirfaco in niaili! ii), of llio lino uYk^O, F-0 
(lilut ttx'iH) livo limort, tlio lino A'’=«(), Z<^0 (lilio odifo) four binioM, anil a hIcow onliio, 
l;lio oi|uati(,nH of wliioli may Ihi wriKon 

A', Y. W =0. 

4A, A^ »5F 

In fnci) fravn the eiinatiorm U<^0,ll!!=0 we ileiluce ]T~Z(I=aX^{X'*~\-iYZ)<s‘Q] and 
if in i7»0 we write X^’!^iYZ, it becomes iSr(XlF+ ", I'’’) « 0; and then in 
writing 5 F''» — A'TV, wo have 

r, WXZ A- Z(- X IF) + 0 A» F« A’' (5 A' F + U IF) » 0. 
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168. I say that the spinode curve is made up of the edge X = 0, Z—0 once, 
and of the cubic curve; and therefore a-' =4. 

In fact in the reciprocal surface the cuspidal curve is made up of the skew cubic, 
and of a line the reciprocal of the axis, being a cusp-nodal line, and so counting 
once as part of the cuspidal curve: the pencil of planes through the line is thus 
part of the cuspidal torse; and reverting to the original cubic surface, we have the 
axis as part of the spinode curve : I assume that it counts once. 

The edge is a single tangent of the spinode curve; /3'=L 

Reciprocal Surface, 

169, The equation is obtained by means of the binary cubic 

(X.T -H Zz) + X ( YZ wxy, 

or, as this may be written, 

12zw'$^X, Z)\ 

The equation is in the first instance obtained in the form 

lOS-wV 

+ ^Qio^yz {'if -f 
-h {'if + ^xivf 

~ {'if -h - 0 ; 

but the last two terms being together ^ 4w^i?? (yH 4.w)^ the whole divides by 
and it then becomes 

— ^'tOifz 

+ QlO'iJZ {'if -f ^xxo) 

+ a' (y2 + 4iZ?^(;)^ = 0; 

or, expanding, it is 

-h . 36iKy>3r-t- 16.^ 
w , y^z^- 8rt?y 

The section by the plane w = 0 (reciprocal of B^) is w = 0, y = 0 (reciprocal of 
edge) four tunes, together with w =: 0, a? = 0 (reciprocal of biplanar ray), 

The section by the plane z = 0 (reciprocal of 0^) is a (?/ + 4«,w)= = 0, vk this -is 

z = 0,f + i!m = 0 (reciprocal of nodal cone) twice, together with ^ = 0, .'5 = 0 (reciprocal 
of nodal ray), ' ^ 

170. Nodal curve. This is the line w = Q, y=:0, reciprocal of edge. The equation 

111 the vicinity is y - 1^} ± f ~ ~w^, showing that the line is a cusp-nodal 

line counting once in the nodal and once in the cuspidal curve : wherefore b' — 1. 
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171, Cuspidal curve. The 'equation of the surface may be written 

— y> 3w][12a;w — y-, Qzio + QxyY = 0, 

where 4aj . 3w - = 1 2aw - y\ This exhibits the cuspidal curve 12aw - y* t= 0, 9^io + S«;y = 0, 

breaking up into the line w = 0, y = 0 (recipi’oeal of edge) and a skew cubic ; the line 
is really part of the cinspidal curve, or c' = 4. 

The equations of the cuspidal cubic may be written in tlie more complete form 

12flf, y, 2 ] = 0, 

y, w. ~ 8;r I 

Section XV = 12 — 27,, 

Article Nos, 172 to 176. Equation WX=+ XZ'^ + 

172. The dingiam of the lines and planes is 


tsj 
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II 
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!SJ 


m 

ui 

tl 

\} 

II 
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09 
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iSl M 
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1x40=40 

« 

• 

i 

# 

t 

Uniplano, 

^9=0 28 


* « 




• 

lx 6” 6 ♦ 



Plano touoliiiig along 





the single ray. 


2 4F 








H 

TO 





CD 








where the equations of the lines and planes are shown in the margins, 

173. The mere lino is facultative: p' = 6'=lj t' = 0. 

174, The Hessian surface is 

X^(XZ-Y>)^0, 

viz. this is the uniplnne X = 0 twice, and a quadric cone having its vertex at 27,. 
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The complete intersection with the surface is made up of A’' = 0, F= 0 (torsiil 
ray) six times; A'’ = 0. Z = Q (single ray) twice; and of a residual qimrtic, which is 
the sjrinode curve; o’' = 4. 

The equations of the spinode curve are XZ-Y^ = Q, XTf + 2.^“ = 0; the first 
surface is a, cone having its vertex on the second surface; and the curve ’is thus a 
nodal quadriquadric. 

The mere line is a single tangent of the spinode curve; /3' = 1. 




175. The equation is obtained by means of the binary cubic 
(-Sy'’, 2yz, <km, F)’, 

viz. throwing out the factor y, the equation is 

(- G4is5) + w (- 16a;V + 72a!y»a + 27y<) + m,fz^ = 0. 

torsar^vwf F ^ plane w = 0 (reciprocal of U,) is w = 0, z=0 (reciprocal of 
toual lay) three times, and ?« = 0, y = 0 (reciprocal of single ray) twice. 

Nodal curve. This is the line .^, = 0, y = 0, reciiirocal of the mere line; i.' = L 

Cuspidal curve. The equation of the surface may bo written 

- SwV + 3«?!y, 9i/» + 4^a;)» = 0, 

4 . 64.1! (- 3to) ~ 256z^ = - 26(1 (z^ + a^•^«). 

176. {The equation 

(64®, - 16.a, - 3tv][z^ + Sim, 9y^ + 4a.®)» = 0 
resembles that of a quintio torse, viz, the equation of a quintic torse is 

( ®. - 4^, 8w V _ 2w». y= - 2^®)’ = 0, 

winch equation, writing 9y for y, -2.® for and for becomes 

(- 2®, - 4z, 6iu 5^» + 9y3 ^ 

or, what is the same thing, 

and developing, this is ^ ’ 

a^.w^ 

+ — 2^’*ttF 

+ <» . - ISfzw + z* 

-27y*M; + 22/V=0, 

winch, however, differs from the eauation of +1.. 
numerical coefficients, but by the prLnce of I tim 
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HiKitioii XA'^I “ 12 “ 'l'6a. 

Al'fcioUt No. 177 to IHO. K<|UHl.iou W {XY-\- XyJ^■ Y%)-vXYZ^(). 
177, Tho ilidgmiii ol' blio liiio.M mid pliiuoH in 



wKcji’o the wiuatioiw ol' the lincH nucl phuies are ahowu in tho margins. 

0. VI. flG 
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178. 

179, 


Tho trftiiHVOimlH (vks (moli laiiiilliilivit : 
Hosaiftii Hurltuio. Tlio (‘ijiintidii in 


l>’ h' r I. 


I -n 2 


>hXYzw ~ (X H- Y.\. X i. II') ( II' A- r I ii'A';^ i ir vx , x vx). o, 

or, what is the hiuiio thing, 

X‘{VX ini' ) / 11 ') 

4 - Y^XW •|..;;X .|. ll'AM 

•I- X' (II' A' I irr.(. AT) 

•)• li'M'Vr I A';; I yx i .o. 


Tlic coraplotc intorH()<!ti(ni with tim onhii! HitiHir,) in hnul,. „| j 
twice, luul there ih ne «]mi(i(lo curve; f/. MI, whi-iif.. uln,. //’ )i. 




, 180. Tho i, 

«.• ratio«Iioi„s, iti, ''•+''yl* + v'...,o. 

+ 

so timt this i, i„ r,„t 

Noilol oitmi, Tiii« „r i|„, 

HO thuli ^ ^ - hm-. o ; 

'J’o pnt any one of these, for i„„„i,u.e i,he ii,,.. „ n 

may write the equation of the mtrlm-o in the form m oviihmeo, wo 


that is 


_ „y: o,„ ,, j,) j, I n'l)'-l|.|.rjs,„,. ||, 


orlioolV + 

IC« - </)' + (s - »)•! |(. _ 4. ^ ^ 

There is no cuspidal curve; o'^o. 
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Hoobioii XVn == :L2 - 2Ji^ — (\. 

Ai'biolo Noh. 1.81 to 180 , E(juatioii irA'^-l- A'F’‘+ 1'“= 0. 
.181, 'I'ho (liiij.j;nun of tho lin<!« uiul pIiiuoH Is 
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whoro ()ho cMiimliouH of fcho UnoH nud plnuos aro hIiowu in tho nmrgiiiB. 

182, Thoro ia no facultative lino; V — p—Q, 

183, Tho Hoaaian Hurfaco ia 

.Y ( WXZ^ mW 4^ XY'^) ^ 0, 


vv/.. thia broaka up into jY=0 (the common bii>lauoX and into a cubic 
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The complete inteisection with the cubic surface is made up of Jr = 0, F=0 
(Bn-nxia) four times, of 7=0, .^=0 and 7=0, F=0 (CB-axes) each three times; and 
of a residual conic, which is the spiuode curve; a-' = 2. The equations of the spinodo 
curve are = 0, 4X+ 3F= 0 ; viz. it lies in a plane passing through tlio 

BB-axis; since there is no facultative line, /3' = 0. 


Reciprocal Smfaoe. 
184. The erpiation is found to be 


- ax - Mxyzto + = 0, 

or say this i.s 

16^"w’ + (8^2 — 3Q,vi/ + 27aP)zw +y^{y ~ m) ~ 0, 

The section by plane «;=0 (reciprocal of B,=.D) is w = 0. f{y~w) = Q, viz this is 
the line w-0, y = 0 (reciprocal of edge) three times, and the line w = 0 y-!c = l) 
(leciprocal of ray) once; and the like as to section by plane z = Q. ’ 

;• section by plane .^■ = 0 (reciprocal of d^sj!) is it,‘=0, {if + ^ztof — Q viz this 

b the come (reciprocal of nodal cone) twice. 

There is no nodal curve; h' = 0. 

183. Cuspidal curve. The equation of the surface may be written 
(1, -y, ~l2ziu, Qx~Syf = Q^ 

^ cuspidal conic ,f-Uzio^Q, 

^.-»=TS ifLM; ttrf, ”* ‘i »• 

bmode of the surface; or them is’ the IguTaLy 7=°^ 
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Stuilion = 
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thd twi) cniciUKhm mu\ (UditiihiiuK 
i)w nud'd lints 


^yht!m tho i!i|utuioiiH ui' tlio linen atul pluncH iivo nhown in the inarghiu. 

187. The inoro line in I'aculUiiivo; Lhe edge in also facultative counting twice (tliin 
will appear from the discussion of the reciprocal surface): b'^p'^ati, t'»l. 
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Switioii XlX = ;i2-7;«-0,. 

Arfciclo No 8. I!)0 to li).4, Kiiuatioii WXZ -^ Y'^Z -V 
IDO. 'I'htj ol' tlio livion luid plaiioH iw 



wluM'i) fclu) (.HjuatiouH of iho linoH mid plamm am hIiowu iu the inargiiiH. 

IDl. Till! uxIh in a facultative line cmuUiiig throe tiinc.s (an will iippuar from the 
roiaprecal hiu'Iiuso); p' ~-b' f'“l. 

1 02. The IlcHHiaii aurface in 

Z{WXZ^■ T‘Z-'AX^)^(), 

viz. thia ia the oaoular biplane and a cubic aurfaco. 

'.I’ho complete interaection with the cubic aurfaco ia made U)) of A' » 0, Z-Q 
(the edge) aix timea, and = 0, 0 (the axia) aix timoa. 'rhoro ia no apinodo curve, 

<f' ra 0 ; whence alao /3' “> 0. 

Jlcoiprocal Stir/uce. 

193. The equation ia at once found to be 

QiznP + {f + iwwy = 0 , 
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Reciprocal Stirfaoe. 

197. The eqiration is at once found to be 

27 (z~ + — 64w’y = 0. 

The section by the plane w = 0 (reciprocal of the Unodo) is w = 0, z = 0 (reciprocal 
of ray) four times. 

There is no nodal curve ; 6' = 0. But there is a cuspidal conic, y = 0, a’ -|- 4any = 0. 

The point y = 0,2 = 0, tv-0 (reciprocal of the uniplaue A'’ = 0) is a point which 
must be considered as uniting the singularities R = 1, = 2. 

I give in an Annex a further investigation in reference to this case of the cubic 
surface. 


Section XXI = 12 — SR^. 

Article Nos, 198 to 201. Equation WX 

198. The diagram of the lines and planes is 



Avhere the equations of the lines and planes are shown in tl: 

199. There is no facultative line; p'~h' = 0, t' = 0. 

200. The Hessian surface is X YZW — 0, the coinir 
biplanes each once. The comiilete intersection with the i 
each four times ; there is no spinode curve, cr' = 0 ; whence 

C. VI. 
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Reoip'oml Surface. 

201. This is viz. it i.s a cubic surface of the form XXI = 1.2 ~ 

There is no nodal curve, h' = 0, and no ciaspidal curve, c' = 0. Moreover B' = 3. 

Article No. 202. Synopsis' for the foregoing sections. 

202, I annex the following synopsis, for the several cases, of tlie facultative lines 
(m node-couple curve) and of the spinodo curve of the cubic surface; also of tho 
nodal cum and the cuspidal curve of the reciproail surface. It is to bo observed 

curvVef'r^"''‘i"^ ? "T’ this moans that it is a 

surface bn/ intersection of a cpiartic surface and a quintic 

causes the explanation of the nature of the common curve 2 ivhieli 

and so L 0 ^ ^hout explaining whether this is a conic or a pair of linos. 

Memoir. reference to the proper .section of the 


U = 12-C3 
III=12-R, 
iVzriz-aCj 


VI=12-S3-Ca 


VIl=12-i), 


Vln=12-3C3 

1X=12-2R3 

x=n^B,-o, 

XI=12-B. 

XII=12-.£;3 

XIII=12-2J3_2 c^ 

XIV=12-£3-C3 

XV=l2-y3 

XVI=12-.40, 

XVII.12.2fi3^0; 

XX=rl2^C;^ 

XXI=12>3J33 


Faeultativo lines, 

27 

16 

9 

7 

7=6+ edge twice 
3 

3=2+edge 

8 

none 

3=1+ edge twice 
3= edge 3 times 


Nodftl oiu’vc. 


l=edge 

1 

8 

none 

3=1 + edge twice 
8= axis 3 times 


7=6+ voc, of edge twice, 
vco, of edge taonoclal 

8 

3=2 + leo. of edge, 
TOO, of edge is oiispnodal 


Spinodo om’ve, 

CiiHpiilal oiu vo, 

12=:l)x4 

24 = 0x4 

12 = 0x4 

;i8 = 4xfi~2 

12=8x4 

10 = 4 x/i- 4 

10=8x4-2 

12 = .Ix4-2-2 

10=8x4-2 

12=4x4-4 

0=8x1-H 

10=4x4-4-2 


O=e(lgo+unioiirsal 

84hio 


none 

3=1 + reo. of edge twice, 
I'cc, of edge is taonoclal 

3= reo, of edge 3 times, 
i‘eo, of edge is osonodal 

3 

1 

l=i’co, of edge, 
reo. of edge iscuspnodnl 

1 


none 

1+ree, of edge twice. 
I'oo, of edge taonodal 

8=reo. ofaxisStlmes, 

I’eo, of axis osonodal 
none 


j none 


0=2x8 
8=d oonicB 
0=2x8 

0=8 oonioft 

0=2x8 

4=2x2, nodal qua' 
di’iquftdrlo 

4 = 8+eflgQ 

4=2x2, nodal ejua- 
drlqiiftdrio 

none 

2=conio 

none 


2=conio 

none 


10= reo. of oclffo + 
uniom'Hal (Mliloj 
rec, of oclKoi« ouBpiiodnl 

(J=:2x8 
8 = 4 conioa 
05=2x0 

0 r=8 GOMioa 

0=:2x8 

4=2x2 qnacU’iquftdrio 

4=8+-roo. of oclgo, 
root of oclyo is cuspnounl 

4=2x2 ouBpidal qnn- 
dt’iquadrio 

none 

2 =; oonio 

3iono 


2 s= oonio 
none 
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Afticlo No. 203. Section XXII = ^(1, 1). Equation X°W+Y’‘Z = 0. 

203. Ah this is n Hcroll there is here no question of the 27 lines and 45 planes; 
there Ih n nodal line A'’ = 0, .7=0, (5 = 1) and a single du’cctrix lino, jSf = 0, 17=0. 

^ The Hc.ssuin surfaco is the complete intoi'secbion with the cubic surface 

is made up of A = 0, 1 =0 (the nodal lino) eight times, and of the lines A’=0, ^=0. 
and 7=0, 1K = 0, each twico. 

The reciprocal siufaco is id^z - y^v == {) -, vk this is a like scroll, XXII = ^?(1, 1): 

o' = 0, 5' = 1. ^ 


Article No. 204. Section XXni = S(i7l). Equation A" (A'lFq- F^f) + F» = 0. 

204'. lIuH is also a scroll; there is a nodal lino A = 0, F==0, and a single directrix 
line united thoi'owith. 

^ Iho Hessian Hurfaeo is A'‘ = 0; the complete intorscetion with the cubic surface is 
A' = 0, F==0 (the nodal line) twelve timo.s. 

The reciprocal Kiufaco iH 10 (aw + y4f)- 5:’*= 0; viz. this is a liko scroll, XXIII = ,5(171); 
o' = 0, 5' = 1. 


Amie.w oonkmmff Addiliomtl liesearches iu regard to ike case XX = 12 - (7, ; equation 

FA» + A''if>'-|-F» = 0. 

Lot the surfaco be touched by the line (a, b, o, f, g, h), that is, the lino the 
oquatioiiH whereof are 

( 0, h, ~g, a $A7 F, jif. F) = 0. 

-K 0 . /, h 

0> ~~ y 0 , 0 

- u, - h, - c, 0 

Writing the c(|uation in the form clF. ()A'^“ + A' (cJS-)’' + £)’F“ = 0, and substituting for 
cTF, eZ their values in terniH of X, .F, we have 

(- (jX -h/F) cA» + W («Z + hYf + c»F» = 0, 

tliat is 

( a^-og, 2ab-yqf, h\ o’‘\X, F>' = 0, 

or say 

{3(««-<jj;), 2«6-t-c/, h\ F)'-=0. 

viz, the condition of contact is obtained by equating to zero 
cubic function. Wo have thus 

27 d' (tt* — cgY 
+ 46* (a“ — eg) 

+ 4o* (2a6 + o/y 

— if* (2ab + c/)'- 

— 186*0* (a* — eg) (2n6 
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viz, this is 

+ 27 a'G^ 

- 4 a’6® 

+ 30 (('“5V 

- 54 ((V^/ 

+ 36 ab^cg 
+ Uabo-p 
+ 4 h% 

- 

+ 18 5Vy5/ 

+ 27 ff'r/'’ 

+ 4cy’ = 0, 

which is the condition in oi-der that the line {a, b, o, f, y, h) may toucli tlio sinfaco 
XW + XZ‘^+Y^=Q-, and if we unite thereto the conditions that tho lino shall i>n.ss 
through a given point (ot, <y, S), we have in effect the ecjuation of tho circuiusoribeci 
cone, vertex (a, /3, y, S), 

Writing (/, g, h, a, b, c) in place of (a, b, o, /, (j, h), wo obtain 

27 /•“/(" 

- 

+ Z0f^(fha 

- 64/%»5 
+ 36 ffhb 
+ 24/<//tW 
+ 4 

— 1 g^a^ 

+ 18 gVi^ab 
+ 27 /iy» 

+ 4 /(’a* = 0 

as the condition that the line (a, b, c, f, g, h) shall touch the reciprocal surface 
27 (4 4* z'^y + 64 y^w — 0 ; 

and if we consider o, h, o, f, g, h as standing for 

yy - ^z, az ~ yco, 0a; - ay, Sas - aw, 8y - 0w, Sz - yw, 
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f 0, A, - g, a Ja, /9, y, 8) = 0, 

~h, 0, /, b 

9 , 0, c 

— a, — - 0, 0 

then the equation in (a, Oy /, (fy h) is that of the circumscribed cone, vertex 
(«, 7, 3 ); the order being (as it should be) (if — 6 , 


The cus^Didal conic is y = 0, + 2;^ = 0 , and we at once obtain — 4c^ = 0 as 

the condition that the line (a, by c, /, h) shall pass through the cuspidal cone. 
Hence attributing to (a, by 0, f, (/, h) the foregoing values, we have 

- 4c^ = 0 

for the equation of tho cone, vertex (a, /3, 7, S), which passes through the cuspidal 
conic; this is of course a quadric cone, o' = 2 . I proceed to determine the intersections 
of tho two cones. 


Representing by 0 = 0 the foregoing equation of the circumscribed cone, and putting 
for shortness 

.Y = 27/1^ (/^ - bh) - 2 (f (2/(/ + cihjy 
I find tliat we have identically 

0 ^ (/o ^ hk) X 4- - ^fgh^) {a? - icg) - {Z 2 fgVi + IGa^A^) (a/+- bg + ch) = 0 : 

whence in virtue of the relation a/-h iir-H o/i = 0, we see that the equations 0 = 0, 
— 40 ^^ — 0, aro equivalent to 

(/2 - bh) X = 0 y a* - icg - 0, 


or the twelve lines of intersection break up into the two systems 


y*3 _ iJi ^0^ 4 fQg = 0, 

(Z^) 2 lhHf- 1 )h)- 2 g^^( 2 fg^ah)^ 0 y a^- 4 o</- 0 . 

To determine the lines in question, observe that wo 

( 0, hy -gy P 

-hy 0 , /, b 

9> -f> ^ 

-a, -by — c, 0 
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and we can by the first three of these express a, h, c linearly in terms of /, g, h ] 
the equations /- - bh — 0 , — 4cf/ — 0 , 27 (/® — bh) — 2g^ {2fg 4 - ah) = 0 become th us 

homogeneous equations in (/, h)\ the equations may in fact be written 

(ft 2 — 4c^) = ( 7 ^ + 4?aS) g'^ + — 2^^gh — 0 , 

S (/' — 6 /i ) = 8/2 _ _|. ry//= 0, 

SX = 27A^ (S)f ^ - ap 4* 7 //) 4 - 2 ^ 1 ^ (jS/t^ _ _ 2 ^ 7 ) 0 , 

viz. interpreting (/ g, h) as coordinates in piano, the first equation rei:)resents a conic, 
the second a pair of lines, and the third a quartic. 

We have identically 

(2y3S/-. {f 4- 4a8 ) g + ^ 7 /i)^ - 4/3^8 ( 8 /^ - 4 - 7 //) 

= ( 7 ^ + 4«S) ((72 4- 4a8) 4 - - 2 / 37 //A - 4/38//) ; 

and it thus appears that the two conics touch at the points given by the equations 

S /2 ^ ah^ 4- 7//= 0 , 

W-(7H4aS)/74-/37/^-0: 

we have moreover 

- {f 4 - 4aS) - 7 g(/fc - 2S/jr) = 4/38 (8/® - a/t^ + 7//) 

+ 28/-^ 7/0 [2/38/^ (/ 4 > 4aS)r7 4 - /SyA], 

hence at the last-mentioned two points - ^gh + 2hfg is =:=: 0 ; and the quartic X ==: 0 
thus passes through these two points. 

The conic (a® — C 5 f) = 0 and the quartic X = 0 intersect besides (as is evident) in 
the point (/=: 0 , /i =0 reckoning as two points, since it is a node of the quartic; and 
they must consequently intersect in four more points: to obtain these in the most 
simple manner, write for a moment 

- ( 7 ^ 4- 4«8) / + /3Vi2, 

then we have identically 

16/3^8/ ( 8/2 - ah^ 4 . 7 //) - - [(y + 4aS) 4 . 4 . 2S/)2, 

= - {( 7 = + 4aS) - 2^-^gh ~ %^hfg] (( 7 ’ + 4 a 8 ) + li^r^gh + 4/38/^}, 

= - 8 (a= - 4c</) {( 7 » + 4aS) f + /3%» + ^^r^gh + 4/38/^} ; 


- ( 7 ® + 4«8) g'^ + /3Vi“ — 2^75f/i - ^^hfg = 8 (a* — 4c, 9 ). 
AxcuuB wuen tt* — we have 

S/.-./.’ + y;/’. M'-SS/ff- wl. 
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and substituting these values in the equation X = 0 , it becomes 

a 


ns 


2 ■" = 0 
2j9 


viz, multiplying by 1()/3“S, and omitting the factor H, this is 


or finally 


27/t’‘n + 16.8 V = 0, 

168 V - 27 ( 7 ’ + 4aS) <fh^ + 11^%* = 0 , 


a pencil of four lines, each passing through the point </ = 0 , /t = 0 , and therefore inter- 
.sectiug the conic 

( 7 “ + 4«S) (f + ~ 287<//t - 488/i/= 0 

at that point and at one other point ; and we have thus four points of intenseotiou, 
which are the required four points, 


Recapitulating, the conic a? — ^c<j — 0 meets the sextic (/’ — hh) X — d in the two 
points 

r 8 /s~«/t= + 7 /t/= 0 , 

\2ffSf—('f + 4aS) g + 0yh = 0 

each three time,s, in the point g=0, h — 0 twice, and in the four points 

f 168 V - 27 ( 7 ^ + 4a8) = 0, 

1(7=“ + 4a8) g^ + 8Vi“ - 2^ygh - 488/t/= 0 

each once. Or reverting to the proper significations of (a, b, 0 , /, g, h), instead of 
points wo have 2 lines each three times, a line twice, and 4 lines each once; the 
line g^O, /i = 0 , that is, .(/ = 0 . /t = 0 , a = 0 , being, it will be observed, the line 

~ s= drawn from (a, 8 < 7 ) point y = 0, z = 0, w = 0 , which is the 

Reciprocal of the uniplane Z = 0: the twelve lines are the «V Hues of intersection^of 
the circumscribed cone a' with the cuspidal cone o', viz. a'c' = [a'o'] + 3o-' + x'; [a'c']-4 
referring to the last-mentioned four lines; o-' = 2 to the two lines; and x' = 2 to the 
line £1 = 0 , A = 0 , a = 0 , which it thus appears must in the present case be reck«««^i 

twice, 
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[From the PhilosopMoal Transactmis of the Royal Society of London, vol. cr.x. (for 
the year 1870), pp. 61—63. Received October 14,— -Read December l(i, 1809.] 

I SUBMIT to the Society the present exposition of some of tho olomontiiry priiiciplen 
of an Abstract ?K-dimensional Geometry. The science presents itself in two wa 3 's, — as a 
legitimate extension of tlie ordinary two- and three-dimensional ge()metrio.s ; and as a 
need in those geometries and in analysis generally. In fact whenever wo are concerned 
with quantities connected together in any manner, and which aro, or arc considered as 
variable or determinable, then the nature of tho relation between tho quantities is 
frequently rendered more intelligible by regai-ding them (if only two or tliroo in number) 
as the coordinates of a point in a plane or in space : for more than throe quantities 
there is, from the greater complexity of tho case, the greater need of such a repre- 
sentation; but this can only be obtained by means of the notion of a space of tho 
proper dimensionality; and to use such representation, wo require the geometry of such 
space. An important instance in plane geometry has actually presented itself in tho 
question of the deteimination of the number of the curves which satisfy given con- 
ditions: the conditions imply relations between the coefficients in the equation of the 
curve; and for the better understanding of these relations it was expedient to consider 
the coefficients as the coordinates of a point in a space of the proper dimemsionality. 

^ fundamental notion in the general theory presents itself, slightly in plane geometry, 
but aheady very prommently m solid geometry; vis. we have here the difficulty as to 
\ ^ ^ ^ curve in space, or (to speak moro accurately) as to the 

Zrr.l T“ S"*””.' tho cooriLto, of a 

oolion 111 qaistion is that of « i-fold rolotioi ,.-«8 dis- 

of rid .7 “'"“'S foi' tho exp.o»,io., 

a .«tem of ills T "'f™ '“>» •» »?'»»» ««h ilotioi. by mL. of 

ystem equations (or onefold relations). Applyiog; to tho ooso of solid geomotry 
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my (jouoluHioii in iihu gouoral thuory, it may bo mentioned thab I regard tlio twofold 
roliibion oi a ourvu in Hpaou an being oomplotoly and prccisoly expressed by means of 
a Hystoin etimitions — 0, — 0, ... '/'—O), when no one of fclio functions P, Q, ...P 

is a liiHMir function, witli eonstant or variable integral ooodicioiits, of tlio others of 
them, and when (mery mvfaco whatever which passcH through the curve has its equation 
oxpr(‘ssiblc in the form IT ^ AP BQ ,,, -yKT, witli constant or variable integral 
(KHdluscnlK, Ay By ... K, It is hardly ncce.ssiuy to remark tliat all blio fimotions and 
coe.(1i(‘.ientH arc tiilccn to bo rational functions of the eoordinatoH, and that the ' word 
integml has ndereinai to the eoordinatcH. 


Articit! Non, I to 3(>. Gemral /iI{tii)la.natioM ; ItehUion, LooiiSy < 60 . 

1. Any m (juantitics may bo re]>ros(mte(l by means of m + 1 c(uantitioH as the 
mtioH of Vi of tlu?H(^ to tlin n^niaining (nf -h l)th cjnantifcjq and thus in place of the 
absolute valncs of thei m qviaiititicH wo nuiy (ionsider the ratios of mH-I quantities. 

2 , It is to be noticed that wt^ am Ihrow/hmU concerned with tlio lutioa of the 
vi-\-’l fiunntitiisH, imt with the ahsoinbi values; tins being understood, any mention of 
the ration is in gemvral nnneitessary ; thus J sluill speak of a ndatioii botwoon the 

l iiuanlfitii^s, imsming tluu’chy a ndation as reganls the ratios of the (piautitios ; 
and m in other It may also be noticed tluib in many itmtances a limiting or 

oxtrciim is Hoiin4inii?H imdndml, .somctiim^s not iiiclinlcd, un<lur a general exproHsion ; 

fcive general oxiircssiun is inbendetl to imdude whatever, having regard to tlui subjoct- 
nuitier and <mntcxt, vwn bo included under it, 

II. rostnlati', We may <?on(i(uvi> b(‘twoon the md-1 quantities a relation^), 

4. A rolal-imi is either nupdaVy tliat is, it has a tlefinitn manifoldiH^ss, or, say, it 
is II /j-fidd relation ; la tdst» it is irroi/nlaVy that is, composed of relations not all of 
the HaiiK! maniibldnesM. Ah to the word “ (soinposed/’ see No. 14'. 
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14. Any two or more relations may be composed together, and they are then 

factors of a single composite relation ; viz. the composite relation is a relation satisfied 

if, and not satisfied iniless, some one of the component relations be satisfied. 

15. The foregoing notion of composition is, it will be noticed, altogether different 
from that which would at first suggest itself. The definition is defective as not 
explaining the composition of a relation any number of times Avith itself, or elevation 
thereof to power; which however must be admitted as part of the notion of composition. 

16. A A-fold relation which is not satisfied by any other Mold relation, and 

which is not a power, is a relation. A relation which is not prime is composite, 

viz, it is a relation composed of prime factors each taken once or any other number of 
times; in particular, it may be the power of a single prime factor. prime factor 

is single or multiple according as it occurs once or a greater number of times. 

17. A relation which is either prime, or else composed of prime factors each of 
the same manifoldness, is a regular relation ; a k-io\(l relation is es) vi termini regulai*. 
An irregular relation is a composite relation the prime factors whereof are not all of 
the same inanifoldiiess. 

18. A p]‘ime /jj-fold relation cannot be implied in any prime k4o\d relation different 
from itself. But a prime &-fold relation may bo implied in a prime more-than-fc-folcl 
relation, — or in a composite relation, regular or irregular, each factor whereof is more 
than /o’-fold ; and bo also a composite relation, regular or irregular, each factor Avhereof 
is at most Ai-fold, may be implied in a composite relation, regular or irregular, each 
factor whereof is more than /r-fold. In a somewhat different sense, each factor of a 
composite relation implies the composite relation. 

19. A composite relation is satisfied if any particular one of the component relations 
is satisfied ; but in order to exclude this case we may speak of a composite relation as 
being aatisfiod distributively ; viz. this will be the case if, in order to the satisfaction of 
the composite relation, it i>s necessary to consider all the factors thereof, or, what is the 
same thing, when the reduced relation obtained by the omission of any one factor what- 
ever is not always satisfied. And when the composite relation is satisfied distributi ' 
the several factors thereof are satisfied alternatively ; viz, there is no o 
throughout unsatisfieck 
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22. There is no meaning in aggregating a relation with iteelf; Kiioh ag;gi’t>giil)ioii 
only occurs accidentally when two relations aggregated together beoeino one iukI tins 
same relation; and the aggregate of a relation with itself is nothing oIho than the 
original relation. 


23. A onefold relation is not an aggregate, but is its own .solo oonstitnent ; a 
more than onefold relation may always be considered as an aggregate of two or more 
constituent relations, The constituent relations deterniino, they in fact constitute, the 
relation ; but the aggregate relation does not in any wise doteriniiK.' the con 
stituent relations. Any relation implied in a given relation may be coiiHidered ns a. 
constituent of such given relation. 


24. The aggregate of a ^^-fold and a /-fold relation is iii gonoral and at most a 
(/!-t-/)fokl relation; when it is a (/! + /)foId relation, the constituont rolatioiis aiv 
independent, but otherwise, viz. if the aggregate relation is, or has for factor, a loss 
than (/r-p/)fold equation, tho constituent relations aro dopeudont or interconiieoted. 

25. Passing from relations to loci, wo may say that tho eomixwitiou of relutioiiH 
coijesponds to the congregalion of loci, and the aggregation of rolations to tho ■/»/(,,- 
section of loci. 




nrst tne locus (it any) corresponding to a given ooinimHite ndaluon is 
the congregate of the loci corresponding to tho several prime IHotors of tin, given 
relation, the locus eoiresponding to a single factor being taken once, and the toeus 

1“ Jo" ' - 

• ('f corresponding to a given awremite l•ebl^l(l)l 

IS loon, common lo nnd contoiiicd in enoli of Hio loci ooiTO,|„ii,|i,S’l,^ tlio ml 


28. It may bo remarked that 
(or where the aggregate relation is 
locus. 


a /c-folcl locus and a /-fold loons where /.; + 1 > w, 
more than w-fold) have not in gonoi-al any ooiuinon 


.*i.n be implied “11 “ ""“'“i'l i'' »-V 

.ggi-egnmd of the olhec teWon., then J ^ , lu t'’®)' r 

not ill involution is said to be asyzygetio. ^ « to bo m mvoluUon ; a system 

aumll o?jtl7re1J»,‘tlh1m n system of „„y 

fmm the sysbtm iLtZ t 

implied in the given Wold relation S’ • "7 /’'J' I'olatinu 

relations, and it is thertTbe Sed t ff of onefold 

0 to be rejected, or if it is not implied in tho system, it i« to 
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be added on to and made jjarb of the system. It may happen that, in the system 
thus obtained, some one relation of the original system is implied in the remaining 
relations of the new system ; but if this is so the implied relation is to be rejected ; 
the new system will in this case contain only as many relations as the original system, 
and in any case the new system will be asyzygetic. Treating in the same maimer 
every other onefold relation implied in the given /c-fold relation, we ultimately arrive 
at an asyzygetic system of onefold relations, such that every onefold relation implied 
in the given /f-fold relation is implied in the asyzygetic system. The number of onefold 
relations will be at least equal to h (for if this were not so we should have the given 
/c-fold relation as an aggregate of less than h onefold relations) ; but it may be greater 
than 1c, and it does not appear that there is any [assignable] superior limit to the 
number of onefold relations of the asyzygetic system. 

31. The system of onefold relations is a precise equivalent of the given ^;-fold 

relation. Every set of values of the coordinates which satisfies the given A-fold I’elation 

satisfies the sj'stem of onefold relations; and reciprocally every set of values which 

satisfies the system of onefold relations satisfies the given /r-fold relation. But if we 
omit any one or more of the onefold relations, then the reduced system so obtained is 
not a precise equivalent of the given /c-fold relation ; viz. there exist sets of values 
satisfying the reduced system, but not satisfying the given i-fold relation. 

32. In fact consider a /c-fold relation the aggregate of less than all of the onefold 
relations of the asyzygetic system, and in connexion therewith an omitted onefold 
relation ; this omitted relation is not implied in the aggregate, and it constitutes with 
iiho aggregate nob a (& -p l)fold, but only a /c-fold relation. This happens as follows, 
viz. the omitted relation is a factor of a composite onefold relation distributively implied 
in the aggregate ; hence the aggregate is composite, and it implies distributively a 
composite onefold relation composed of the omitted relation and of an associated onefold 
relation ; that is, the aggregate will be satisfied by values which satisfy the omitted 
rolation, and also by values which (nob satisfying the omitted relation) satisfy the 
associated relation just referred bo, 

33. Selecting afc pleasure any h of the onefold relations of the asyzygetic system, 
being such that the aggregate of the k relations is a 7(;-fold relation, we have a com- 
posite /c-fold relation wherein each of the remaining onefold relations is alternatively 
implied ; viz. each I’emaining onefold relation is a factor of a composite onefold relation 
implied distributively in the composite /c-fold relation. Hence considering the /j.-l- l 
onefold relations, viz. any Ic+l relations of the asyzygetic system, each one of these is 
implied alteniativoly in the aggregate of the^ remaining k relations ; and we may say 
that the /c-t-1 onefold relations are in convolution. 

34. More generally any A -f 1 or more, or all the relations of the asyzygetic system 
are in ’ cmvohitim, that is, any relation of the system is alternatively implied in the 
aggregate of the remaining relations, or indeed in the aggregate of any k relations 
(not being themselves in convolution) of the remaining relations of the asyzygetic 
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svstem. It may bo added that, besides the j*elations of the system, there is Jiot any 
cue fold relation alternatively implied in the asyzygetic system. 

35. The foregoing theory has been stated without any limitation ns to tlie value 
of /r, anri it has I think a meaning even when k is >m; but the ordinary case is k%m. 
Considering the theory as applying to this case, I remark that the last proposition, viz. 
hat no reduced system is a precise equivalent of the given /r-folcl relation, is generally 
true mily on the assumption of the existence or quasi-existence of sets of valuoH 

as ic ubuallj do, that it is not in general possible to satisfy a more than m-fold relation 
betaeeii the coordinates; the number of relations in the system may bo >m+l; and if 

vl i h ; « »We.l by „y of ,al„es ollw U„. Ln 

emivaleiTo^h^ the .m-kl relations are a prcciso 

en ii^ system of ^'1 n ' 1 T'‘ consideration of tho 

<.ann,.nt VI ?\i^ ^ f?' relations is not the less advantageous; and I say in 

asysygetic :ystem oTotefoW 

or eq^fatiiL" P-H-Vi-O ^ 

But when the factors A B r functions or equations Q==0, -R = t) 

volution. If P = 0 is in invohitiem ^ VT ° constant, then we havo a con- 

B'cn P^O is implierhi Ti! c <2 = 0, .K = 0..... 

(i^ = 0. Q = 0, P = o ... areeqnivalSrtr'^^'^^^^ the relations (Q = 0, P = 0,...) and 
where ^ ^ut in the case of a convolution 

^lP-^PQ^-OP-^.,. = o, 

of the two relations (.4 = 0 0=0 7?~n \ ^ is a relation composed 

W.W elation oxp.««i by ^ (f-0. «-0, S-0,...). I„ , 1.0 
any k of thaae aqnation. »hich !ori„ oT T ®-“’ ■«-»■••■). »Ioctlng 
the remaining equations, are Imve , oonTOliition°of T+ r"" 

relation is precisely expressed by means of a <iv t equations; and when a /c-fokl 
e-O,...), then every equation Q “oT„„|W iu ^ (J’"". 

same thing, the equation of any onefold lomm ^’elation, or, what is the 

eh. l-foi,l relatiou is in invointL ,le L,T“* n''”"®'' ‘k" P™' V 

have Uoutieally I1.4P + se + cji+ I’-O, «-0 ,ha, is, tvo 

coordinates.} AO,... being integral functions .of the 
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Article Nos, 37 to 42, Omal Relation; Order, 

37. A /(?^fold relation may be linear or omal. If h-m, the corresponding locus 
is a point; if k<m the locus is a /r-fokl, or (??i — /;)dimenaional omaloid; the expression 
omaloid used absoliitelj'^ denotes the onefold or (w — l)dimensional omaloid; the point 
may be considered as a ??i-'fold omaloid, 

38. A m-fold relation which is not linear or omal is of necessity composite^ com- 
posed of a certain number M of w-fold linear or omal relations; viz, the m-fokl locus 

corresponding to the ??i-fold relation is a point-system of M points, each of which may 
be considered as given by a separate m-fold linear or omal relation ; each which relation 
is a factor of the original ??i“fold relation. The given 7?i-fold relation, and the point- 
system corresponding thereto, are respectively said to be of the order i¥, 

39. The order of a point-system of M points is thus =J1/, but it is of course 

to bo borne in mind that the points may be single or multiple points; and that if 
the system consists of a point taken a times, another point taken /3 times, &c,, then 
the number of points and therefore the order M of the system is considered to be 

40. If to a given k-(o\d relation (fc < m) we unite an absolutely arbitrary 

(w-/(?)fokl linear relation, so as to obtain for the aggregate .a m-fold relation, then 
the order M of this ^?i-fold relation (or, what is the same thing, the number M of 
points in the corresponding point-sj^stom) is said to be the order of the given /j-fokl 
relation, The notion of order does not apply to a more than m-fold relation, 

41. Tho foregoing definition of order may be more compendiously expressed as 
follows ; viz, 

Given between the coordinates a relation which is at most w^-fold; then if 

it is not m-fold, join to it an arbitrary linear relation so as to render it m-fold; 
wo have a ^n-fold relation giving a point-system ; and the order of the given relation 
is equal to tho number of points of the point-system, 

42. The relation aggregated of two or more given relations, when the notion of 

order applies to tho aggregate relation, that is, when it is not more than m-fold, is 
of an order equal to the product of tho orders of the constituent relations ; or, say, 
tho orders of tho given relations being >, the order of the aggregate relation 
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really as well as formally t-fold; if they do satisfy certain relations in virtue whereof 
the formally fc-fokl relation is really less than i-fold, say, it is (k — Z)fold, then the relation 
is in fact to be considered ah initio as a (A;“/)fold relation: there is no question of 
a relation being in general A-fold and becoming less than /tj-fold, or suffering any other 
modification in its form; and the notion of a more than m-fold relation is in the 
preceding theory meaningless. 

44. But a relation between the coordinates (a?, y, ...) may involve parameters, and 
so lung as these remain arbitrary it may be really as well as formally Aj-folcl ; but when 
the parameters satisfy certain conditions, it may become (/iJ-Z)fold, or may suffer some 
other modification in its form. And we have to consider the theory of a relation 
between the coordinates (/r, y, ...), involving besides parameters which may satisfy certain 
conditions, or, say simply, a relation involving variable parameters* If the number of 
the parameters be then these parameters may be regarded as tlio ratios of q}}/ 
quantities to a remaining m* + 1 th quantity, and the relation may be considered as 
involving homogeneously the w' + l parameters {x\ y^...), And these may, if we please, 
be regarded as coordinates of a point in their own ??/"dimen8ioDal space, or we have 
to consider relations between the coordinates (a?, y, ...) and the (parainGtei's 

or) coordinates (x, y,..,), It is to be added that a relation may involve distinct sots 
of parameters, say, we ^ have besides the original set of parameters, a set of 
parameters (^ , y i ***) involved homogeneously. Btit this is a generalization the 
necessity for which has hardly arisen. 


Ai'ticle Nos. 45 to 56, Quantics^ Notation, &o. 

45, A homogeneous function of the coordinates (ic, y,...) ij, represented by a 
notation such as 

(* 5 ®, y, 

(where (*) indicates the coefficients and ( . ) the degree), and it is said to be a 
quantic; and in reference to the quantic the quantities or coordinates (.•», y, ...) aro 
also termed More generally a quantic involving two or more sets of coordi- 
nates, or lacieiits, is represented by the similar notation 

(*$«, y,... )'•’(«'. 

set. bipartite, tripartite. &c., according as tUe number of 

sets 18 one, two, three &c.; and with respect to any set of coordinates, it is binary, 

einaiy quaternai^ (w + l)ary, according as the number of the coordinates is two. 

t lee, oui, wd-l ; and it is linear, quadric, cubic, quartic, , according as the 

degiee m regard to the coordinates in question is 1, 2, 3, 4,.,. * 

« A qumSo inching s™ „f »„d |i„e„ i„ ,™d ^ 

if h sStoTf ■“ 'A®- are oiflj two 
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48. Instead of the general notation 

2 /. •••)'■’« y'> 

WG may write 

(a, y', ...y,..., 

■^vhere the coefficients are now indicated by («,...), and the degrees are fi, /a',.., 

49. In the cases whei'e the particular values of the coefficients have to be attended 
to, we write down the entire series of coefficients, or at least refer thereto by the 
notation (a,...); and it is to be understood that the coefficients expressed or referred 
to are each to be multiplied by the appropriate numerical coefficient, viz. for the term 

... this numerical coefficient is 

60. It is sometimes convenient not to introduce these numerical multipliers, and 
\VG then use the notation 

(a, y, y', 

(a, ,..'^ 0 !, y,...y (.< y', ...y.... 

In particular (a, b, c^w, y)“, (a, b, c, d^c, yf &c. denote respectively 

tue® + 2b(ey + oy\ 

+ Sbay + Sexy^ + dy\ 

&c. ; 

bub (a. b, oy'. y)\ {a, b, o, d%o, yf, &c. denote 

aa!- + bxy + oy\ 

0 ®*+ bxhj + cxy^ + dif, 

&c,, 

and so («, b, c, /, y, hy», y, zy and (a. b, c, /, y. h\x, y, zy denote respectively 

+ lyi + cz^ + ifyz + + 2/ia;y, 

ux’^-\-brf+oi^-¥ fyz+ yz<e-¥ hxy. 

61. To show which are the coefficients that belong to the several terms respectively, 
it is obviously proper that the quantic should be once written out at full length, 
thus, in speaking of a ternary cubic function, we say let (a, ...il®, y, z) 

= («, b, c, f, y, h, ij, h, lyo, y, zy 

= a(i^ -hbiy + o!^ 

+ 3 iffz + 

~\r QlwyZj 


and the like in other cases. 
0. VI. 
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A MUftlOMl ON AllSTUACT (JKOJTKTMY. 


/• I'l. (/‘’-wOfold msnltniit rolivtion in mitiHficcl, thon the mvan 

4-.|()l(l lohiUou biuioinoH II linoiir rolatiou botwcon blio coordinutOH (ai y i^aiul 

H oonHO.,uon ly «a,,.Hli.d by a ninglo hoC of viduoH of tho ooovdinaboa hIuco 
L ho ifivoii Mold rolubiou oh implying blu) (/.•-, i-osiiUaub rolabion, tho Mold vo ation 
will roproHonb a oIukIo point in bho say, tho 

f/miArm-'lTf'' •'’1'"’’"'“' Ihoroby roproHonbod, may Imvo a 

tmZ:£s;!T\r,T" : «■« b,. cLcucl 

S du;%:ta'r 'nr?r *'■ ‘-uio ifl;.:. i,; 

_ jniiiiig to il. a iiioai (w-/,;)fold rolatum Babisliod by tho coordinabOH of bho iioinb 
Ld |< b ’'l I poiub-Hysbom bhofoby roprosontwl, tho point is 

zLb; I;;™::';' »■■ -f 

00. A given-fold relation (/• m) botwmm the m-hJ coordimvtoH. or bho looim 
Ihe eby ,opremad,.M . has nut n. general a nodal point, But if the relation involve tho 

1,1,1 I ’“”'Tr -il’ «'^tiHfied botwoon tho 

/' / /• IMmunotors 

iH the dim'vunmiui reUdmt of the given /:-fol<I relation. 

(11. In the m (piestien, the diHerimitituib relation is the rosnlbant 

n. a nm el a (m-|. l)|eld relation ivdiieh i.s the aggregate of bho given /..-leld relation 

mill a w'rtaui relation called the Jiicobum velalion, or when tlie dlsbinction is ro.iuired 
iJnd Jacobian relation m rogmd lo tho (w, 7/,.,.). 

(12. Ooiisider a /j-lold relation (/,;.> m, ,> ?w') hotwoon the wt -l- 1 coordinates (w y ) 
and the m -|- 1 cmmlinates (i,/. y',...). It has been .seen that to a given set of vulnes’ol' 
tho (i«. y,...) or, say, to a given point in tho «t'-simce, there corre-sponds a /b'-fokl locus 
m tho wi-spaeo, and that to a given set of values of bho (w, v,...), or to a givim 
pmnt in the va-spnee. there corresponds a /.r-fold iocu.s in tho m'-simco. ^'ho Mokl 

locus in the m'-space may have a nodal point j this will bo the case if there is 

HiUiHfied betireen the (w. y. ...) a certain ono-fold relation, tho discimninant relation of 
Uie given i'-fold rehUmn m regaisl to tho This onefold relation ropres-'- 

in the 7»-Hpaco a oiiofohl locus, the onvahpo of tho /.’-fold loci in the 
HjioHding to bho soveral points of tho »/b'.Hpaoo. Tho property of tho ouv 
to onch poiuO bhoroof thoro corresponds in tho 7a'-8paco a /r-fold locus ho 

point. 


Article Nos, 03-— 69, Gonseculive l^oints ; Tangent Omuls. 

on. As tho notions of proximity ami romoteness have boon thus far altogother 
Ignored, it sooms necessary to make tho following ° 

conceive a point consecutive (or iridofinitoly near) to a given 
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04. If the coordinates of the given point are (a>, y, ...), those of bho conaecutivo 
point may be assumed to be (;t!+Sa;, 2/ + %,•••)< where Stv, Sy, ... are iiulofiiutoly .small 
in regard to (a-, y, ...). 


65. It may be remarked that, taking the coordinates to be (® + X, ;i/ + Y, . . .), bhoro 
is no obligation to have (X, F, ...) indefinitely small; in fact wliatevcr fclie iiiagiiitiuloH 
of these (piantities are, if only X Y: ... =ai : y. , thon the point (x-\-X, i/ -\- F, ...) 
will be the very same with the original point, and it i.s thoreforo clear that a con- 
secutive point may be represented in the same manner with niagnitudos, liowovor 
large, of X, F, ... But we may assume them indefinitely .small, thab is, the ratios 
■v+Sx : y+By,... , where S.v, By,... are indefinitely small in regard to (to, y, ...), wilt 
represent any set of mtios indefinitely near to the ratios (tv : y, 

The foregoing (|unntities (Bx, By,...) are termed the ineremonte. 


bb, Lonsider a w-fold relation between one -f - 1 coorcliuat 
increments (Bx, By,...) are connected by a linear *-fold relation. 

cnnvdl*ll*'!!c increments proportional to tlio 

k s IS, in fact, assuming that the point remains unaltered. We may write 

t 

increments arc connected by a linear m-fold relation; that is, the ratio of tlio^ increments 

tha. l. ^ ia bho «-a,»ao, 

relation between the increments tlmso ' linear 

of a poia. in Ve „ rr l, “ . “1 “orii„„ta (x. y, 

mota' ,hc l..„ of r“;iX ,.*) ris parft- 
that. by what precedes, the linear ifod o>«al locus : it is to bo ob.sorvod 
values XI ^ Wole vciation m by 

point (x, y....); the l-foid omal locals is lid T" 

Mold loco, a. th, (, tol 

thcromth the Mdd'KS'rekul'wrhlve '*>' If' •■ >■ “"I oomWiio 

.olatioo (eoateinia, a, pa^J^'t!:: co^atT : 

or h g^atoe th^ i.ttlrS'th.Tf 

.0, hat the point ia qaeatioa ““1*1 t 1 IT and „ot only 

also fellows that the tongeatom,! ill eol”? * '’™* “ *»<»"■ « 

(®, y,...) as parameters satisfying the oriffinfll /r iT”®i /c-fold linear relation 

A-fold locus. Wold relation, has for its envelope the 


\ * u f 
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69. We thus arrive at the notion of the double generation of a /(j-fold locus, viz. 

such locus is the locus of the points, or, say, of the ineunt- 2 ioinis thereof; and it is 

also the envelope of the tangent-omals thereof. We have thus a theory of duality ; 

I do not at present attempt to deveiope the theory, but it is noee.ssary to refer to 

it, in order to remark that this theory is essential to the systematic development of 
a OT-dimensional geometry; the original classification of loci as onefold, twofold,.,, 
(m — l)fold is incomplete, and must be supplemented with the loci reciprocally connected 
with these loci respectively. And moreover the theory of the singularities of a locus 
can only be systematically established by means of the same theory of duality ; the 
singularities in regard to the ineunt-point must be treated of in connexion with the 

singularities in regard to the tangent-oinal. These theories (that is, the classification 

of loci, and the establishment and discussion of the singularities of each kind of locus), 

vast as their extent is, should in the logical order precede that for which other reasons 

it may be expedient next to consider, the theory of Transformation, as depending on 
relations involving .simultaneously the ni + 1 coordinates {m, y, ...) and the w' + 1 
coordinates (»' y ', . , .). 



ON l*OLYZOMAI< OUKA’KS, OTIIKIJWISI': 

I I ,^C, II, 


■: ri itvivS 


1{„„„I S,nrN.f /^/u, A. V.,t, , .m'S, 

II)). I-^IIO. ||,.|„t Itiii, |»,V,|,(J„., iHiiV.I 

?/. F. im. ia(i..im| „,m| 

V, II, ir^arit l„ |,|„. ,...„,',lii,a(rH ^ , I' o ", 

Hnd (llui (MU’VO Ml? I * ? tn U (tMly.S.lur, 

vr»n, 

i!ii'<;iii,,K(;n],ti,ni tn (,|,„ ,;,t,v,. \0''‘ | Yl" i vi' n t i * ***' ' * ^ ”1 

““'I liavo ||„,,„MI H„. -• zn,,,,^• ' ^ail 7r‘’ 'r ‘V’* *•“*’*- 

«['- "■ ..r 11 ... V',' Vi- T’ I ’‘''"’"i ' 

Llio zonml (MiiTOH (iiinvni; tIim ^ 

wiKo, worthy 1)1' (!(>i,Hi,lor(i(,i„i, ; it ja i,. , * '■’ « lu.i it.,j, ihrir tiw,, 

H<)iiK!tinio.s convoniont to writ,* ll„. ii-,.|„.,-i| ' of jf j„ 

ourvoi tlu) hmnohoH ihoroor, (It,, *" fhr j^n-ni-rol 

in rogiird to tlui i/.s!o»im| mirvi? YOh + /itii j, «. ""‘jfiihrii,. )., Jtc , 

all imsH throngh tlio poinia „(• 7 r 7, ' 

fcho owlorH r mid r-# reH|im!tiv,.|y iiit.|uil,il l" *’**''** **1' 

^ ..r iiu. 

goiiouil thcorom ih givon cif "i|n. ' “' “ ''"‘'wli "r l.i«i.rli™, 

o.|....t,«n of U,o |„ + -7 V " vii if ll..- 

m, n,p, sfttiHly tho coiulitioi, « , l> , 4-<?M a,Hl If 

a h K^trawmtl *?urv<) bw#k;« up i«i« 
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(Jwo trizonuil curves, each expressible by meiiiiH of luiy Ibree of the four fuuetioiiH 
U, V, W, T\ for oxiiinpio, in the form v'/'f/'-p Vw'F-l- 0. If, in tluH thooi-oin, 
wo take ^> = 0 , then tlio origitml curve in the ti'izoiiial 'JlU -V \^mV ‘JnW 0, T ia 

any function =---|- (atf-l- bF-l-clf), whoro, consitUjring I, in, n ns given, a, b, e ar<i 

<|naiititioH Kubjoct only to the condition j 0, and wo have tlio theorem of 

“tho variable xomal of a trizotnal curve," viz. the ec[uabiou of the trizomal 

Vir7.|.A/mFH.v'nlK-0, may bo expressed by means of any two of tho fcluTm fumitions 
* * *xu(l oi II lui)(3tiou T iiolionniiKJil as for <!!Xunq)lo in iho lonu 

U + F + Vn'fl' =z 0 ■, wlioiico also it may be ox]iroHse<l in teriiiH of thnm new 

luuctioiiH T, doterininetl as above. This theorem, which oceii|)ie,s a prominent ]ioHitiou 
in the whole theory, was suggestod to me by Mr Uasey’a fclioorem, presently ief(a're<] 
to, for the construction of a bioircmlar quartic as the envelope of a variable circle. 

In the r-z.)inul curve Vi (e -|- .//I)) + &c. = 0, if be a cmiie. <1)«0 a lim.', 

the zomals («) -|- //!» ~ 0, fee. arc conics i)us.sing through tlnj same two points M « 0, 
<P ™0, and thorn is no real loss of generality in tubing these te bo tho einudar points 
at intmity-— that is, in taking the {ionics to bo circle.s. Doing tills, and using a special 
notation U"»0 for the eijuatioii of a circle having its centre at a givmi )ioint M, 

anil similarly ',)I=«0 for the eqiiatimi of an evaiicseeiit circle, or say <if the point M, 

wo luivo the r-zmnal curve V/r + &;c. == 0. and the more speeial f.n'm ViVI -I ite. r r. o’ 
As regards the last-mentioned curve, Vft'l -|- &c. « 0, the iioiut A to which tin- miimtioii 
P1>=0 belongs, is a focus of tho curve, viz. iu the euso )-;£=i0, it h m, mdinary focus, 

mid in the case n>;}, it is a special kind of focus, wliioli, if tho tm-in wor(? rcinitHid,’ 

might 1)0 called a foco-foens; the Alonioir eontaiiis an e.xplaiiation of the general 
theory of the foci of plane curves, For the e(|natien Vfvf + V/a'il Vw(? ra () 

reidly eipiivaleiit to the apparently itioro general form V/‘i|'' q. In 

this last is in general a hiciroular .luartic, and, in regard to it, the Imfore-meiitioiiml 

theorem of the variable zomal becomes Mr Casey’s theorem, that the liieircular .piartic 

(and, as a^ particular case thereof, the circular cubic) is tho envelope of a variable 
circle Inlying its centre on a given conic and cutting at right angles ti given 
circle. theorem is a sullicieiit basis for the complete theory of the Irizomal 

mivvr^ J- .i_ aAjV.C * m » u. i.. i... .i . . 



472 


ON l‘()IVYZ()iMAI, (111 II VMS. 


Investigations; Part III., On tho Theory ol' l-\.ci ; nn.l I'ml, IV.. Oi, Tri^o.iual aiol 

Tetrazomal Curves Avlioro tho /.oiiiuIh are oi.vlr.H. There i«, le.wever, 

intermixtni-e of the thcoiies tn,ate<I of, aii.I the will ;! 

detail from the headings of tho sovorul artir.|e,s. The ,,araerutd.s are ee,,.. 

tmuously through the Memoir. There are (our Annexes ivlating |., whi.'h it 

seemed to me more convoniont to tr<>at of tliiis .‘ie|ium(elv. 

It is right that I .should o.\|ilain |.h<> very great exlenl i,, wliieh in il. 
p^ition of the prcisent Memoir, .! am imlehted' Air ( 'asev’s iviearelie.i |)i. "|' 7" 
On the Equations and Propertu'.s (|) <,r t.h,. .Sy,q,.,„ ..y ( 

m a plane; (2) of tho System of Splntre.s llnir spheres in mi,.,,-.',, ,'ti ', 1 ' ' 

System of Circles touching throe eiinh«s a sphere; (.t il,e N -.’len', r 

inscribcal in a conic and touching thre.. a plane* 

Royal Irish Academy April !), IWIfi, and h, I i,, Ha ir • dita’. *• * ' "' 

fundamental theorem for tho oi, nation of the pairs ..f eirel • , 

circles was, previous to the pul.lioatim. of the paper, men.ime.i "' Vr'''' 

:r 

with Casey’s Equation," QttuHorl,/ ll/ii///. m 

as also appears, Annex No, IV of tl.e presto, t Menmir. ’ 

ApriMsrr^T'throt^^ ill Morel. 

centres A, .z, , ..,0 eql::. ^ , v::7q 

AR, denote the mutual distances of the poi m 7; ^ 

of viewing the question as (ollowH<.. .-''|’he 7 7 '"'•"""••I 'n- of his ..un mode 
take the equation (a, h, c f a /,Ax ’ v7.. o' - ’'"’“'’"I'"' qmuiie. |j w,. 

are porpondiculai>s ‘lot 'fall fnun \|ie eeillr ' '*'7 "I"'" 

- conic; denoting this conic by //mnl tho I . 'M’ ■ g"' ^ ‘»-'* 

. proved that, if a variable ciinle moves will V" ' by 

orthogonally its envelope will d,,, r • , ' ‘ " "" ""'I if it enis ,/ 

double foci of the qimrtic ami Hi.. . . ' . " ""‘iitimiH that the li.,,; „|' y ,1 

«d ti„ r '-i "i' . 

? Memoir on Bieircular Qunrtics Ts tl T " ‘ to 

30th Ai^I, and somo other tluioroms { ""•"^"""'•1 in Mm letter of 

added to or altered in consoiniencn .,(* • "f writing it 

Mr Casey’s researches; ifc 7 mS , "'hich I have thus had of 

tiiuiculm QunrUcs „„d i„ the |ire«ent 
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Part I. (Nos. 1 to 65).— On Polyzonal Curves in General. 

Aiticle Nos. 1 to 't. Dejinitwn und Prelwiinavy PeMcirks. 

11 already mentioned, U, V, &c. denote rational and integral functions (*$«, w zY 

all of the same degree r m the coordinates (tv. y, z). and the equation ' ^ ' 

V + VK-f &c. — 0 

then belongs to a polyzomal curve, viz., if the number of tlie zomes VF, VF &c is 
- n, then we have a v-zomal curve. The radicals, or any of them, may contain ’rational 
factors, or be of the form PVQ; but in speaking of the curve as a v-zomal, it is 
assumed that any two terms, such as PVQ + PVQ, involving the same radical VO 
are united into a single term, so that the number of distinct radicals is always 
m particular (r being even), it is assumed that there is only one rational term P. 

u le ordinary and that which is almost exclusively attended to, is that in 

which the radicals Vt/; &c. are distinct irreducible radicals without rational factors, 

The cuives U—Y—f), &c. ar^ said to be the zonml curves, or simply the 
zomals of the polyzomal curve VP+VP+foc. =.0; more stiictly, the term zomal would 
be api^^d to the functions U, V. &c. It is to be noticed, that although the form 
^ )/+&c. = 0 is equally general with the form ViP+ VmF+ &c. = 0 (in fact in 
the former case, the functions U, V. &c. are considered as implicitly containing ’the 
constant factors I, m, &c., which are expressed in the latter case), yet it is frequently 
wnvoiiienfc to express these factors, and thus write the equation in the form V'JP+ \/nrP+ &c 
For mstance. in speaking of any given curves P=0, F=0, &c.. we are apt, disregarding 
the constant factors which they may involve, to consider U, V, &c. as given functions; 
but in this case the geneml equation of the polyzomal with the zomals, U=0, 7=0, 
&c., is of course V/P + V'mF+&c. = 0. 


3. Anticipating k regard to the eases v = l,_v=2, the remark which will ' be 
presently made in regard to the v-zomal, that VP + VF+&c. = 0 is the curve represented 
by the rationalised form of this equation, the monozomal curve VP=0 is merely the 
curve Z7=0, viz.,J;his is any curve whatever P=0 of the order r\ and similarlv. the 
bkomal curve VP+VF^O is merely the curve P-F=0, viz. this -- 
whatever fi = 0, of the order t\ the zomal curves P=0, F '' — 

not curves standing in any special relation to the curve in 

may be any curve whatever of the order r, and then 7=0 is a curve of the same 
order r, m involution with the two curves ft = 0, P=0; we may, in fact, write the 
equation XI = 0 under the bizomal form VP + V'X2+ P = 0. In the case r even, we 
may, however, notice the bizomal curve P + VP=0 (P a rational function of the degree 
ir); the rational equation is hero O=P-P2=0, that is P=n + P^ viz., P is any 
curve whatever of the order and P = 0 is a curve of the oi-der r, touching the 
given curve Xl == 0 at each of its intersections with the curve P = 0. I further 
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remark that the order of the j/-zomal curve v'F+&c. = 0 i.s =2'’“’r; tliie in right in 
the case of the bizomal curve Vl7-f-VF=0, the order being ~r, but it fails for tlin 
moiiozonial cui've '\JU=Q, the order being in this case r, insteiui of us given by 
the foi'inula. The two unimportant and somewhat exceptional cases v = I, v 2, are 
thus disposed of, and in all that follows (except in so far as this is in fact ai>pH(!abh! 
to the cases just referred to), v may be taken to bo =3 at least. 


4. It is to be throughout understood that by the curve VI7-I- V K-|- foo. = (} in 
meant the curve represented by the rationalised equation 

Norm (VZ? 4-^/7+ &c.) = 0, 

VIZ. the Norm js obtained by attributing to all but one of tho zoino.s V'f/ V V &e. 
each of the two sipis +, -, and multiplying together tho several resulting valiias of 
the polyzome; m the case of a y-zomal curve, tho number of factors is thus 


IH 




■in 


(whence, as each factor is of the degree ^r, the order of tiio <nirvo 
-2*' as mentioned above). I eximessly mention that, as regards tho iiolyzoinal' (uirJo 
we are not in any wise concerned with the signs of the riuLls, which signs are and' 
lemain essentially indeterminate; the equation VI7+ ^/F-^ &c. = 0, is a mom symbol for 
the rationalised equation. Norm (V'f7+VF+&c.) = 0. 


Article Nos. 6 to 12. The Branches of a Fohjmnul Ourvo. 

0. B„. we m., in e Jifcwt p,ta, .f 

I 0 . a value, of He coordinate, we lake the .ymbol J-;, and <,„„Hi,lor JU, JV 
■ . sigmjwig- delermin^ly, sj. the po^K values of Vlf, -fV, fai.; l|,oi, „|’ 
the several nation, ± 7i/_± ./F H-fc.o, or, feing at .ileasiiro o„„ of tl,„' 

pr^nr rf ‘irr -r 

b™™b.e corresponding to the 2-. valL re^eotively e'f rH;r 'Z 
and in 

to be into the pii v!,„: :; 

functions If, F, &c. are assumed to be real’ funlhio 

any real values of the coordinates. If F &c are T ^ coordinates; hence, for 
and the significations of M Jf, ^c/ar^oonipletelyl^, " 

will for any given values ”2, woSteFi ““ ''"'“tioiis V, F, to 

general imagina,,, vdne. If f„ all „,| valu.eThatev2'of°?''7 “ in 

A we fioloct once for 
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all oue of the two jpposite values of callmg it the positive value, and 

representing it by then, for any particular value^of the coordinates, U being ■ 

= « + thejalu^of JU may be taken to be and the like as regards 

Jv, &c. Ju, VF, &c. have thus each of them a determinate signification for any 
values whatever, real _or imaginary, of the coordinates. The coordinates of a given 

ponit o^the curve VF+&c. = 0, will in general satisfy only one of the equations 

to one (but in general only one) of 
the branches of the curve; the entire series of points the coordinates of which 

satisfy any one of the 2-' > equations, will constitute the branch correspondinir to tliat 
equation, ® 


8. The signification to be attached to the expression + should agree with 
that previously attached to the like symbol in the case of a positive or negative 
real quantity; and it should, as far as possible, be subject to the condition of 

continuity, viz. , as « +/3t passes continuously to + so should pass con- 

tinuously to + but (as is known) it is not possible to satisfy universally this 
condition of continuity;^ viz., if for facility of explanation we consider (a, /3) as the 
coordinates of a point in a plane, and imagine this point to describe a closed curve 

surrounding the origin or point (0, 0), then it is not possible so to define VaT^’ 
that this quantity, varying continuously ns the point moves along the curve, shall, 
when the point has mode a complete circuit, resume its original value. The' signi- 
fication to be attached to v'a + ^' is thus in some measure arbitrary, and it would 
appear that the division of the curve into branches is affected by a corresponding 
arbitrariness, but this arbitrariness relates only to the imaginary branches of tile curve: 
the notion of a real branch is perfectly definite, 

9 . It would seem that a branch may bo impossible for any series whatever of 

p^its real or imaginary. Thus, in the bizomal curve v'{ 7 + VF=0, the branch 
VIZ-J-VF^O is impossible. In fact, foi^any point whatever, real or imaginary, of the 
curve, wejiave^l7= F, and therefore the point thus belongs to the otf 

branch VfZ— V f= 0, not to the branch Vtf+VF=0; the only points belonging 
th^ last-mentioned branch are the isolated points for wh' '' ' " 
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would have opposite signs), but there is no apparent reason, or at least no obviously 
apparent reason, why this should be so for imaginary values of tho coordinates, and 

if the sign be in fact — , then the point will belong to the branch V’C/’+'/Fd- V T'7 = 0. 

11. But the branch in question is clearly impossible for any series of real points; 
.so that, leaving it an open question whether the epithet “ impossible ” is to be under- 
stood to mean impo-ssible for any series of real points (that is, as a mere aynonjun of 
imaginary), or rvhether it is to mean impossible for any series of points, real or 
imaginary, whatever, I say that in a i/-zoinal curve some of the branches are or may 
b^ inip^sible, and that there is at least one impossible branch, viz,, the branch 
Vtr+ V F -1- &c. = 0, 


12. For the purpose of referring to any branch of a polyzomal curve it will bo 
convenient to con^der Vlf as signifying determinately -pVF, or else -VF; and the 
like as regards^VF^&c,, but without any identity or relation between tho signs pre- 

fixed to the >J'U, VF, &c,, respectively; the equation VF-p V F+ &c. = 0, so understood, 
w^l denote determinately some one (that is, any one at pleasure) of tho equations 

VF+VF±&c. = 0, and it will thus be the equation of some one (that is, any one at 
pleasure) of the branches of the polyzomal curve - all risk of ambiguity which might 
otherwise exist will be removed if we speak either of the curve VF + VF, &c. = 0, or 

else of the branch VF-P VF+fec, = 0. Obsei-ve that by the foregoing convention, wlion 
only one branch is considered, we avoid the necessity of any employment of the sign i-, 
or 0 the sign - ; but when two or more branches are considered in connection wilTli 
eadi other, it is necessai,' to employ the mgn - with one or more of tho radicals 

VF. FF, &c.; thus b the feomal curve VF-p VF-p VF= 0, we may have bo consider 

VF-pVF-VF = 0; viz., either of these equations 

the other equXoTis'lo^fixed^ repi’esoutod by 


Article Nos. 13 to 17. The Points common to Two Branches of a Pohjzcmxal Curve. 

13. I consider the points which are situate simultaneously on two branches of 
the^v-zomal curve VF-P VF + &c. = 0. The equations of the two branches may be taken 


VF+ &0, -p (VF -p &0.) = 0, 
v'F-p&o._(VF-p&c.) = 0, 


V12., fixing the significations of VF, VF Vf &-n ir, • h 

_/• _ 1 1 ,1 ^ ^ in such "wiso ths^t iii tho- cciuatioii 

Which, in the equation of the other branch, have the sign +, and 
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VlK, &c. to be those radicals which have the sign. The foregoing equations break 
up into the more simple equations 

V C/" + &c. = 0, V T'f + &c, = 0, 

which are the equations of certain hranches of the curves V CT-f &c. = 0, and V Tf -f &c, = 0, 
respectively, and conversely each of the intersections of these two curves is a point 
situate simultaneously on some two bi’anches of the original i^-zomal curve V i7 -h V F+ &g. = 0, 
Hence, partitioning in any manner the z/-zome V IT q- V F + &c* into an ct^zome, V i7 = &c. 
and a /3-zome V + &c. (a -H /3 = v)y and writing down the equations 

V q- &c. — 0, V TF q- &c, = 0 

of an a-zomal curve and a /3-zomal curve respectively, each of the intersections of 
these two curves is a point situate simultaneously on two branches of the p-zomal 
curve ; and the points situate simultaneously on two branches of the i^-zomal curve 
are the points of intersection of the several pairs of an ct-zomal curve and a /3-zomal 
curve, which can be formed by any bipartition of the j/-zome. 

14, There aro two cases to bo considered : — First, when the parts are 1, — 1 (v — 1 is > 1, 
except in the case j; = 2, which may be excluded from consideration), or say when the 
^--zome is partitioned into a zome and antizome. Secondly, when the parts a, /3, are 
each > 1 (this implies — 4 at least), or say when the v-zome is partitioned into a 
pair of complementary pavazomes, 

16, To fix the ideas, take the tetrazomal curve VJ/q- VFq- VlFq- Vy — 0, and 
consider first a point for which VTT^O, VFfVFq-Vy=0, The Norm is the product 
of (2** “) 8 factors ; selecting hereout the factors 

VF+VFq- VFq-Vr, 

VF, 

let the product of these _ _ 

=: 

bo called Fy and the product of the remaining six factors be called Q-\ the rationalised 
equation of the curve is therefore = The derived equation is GdW FdQ^0\ 
at the point in question Vf7=0, VFq-VlFq*V2^ = 0; Q and dG are each of them 
finite (that is, they neither vanish nor become infinite), but we have 

ci#-dtr-(VF+VFq-VF)(dF4-Vyq-dF*^VF+ err- 
and the derived equation is thus (?d?/ = 0, or simply c?t7=0. It thus appears that 
the point in question is an ordinary point on the tetrazomal curve; and, further, that 
the tetrazomal curve is at this point touched by the zomal curve^?7 = ^ An^ similarly, 
each of the points of intersection of the two curves VCT—O, VFq- VlFd- Vy = 0, is an 
ordinary point on the tetrazomal curve ; and the tetrazomal curve is at each of these 
points touched by the zomal curve ?7=0, 
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for which VO'+VF^O, VF + VF=0i to form the 
iNoim, taking m this case the two factoi-s 


let their product 


VCT+VF+Vr + V^ 
V^ + VF-\/F-V5^ 

= (VF + V F)* - (V F + V?)« 


eouation piocluct of the remaining six factors be called <?; the rationalised 

fluestion a and~rf^ equation is FdG+QdF=(i. At the point in 

J’=0, cZ-^=KF+VF)(rZ?7.fV'F+ciF-=-V?)-(V’F+vF)(dF4-V'F+dy+VF), =0, 

= “ question is thus 

point® on tC tf ^ 

point, on the tetrazoi^l curve^ And similarly, each of the points of intersection of 
the two curves V^7+^^^=o. Vr+V5^=0 is a node on the tetrazomal curve. 

wo r!!’ foregoing two examples respeetively are quite general, and 

y, in regard to a r-zomal curve, euimciate the results as follows, viz., in a 

sooZ'*’ simultaneously on two branehea are either the inter- 

of a antizomal curve, or else they are the intersections 

. ^ comp ementary parozomal curves. In the former case, the points in 

1”“’^ f”!? “ “ “'V - Fi"*” of C.„ J. of tt" 

nntizomal oLk T‘"“j inleiseoMons of Uio aomol oud 

if tT iSr intersections of the .-zomal and zomal. 

that the v-zomal has not, mi cjmieral, any nodes other than the points which are thus 
mw *^'®‘'°tions of a pair of complementary pavazomala, and that it has not in general 

HHV CllSljS* ^ 


Article Nos. 18 to 21. Singtikmities of a v-zomal Gurve, 

18. It has been already shown that the order of the if-zomal curve is = 2 -’-“ 7 >. 

i*^^f wheie v is =3 at least, the curve, as we have just seen, has 

tL niflf fff ^omal curves, and it has also nodes. I proceed to determine 

the number of these contacts and nodes respectively, 

19. Consider first the zomal curve Cf=0, and its antizomal VF+VF+&c. = 0 

f 2- f uf r i ’’ f ^ 

nnri, t fr f i“ reckoning 

each of these twice, the number of interseotions is =2''-»r», viz., these are all the 

mterseobions of the v-zomal with the zomal N=0. The number of contacts of the 
v-zomal Avith the several zonials F=0, F=0. &c.. is of course =2^-»rV 
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20. Considering next a pair of complementary parazomal curves, an a-zomal and 
a /9'zomal respectively (a + /9 — v), these ai-e of the orders 2‘‘~^r and 2>‘~^r respectively, 
and they intersect therefore in 2“+^“* = 2‘'~* r“ points, nodes of the i^-zomal. This 

number is independent of the particular partition (a, /9), and the 7y-zonial has thus 
this same number, 2”-* r\ of nodes in respect of each pair of complementary parazomals ; 
hence the total number of nodes is = 2''“'* into the number of pairs of complementary 
parazomals. For the partition (a, /3) the number of pairs is = [t/]" -r [a]* [/3]^, or when 
a = /3, which of course implies v even, it is one-half of this; extending the summation 
from « = 2 to a = p — 2, each pair is obtained twice, and the number of pairs is thus 
= {[v]” -r ['.(]“ [(S]^) ; the sum extended from a = 0 to a = v is (1 + 1)'', =2'’, but we 

tlius include the terms 1, v, v, 1, which are together = 2r + 2, hence the coiTect value 
of the sum is =2'' — 2v— 2, and the number of pairs is the half of this =2’'“^ — — 1. 
Hence the number of nodes of the r-zonml curve is = (2'’“" — - 1) 2'’~* 


21, The j7-zomal is thus a curve of the order 2‘'“*r, with (2”“'- v - 1)2’’”^ 
nodes, but without cusps ; the class is therefore 


and the deficiency is 


= 2'~-»r[(j/ + l)r-2]. 


= 2''->r[(a + l)r-6] + l. 


These ai’e the general expressions, but even when the zomal curves 17 = 0, F= 0, &c., 
are given, then writing the equation of the v-zomal under the form Vll7+ VmF+&c. = 0, 
the constants i : w : &c., may bo so determined as to give rise to nodes or cusps 
which do not occur in the general case; the formula) will also undergo modification 
in the particular cases next referred to. 


Article Nos. 22 to 27. Special Oase where all the Zomals have a Gammon Point or 

Points, 

22. Consider the cose where the zomals 17 = 0, F=0 have all of them any 
number, say k, of common intersections—these may be referred to simply as the common 
points. Each common point is a 2’'“^-tuple point on the v-zomal curve ; it is on each 
zomal an ordinary point, and on each antizomal a 2''~'*-tuple point, and on any a-zomal 
parazomal a 2“ ““-tuple point. Hence, considering first the intersections of any zomal 
with its antizomal, the common point reckons os 2''““ intersections, and the k common 
points reckon as 2>"’>k intersections; the number of the remaining intersections is 
therefore = 2*'““ (r“ — k), and the zomal touches the v-zomal in each of these points. 
The intersections of the zomal with the r-zomal are the /o-coramon points, each of 
them a 2‘’““-tuple point on the j/-zoraal, and therefore reckoning together as 2"““ A; 
intersections; and the 2‘'“*(r“-/c) points of contact, each reckoning twice, and therefore 
together as 2'’-“ (r“ - Ifc) intersections {2'’““* + 2>'““ (r“ - &) = 2'’-“?'» =r.2''-“r): the total 
number of contacts with the zomals C7=0, F=0, &c,, is' thus = 2''-» (r“ - /c) v. 
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23. Secondly, considering any pair of complementary parazoinals, an a-zomal and 

a /8~zomal, each of the common points, being a 2''“^-tuple point and a 2^“^-tuplG point 
on the two curves respectively, counts as — 2*'“^ intersections, and the k common 

points count as 2''~*k intersections; the number of the remaining intersections is tliere- 
fore = 2*'”^ each of which is a node on the i/-zomal curve; and we have thus 
in all — j;— nodes. 

24. There are, besides, the k common points, each of them a tuple point 

on the v-zomal, and therefore each reckoning as ^2''"^(2‘'"~^ — l), = “ 2’'"*^ double 

points, or together as (2-*'“® — 2^“^) A? double points. Eeserving the term node for the 
above-mentioned nodes or proper double points, and considering, therefore, the double 
points (dps.) as made up of the nodes and of the 2''”^- tuple points, tho total number 
of dps. is thus 

- 2*^^ (2^-^ [(v + 1) 2"-* -- k ; 

or finally this is 

so that there is a gain =2*'-^(j;-.l)A; in the number of dps. arising from tho k 
common points. There is, of course, in the class a diminution equal to twice this 
number, or — 1 )Aj; and in the deficiency a diminution equal to this number, or 


25. The zoraal curves f7— 0, F — 0, &c,, may all of them pass through tho same 
points ; we have then Ic ~ and the expression for the uiimber of dps. is 
viz., this is But in this case tho dps. are nothing 

else than the common points, each of them a 2-^-tuple point, tlie 7 ;-zomal curve 
m fact breaking up into a system of 2-^ curves of the order 7 ', each pas.sing through 
the 7- common points. This is easily verified, for if @ = 0, cp = 0 are somo two curvos 

i” present case, tlie zoinal curves are curves iu involution 

with these curves; that is, they are curves of the form i0+f'(I> = O, m® + m'<li=0 &c. 
and the equation of the T^-zomal curve is > •> 


vm -h / <P + Vm@ + m'<I) 4- &c. = 0, 

The rationalised equation is obviously an equation of the degree 2>'-» in ©, c[) eivini? 
therefore a constant value for the ratio @ : cP; calling this q, or writing we 

'^lq+ 1' + '^mq + m' + &o. == 0, 

to I"- ' vif “‘“‘7““ «f ‘I'O 2- in I, Md gives th..-e- 

2 values of q And the v-zomal curve thus breaks up into a system of 

zz ^0 *‘o r, f -f wift L 

curves U_0, cp_o. The equation in q may have a multiple root or roots and the 
system of curves so contain repetitions of the same curve or curves- an instance of 
this (in relation to the trizomal curve) will present itself in the sequel • but I dn not 
at present stop to consider the question. ^ ^ 
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26. A more important case is when the zomal curves are each of them in 

involution with the same two given curves, one of them of the order, r, the other of 
an inferior ordon Let @ = 0 be a curve of the order — 0 a curve of an inferior 
order r — ; i = 0, il/— 0, &c., curves of the order s] then the case in question is 
when the zomal curves are of the form © + &c., the equation of 

the 7/-zomal is 

Vi (© + Zcl>) 4- V7?i (@ -f Al^b) q- &G. = 0, 

where i, &g. are constants. This is the most convenient form for the equation, and 
by considering the functions A, M, &c. as containing implicitly the factors &c, 

respectively, we may take it to include the form Vi© q- M? 4* Vm^+ ]\M^ + &c. = 0, 
which last has the advantage of being immediately applicable to the case where any 
one or more of the constants i, m, &c. may bo = 0, 

27. In the case now under consideration wo have the r(r--s) points of inter- 

section of the curves ® = 0, 0 = 0 as common points of . all the zomals. Hence, putting 
in the foregoing formula Jc = r (r — s), we have a v-zomal curve of the order 
having with each zomal contacts, or with all the zomals contacts, having 

a node at each of the intersections (not being common points @=:0, ^5=0) 

of each pair of complementary parazomals ; that is, together ^ 1) rs nodes, 

and having, besides, at each of the r(r—s) common points, a 2‘''"2-tuple point, counting 
aa 2^*"”® — 2""® dps,, together as (2^'"““ — 2»'“^) r (r — s) dps. ; whence, taking account of the 
nodes, the total number of dps. is = 2''“"* r [(2’'“^ — 2) r -(v- l)s]. 


Article Nos. 28 to «87* Depression of Order of the v-zomal Ottrve from the Ideal Factor 

of a Branch or Branches^ 

28, In the case of the (r - s) common points as thus far considered, the order 
of the j;-zomal curve has remained throughout but the order admits of 

depression, viz., the constants i, 7?i, &c., and those of the functions A, M, &c., may be 
such that the Norm contains the factor <1^"; the 7v-zomal curve then contains as part 
of itself (<t‘^ = 0) the curve ch = 0 taken &> times, and this being so, if we discard 
the factor in question, and consider the residual curve as being the v-zomal, the order 
of the j;- zomal will bo = 2''“^?* — ci) (r — s). 
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being so, the general theorem is, that if we have branches ideally containing the curves 
O“=:0, &c. respectively, then the z^-zomal curve contains not ideally but actually 

the factor = 0 (ft) = c(+/3“f &c,), the order of the j/- 2 Jomal being thus reduced from 
to — a> (?’ — s) ; and conversely, that any such reduction in the order of the 
jj-zoinal arises from the factors — 0, 0^ = 0^ ideally contained in the several 
branches of the 7 >-zomal. 

32, It is worth while to explain tlio notion of an ideal factor somewhat more 
gonorally ; an irrational function, taking the irrationalities thereof in a determinate 
manner, may bo sucli that, as well the function itself as all its differential coefficients 
up to the order « - 1, vanish when a certain parameter cj) contained in the function 
is put =0; this is only saying, in other words, that the function expanded in ascending 
powers of cl> contains no power lower tliau <!>“ ; and, in this case, we say that the 
iiTational function contains ideally the factor <I>« The rationalised expression, or Norm, 
in virtue of the irrational function (taken doterminatoly as above) thus ideally con- 
taining (b'*, will actually contain the factor <5“ ; and if any other values of the 
iri’ational function contain respectively <1^^, &c,, ttion the Norm will contain the factor 

38, A branch ideally containing — 0 may for shortness bo called integral or 
fractional, according as the index a is an integer or a fraction; by what precedes 
the fractional branches present themselves in pairs, If for a moment we consider 
integral bvaiichos only, then if the jv-zomal contain (I> = 0, this can happen in one way 
only, there must bo some) one branch ideally containing ^)-0; but if tlio i^-zomal 
contain cp^cr-0, tixon this may happen in two ways,— oithor there is a single branch 
ideally containing d)'* == 0, or else there are two branches, each of them icleallj'^ con- 
taining <I>5=0. And generally, if the j^-zoinal contain thon forming any partition 

(o-a -I- 0 -I- &;c. (the parts being integral), this may arise from there being branches 
ideally containing <l>^=:0, &c, respectively, The like remark, s apply to the case 

where wo atteml also to fractional brauclios, — thus, if the jz-zomal contain <&==0, this 
may arise (not only, as above montioimd, from a branch ideally containing 4^ = 0, but 
also) from a pair of branches, each ideally containing = And so in gonoral, if 
the 7 ;-%onml contain the partition o) = « y3-h &c. is to bo made with tho parts 

integral or fractional {— h or integer as above), but with tho fractional terms in 
pairs ; and then tho factor - 0 may arise from branches ideally containing = 0, 
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is, through a single branch ideally containing <I) = 0), tlien fclic j^-zonml will have two 
branches, each ideally containing 0 = 0, and it will thus contain <I>''' = 0, In fact, i! in 
the zomal and antizouial, or in the complementary parazomals, tlio branchc!.s whirli 
ideally contain 0 = 0 are 

Vi{0 + Z^ + &c, = 0, iVO) + &c. = 0 

r espectively (for a zomal, the +&e, should be omitted, and the first equation bo widtt.m 
\^i(0 H-ZO) = O), then in the a-zomal there will be the two branches 

(ViTe + iO) + &c.) ± (ViI^TifO) + &c.) = 0, 
each ideally containing 0 = 0. 

Conversely, if a v-zomal contain O» = 0 by reason that it has two bmnolias oacli 
Ideally contaunng O = o, then either a zomal and its antizoma! will each of them or 
else a pair of complementary parazomals will each of them, iiisopaiubly contain 0 = 0. 

35. Reverting to the case of the v-zomal curve 

V/(©T2o) + ^^(e+ji/o) + &c. = 0, 

contoiD 4) = 0. each of tho r{r~s) common points f9 = 0, (!»=.() is .. 
in tk ““O'" «' ‘1>« cor-oo, vk. tl,„ o„„„ <i>.o 

“no o;^;L - «■» — 

is still a 2^-titple "imiot * comim.ti points 

passes 2.-’ times tkroiiffh eaeti curve; tlio aggrogato curve tliuroGiri) 

« Ittssagos t The Z r’“T 7“’ 

.ho\.ial_pZ Zmtelt rf*' ‘'“.“'"r T''- 

each of the r(,-e) T (2«- tTf ““ 

curve ci.=tO meets the v-zomal in IS--!*,.!. / »^-5iomal. The 

the r(r-s) common points, each of them a u~f^ 

therefore counting together as ^ P””^^ u-zoinal, and 

-0-.) other iLictions o/the ^ 

excluding coTsL'ratrn ^e factor c> = o. thou through, ml 

intersections of any zomal with iti In'tLT'"'" the remainiu!, 

the r-zomal, and the remaining interaections^ o^^ of contact of the zomal witli 

are nodes of the ,f-zomal, it being understood tharif oomplomontary parazomals 

contain a power of (I> = o such nowpi'B r rr zomal, antizoraal, or parazoiiial 

residual onrves attended ;o.'"ThrZb:r bo discarded, 'and only the 

particular case be investigated without diffim R 

themselves in the sequel, but on account If i-T will present 

account of the different ways in which the factor 
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0 triiiy prowstii) ibwilf, idoully in iv ahiglo braiioh, or in sovoiul branohcs, and tho 
(!onHC!(|Uoiili (H!(nn'i'(in(!(i in (Jio liili(;((r ciihc! of jx) worn of <[> — () in corbun of tlio ramtils, 
lUifizonnilH, or ])iiruzoiiinlH, tho ousoh to bo ooiiHidorod would bo vory luiinorous, and 
tlioro in no rtsiiHoii to boliovo that blio ronidtH could bo prcHOUtcd in any inodomtoly 
(uuu'.iHO form ; .1 tliorcforo abstain from outoriiig on tlio (pioKtion. 


Article iMoH. !I,S and Sli). On Iho Trisomtd Ourvo and tho Totrazomal Curm. 

ItH. Tlio trizomal curve 

V;/.|-VF-|./1K=:0 

lias for its ratioiudisod Ibnii of oi|Uabiou 

f/» p .p lira „ 2 V IK ~ 2 WU - 2 1/F = 0 ; 

or ns this may also bo writtoii, 

{I, \, I. -1, -1, - :i,)(f/. V, TK)‘-“ = 0i 

iiud wo limy IVoin this rational I'ljuatioii verify the I'cnoriil rcsidtH applicable to tho 
case in hand, viz., that the trizomid is a curve of tho iirdcr 2r, and that 

If ! ;<), at each of its r* inberscctiouH with V ~ IK => 0, 

K-0. .. .. IK- ?;-(), 

ir.-n. „ ,. u-v^o. 

rosiieelively touch the trizomal. 'riicro arc not, in gonoral, any nodes or cusps, and 
the order boiiii( » 2r, tho class is 2r (2r — 1). 

IK). 'I’he telmzoiiud curve 


V7/-l-V'K-t-VlK-|*v'2'=() 
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Article Nos. 40 and 41. On the Intersection of two v-Zomals having the same 

Zonal Curves. 

40. Without going into any detail, I may notice the question of tho intersoctioii ol 
two v-zonials which have the same zomal curves — say the two trizomnls V’ T}''5= (I, 

or two similarly related tetimomals. For tho trizomals, Avriliiig 
the equations under the form 


V?7 + v'Fq- VlF = 0 , V/ V 17 + fm V F+V» VF = 0 , 

then, when these equations are considered as existing simultaneously, we may, without 
loss of generality, attribute to the radicals fU, VF, fW, the same values in tho t«'o 
equations respectively; but doing so, we must in tho .second equation siuicosHiiudy 

attribute to all but one of the radicals fl, fm, fn, each of its two opposite values, 
tor the intersections of the two curves we have thus 


V(/ : V K : V If = 


ym-'vn : vii 


f 1/ . T V T 

Viz., this IS one of a system of four equations, obtained from it by changes of sign, 
say in the radicals and ViT. Each of the four equations gives a sot of iioiiKs;’ 
Trver intersection of the two 




the form ‘®trazomal curves;, writing tl 

V7f+ VF+ Vf+ V?’=0, 

ViVi/-+ v?tt -/?+ Vjj VF + Vp V.f = 0 , 

to fm >Jn >JZ n CO' iaecond equation attribute siiccossivcly, siiv 

^ )VF+(yp-v'r) VF=o, 

. +(^«- Vw)VF + (v5j-Vw)VF==0, 

cTaiige'rorsl^' of tltlls' vfv^ '' ^ 

tnzoinal curve, of the oixler 2f tho i,’ represent each of tlicin a 

if each of these was a point of therefore in di?-” points, and 

in all 8x4r’ = 32F interLtions But tirtet^ ^J^oiild liavo 

the order 4j-, and they interaect thovof ! ®ach of them a curve of 

that not all the 4rs points, but only 2rnfTh°”^ explanation is, 

In fact, to find oirthe intersections^ of tho ‘f^efsections of the tetrazomals. 

equations to attribute oppo,site siena to 1° tnzomals, it is necessary in their two 
intersections from the eqLont JC 3 ^ 1 

two equations after we have in tho j ’ ° remaining 2r’’ intersections from the 

second equation reversed the sign, say of V2' 
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Now, from tho two oinmfcions as thoy Httind wo can pass back bo the two tetimomal 
oiinatioiiH, and tho (irsb-monbioncd 2r“ points are thus points of inborsection of the 
two tijbmzoiniil ourvoa — from tho two o(jimtions after” such reversal of the sign of 
vr; WO oduiHil) pisH buck (lo liho two totra5?onial otiuatioiis, and tho last-mentionod 2r^ 
pointH arts IImih nob points of intorsiHJbioii of the two tebrnzomal curves. The number 
of int( 3 rHOobi()nM of tho two onrvoH is thus 8x 2?*^ =10?*^ as ifc slioiild be. 


Arbiolo Nt>H. 42 to 45, Tho Thoorem of the DecoiKposition of a Tetrazomal Oicrve. 

42, I (jonsidt)!’ tlio t(5tmzomal eiivvc • 

V/ If H- f m V 4- f n If *f- == 0, 

whoro liho ztnuid ourvos arc in involution, — bimb is, where we have an identical relation, 

ixU^^ 1)1^4 cF+ dT-0; 
and I proCiMnl bo sliow that if m, n, p satisfy the I'olabion 


I 


VI 




c d 


a 1» 

tlm <!nrv(! l)r(!akH up into two trixomals. In fact, writing the oqnation iindor the form 

(V« fZ-h Vm f + s/nWy-pT = (), 

and sahstibuliing for its value, in toruis of tJ, V, TK, bliis is 

(id -p/ja) If + Ond + ph) F-l- (jkI +po) IK 

P 2 V»t«d VF17-P 2 Vtt/d V IKf/.p 2 Viwd >/UV = 0 ; 

or, cimHhba'ing tlm loft-liiind sido as a. (puidric function of (Vf/, V K, V lK), tho condition 
for its breaking nji into liujlorH is 

li I H- ^)a, cl V tm , d Viji, I “ 0. 

d Vwi, Ht(l-Pj)b, d\A/m 
(iVni, dVnm, Jid-Ppc 
ji‘ (ibed + wicda-P ?idab +;mbo) =* 0, 


that is 


or (inally, tho condition is 


■ + 


in 


n , 

+ - + 
b c 


a. 


■ 0. 


43. Multiplying by WH-/}a, and observing that in virtue of blio roiation wo navo 


abd 


(id -P^ja) (wnl +pb) = Imd'" --im 


accl 


(id + pa.) (nd + 2 )C ) =» IncP — pm, 
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the equation becomes 

^(/d+;)a)VF+dVimv'T+d Vk V?iVF -cV'?>iV'Ty^ , 

or as this is more conveniently written 


((vr+ ^.) v^+ Vwr)“ = ^ f (b VnF- . 

an equation breaking up into two equations, which may bo represenbocl by 

V^r+V7lv^+V?^F=0, 

where 

Vmj=vjrj-7j^fbV« , V7ir,=Vm+7^ |bF« 

Vn, = Vn + 7 f C Vm , Vft, = Vn - 7 b^l f 
where, in the expressions for Vi, &c., the signs of the radicals 


Vi Vm Vm A /— , 

vq vm. y 

may be taken deterininately in any way whatever at pleasure; tho only (iirccli <>f 
alteration of sign would ii^some oases be to interchange tho values of (V /„V'«i,. \ 
mth those of (Vlj, V^, V«j), The tetrazomal curve thus brealcs up into two trixuiuii 

44. It is to be noticed that we have 


/, mi 

a + T 



- + ^’ + 2 


P 

a 


^h + cdT 


a mp 


that i 


IS 


\ ^ dij U+b+a+dj’ 


ftud that similarly we have 


a b c * 


e+¥+-=o. 

a b c 





(V/ , Vm . 0 . + » y = 

and tlio others may bo deduced from these by a cyclical permutation of (O’, V, W), 
(a, b, o), (Z, m, n), leaving T, d, p unaltered. 
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viz., the trizoiual curve V'il7+ V»iF + V'rtT? = 0,— if a, b, c bo any tiuantibioH {joimcctcd 
by (jhe equation 


(the ratios a, b, c thus involving a single arbitrary |)araniu(iei*) ; and if we iivkii T a 
function such that a[r+bF+ cT'r*fcl2^= 0 ; that is, ^—0, any oih^ oI the hmiii's hI 
curves air+bF+c’(F'= 0, in involution with the given curves U—i), l^==(), • 

has its equation expressible in the form 

a 'JmU- b >/iV+ uT = 0 ; 


that is, we have the curve (the equation whereof coutaius a vai’iablu ji/u'annMrr) 
as a zomal of the given trizomal curve \HU -\-\^mV-\-\/n\V-{)'j and \vt^ Inivn (Inut 
from the theorem of the decomposition of a totnizomal dedu(!ed tlio tlieormu of tlii^ 
variable zomal of a trizomal. The analytical investigation is .sot no what. Miini>liiiei| liy 
assuming = 0 ah mitio, and it may be as well to repeat it in tltis form. 


47. Starting, then, with the trizomal curve 


and writing 


^lU+^mV -h = 0 , 

a?7+ bF+ GlF + dy = () 


as the definition of the coefficients being connected by 


a bo' 

the equation gives 

IU‘\‘ mF + 2V/?aFF^MF=={); 

■ substituting in this equation for W its value in terms of U, V, T, wo luivo 

(a» + gI)U+ (bn + cm) F + 2c VtoW + dnT = 0, 
hich by the given relation between a, b, c, is couvorfced into 


Vim UV+ ihiT = 0 ; 

lat is 

8?mU + b^iF - 2ab VtoCfF = — nT, 
z.i this is ^ 


finally 


(aVmf/-b ViF)^ 
a VwF--b ViF+y/^I^Hy,,,, 0. 
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48, The result just obtained of course implies that when as above 


aff + b7+cTF+d2'=0, - + ^^ + ” = 0, 

a D c 

the trizomal curve Vil?7 + V'??iF+ ValF=: 0 can be expressed by means of any three of 
the four zomals U, V, TF, T, and we may at once Avrite down the four forms 


( ■ ■ 

a/I ■ - 

jm 

V P ’ 

Am 

/ abc 

Aj 


A 

Im^Si 

V c“ ’ ■ 

• > 

Vs?' \ 

1 aijG 

Jin 

* P 


j ?id 

VP’" 

■Va= ’ 

, - /y 

/ abc 

/7d 

A/td 



V abb’ 

V abb' 

V abb’ 



the last of which is the original equation V?jiF+ V»]F = 0. It may be added 

that if the first equation be represented by VwiFh- V} i,TF+ y2}iy=0,— that is, if we 
have 


and therefore 


V«b = A/j. = = V^abc’ 

c'^d"boU ‘^b^oj’ 


b 


or if the second equation bo represented by Vij[lH-V»iaF + y 2 ) 32 ' = 0,— that is, if Ave 
have 




and theroforo 


a c cl 


or if the third equation be represented by VZafl+Vff 
have 


, Tr I ±/' 


''ftVi' 


and therefore 


h , ^**3 I Pa _ n 

a+ b +d"''’ 


62—2 
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then the equation of the trizoinal may also be expressed in the forms 

( • , ) (VCf, vr, ^/W, VF) = O, 

■ _■ yt. V'? ' 


and 


'^Pi, 

Aiibd 

V ac ’ 

VI-. . 

* i 

-V 4 , 


vr, . 

• ) 

Vna , V_^;g 

Aw 
V T^- 

“ , 

. .V 

Ai^jad 

V "b^’ 

. 

Acd 
. V ab ’ 

• 

> V'^cd ’ ’ V 

A^sab 

V cd 

> » 

, -Vwa, 


iicd 

ab 


flM 


V'ia . , . , Vpa 

/m^od fl^d /— 

V TT’ “V'^’ ’ • 

49. These equations may, however, be expressed in a much more elegant furiii. 
Write 

0^8)' 


C7S«)’ '^"(Sa/S)’ 


(«/37) ■ 


where, for shortness, OyS) = (^1 - y) (^ - S) (S - /3), &c, ; (a, jQ, y) being arbitrary quantitio.s : 
orj what is the same thing, 


Assume 


a I b : e : d=a'(/37S) ! -b'(78o) : c'(Sa/ 3 ) : -d'(ay9y), 
I :m ti = pa' (/3 - y)’ ; ab' (y - «)= • tc' (« - /9)«; 


then the equation i + ~ + - = 0 takes the form 
a b c 


p (^ - y)<« - 8) + <7 (y - «) (j8 - S) + T {a - /3) (y - S), 
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41 . 4 ; 


and l.ho lour lonnH nl' (.ho oi|iiul;iou nns foinid to bo 

( , , S), \^p (y — f 3 )) Vb' K, 'JkW, V^d'2’) = 9) 

VT(7"fi), . , '//j(S-a), V<t(<k-7) 

V(r(S — /4), . , ^(/y-a) 

\l p {(i-- y), \l(r{y~a), 

viji., lihiiHO Hvo IiIh' otniiviiloiili Ibi’niH of fclio oriffiniil o<|Uu(.i(ni UKfininod to bo 

(/y ~ 7) V p\\!U •(• (7 «) ^^(rb' K (a ~ (i) Vto' IK = 0. 

r>(). 1 nuimrk that l;lio Irluioroiu nl' tliu variablo zoinal may bo obtaiiiod as a 

traiwrnnniii.ioa l.boitn'in- viz., omnjmriiijjf l.lut ((iiniiliioii V/f/"-!- VvaKH- Valf = 0 with fclio 
CMlual-ioii N'^/r -b V'wv/ = 9 ; fchis lust Imhiii/'H t<( 11 oonio liouclmd by fcho thvoo linoa 
rtiTTtO, 5 tliii oiniufcioii ol' fclio HiuiK' ooiii(! iiiUKi;, it IS ol(Mir, Ix! cxpi’OHsiblo in 

a Himi'liu' ronii by iiioaim ol' any i)(.hoi‘ tlnsio fciiiifcoiifcs fclioroor, bat fcho o((aati(ai of nay 
taugoiil. of I, ho ooaio is n.r 1 lo/ i- oc: »(), wlioro a, b, « aro nuy tiaiuititios Hiifcisryinj' the 

(!o]i(lil.ion ^ I- " whonoo, wnliiij' a.r -i- In/ -l- ('3 -bdw = 0, wo may iafcrodiioo w = 0 

al(ni/.f with any l-wo nl' l.ho origiim! zoniala ; 0, c»r, iastoad of fchoai, nay 

fclinui I'mioliimiK of fclio fonii w; mid l-boa l.hn mofo obaii^m of fw, ?/, s, w into ?./, V, IK, T 
givoH fclio fchoni'om. Hat it. is as oimy i.n ooiidiiofc fclio aiiulyHiH with {IJ, K, W, T) as 
with («!, I/, a, w), and. so (■ouduofcod, it is roally l.lut saiao aiialyslH as I, hat ivhoroby fclio 
tJuioroni is ostablisliod tiula, No, 47. 

fil, It in woi’Mi whilo to oxhibifc fcho oiiaaldou of fcho oiirvo 

V/4/'l\/mF-|V«IK^=0, 

in a Iona ooiilaiaiii^ Maoo iimv zoiiials. Olworvo tliat liho oi|iiafcioii 

HafciHliod by a^lil>x> h^-.,axO, o««7h/,, if only f; 4- </» I- ^ « 0 ; or say, if (5 = a' -a", 

oi|iiHfcioii 

X V(a n‘) (a - a.") I (a.' ~ a") (u' - a) m K-l- (a" - a) (a" - a') n IK 

-b V(/i -if) (8 -/»") "//’)(// + 

H- V V((: ) (0 - «") KJ-h (o' ~ 0 ") (o' ~ 0 ) w Kd- (?'- of(c" - «') h-TK = 0 

iH coiiHCM|UOiitly all ()i|nafcioii involving fchroo zoiaals of tliu iii -i,... — , .... . 

inino X,/i, 1/ in siiobwisc ns to identify thin with fcho origianl oqiuifcion Vlf7-|- ^1)1^+ V?ilK, 
viz., writing sucoossivuly f/ « 0, 1K~0, wo iind 

(a' - a") X -b (6' “ i") g 4- (o' “ 0 ") >' = 0, 

(«." "(0^4- (b" -b)/i + (c" - c ) J/ » (). 

(a — a' ) X -b (6 -b')fi + (o — c' ) a “ 0, 
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equations which are, as they should be, equivalent to two equatioius only^ and wliioh 


ll 

1, 1, 1 

1 

1. 1. 1 

; 

1 . 1 . 1 


b, b', b" 


C, C^, 0^^ 


a , a', ft" 


Cj d , d' 


a, a\ a" 


b , b', h" 


ami the equation, with these values of X, fi, v substituted therein, is in fact tlio 
equation of the trizomal curve V/^ + VmF+ Vwlf= 0 in ternia of threo now zoiiials. 
It is easy to return to the forms involving one new Jiomnl and hny two of tlio 
original three zoinals. 


Article No. 52, Remark as to the Tetraeo^nul Curve, 

52. I return for a moment to the case of the tetrazomal cvirvo, in order to nlniw 
that there is not, in regard to it in general, any theorem such aa that of the variable 
zoinal. Considering the form Viir+Vmy+V« 2 : + Vj>«; = 0 (the coordinates w, y, z, w are 
of course connected by a linear equation, but nothing turns upon this), the ciirvo is 
here a quartic touched twice by each of the lines (v-O, ^ = 0, w = 0 (viz., onoli 

of these is a double tangent of the curve), and having bosidets the throo iioclos 
(.t! — y, « — ia), (a, = ^, i/=w), {oi — w, y=^z), But a quartic ciirvo with three muhis, or 
trmodal quartic, has only four double tangents— that i.s, besides the linos .v = 0, y ™ 0, 
s-0, w=0, there is no line «® + ^i/ + 7 ^ + Sw = 0 which is a double tungent of the 
curve; and writing U, 7, W, T in place of ®, y, z, w, then if [/, V, 17, .7' him 
connected by a linear equation (and, d fortioii, if they are not so connected), thorti is 
not any curve aV + fiV+yW+&T=0 which is related to the curve in the saiiio way 

]r T «’i 2’=0; or say there is not (besides the curves 

t'-O, K-0, 17=0, J={)), any other zomal aU+0V+yW+B'J:=^O, of the totrawirnnl 
curve. The proof does not show that for special forms of U, V, W, T thoro may 
not be zomals, not of the above form aI7+^7+7F+ S2'= 0, but belonging to a 
sepaiate system. An instance of this will be mentioned in the sequel. 


Ai-ticle Nos. 53 to 66. The Theorem of the VanaUe Zomal of a Trizomd Curve resumed. 

k/JTf'a. / “iir foiegoing theorem of the variable zomal of the trizomal curve 
m + The variable zomal 2-0 is the curve aIfq-b7+oF=0, where 

a. b, c are connected by the equation ^ + ^ + ^‘=0; that is, it belongs to a single 
.ucl, th.l thB fcohian «r,I, lhl"f .'T 7?" ”-'>• ^-O’ “• “"S 

Riven cuiveB' in nnvtie>.lnv T identical with the Jacobian of the throo 

Riven enivee, in putioular. the Jacobian of any one of the onrvoe a!7+bF+ ofT. 0, 
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aud ol' two of btu 5 tliro-o givoii cuvvoh, ih idcntiieal with the Jacobian of tliu three given 
eni'VOH, T call to mind that, by the Jacobian of the curves U=0, ^=0, TF = 0, is 
Tiioiiiit tho cnrv(! 

j(U V = = 0 . 

dJV, d„W, (hW 

v\/ui lilin tuirvi) hy to zero tlio Jacobian or functional dotGrniinanb 

of tho fuiud/ioim U, K, IK. Huino ])roporti^^s of tlio Jiicjobian, wliich arc vnatorial as to 
what follows, lire nnuitioiHul in tho Annex No. I, 

;if()v the comphdx^ stiiUnnout of tho tliooroin of tho variable zonial, it would bo 

n(K5<iHHary U) intorjU’ct j^uioinoti'hsiilly tho condition '(j "h “ = thereby showing liow 

tiho singh*. sorioH of tho variablo zoinal is soloctod out of the doublo series of the 
(mrvoH ar/-hbK'|"(?lf r:.0 in involution with tho given curves. Such a gooincUdcal 
in torprotatiou of tln^ condition may V)o sought for as follows, but it is only in a 
pfirti(ndar cams alfnrwards lucntionod, that a oonvoniimt goomotrica! intcrprotatlon is 
tlnnushy obUiincd. 

ni. OonHidcr tho lixod lino il -I- (///-h = 0, and lot it bo proposed to lind 

tluj loouH of th(^ {r-^\f poh!H of tho liu(^ fi-O in rogavd to tho Horios of curves 

tU7 + b7 + <!F«(), where ^ = 0. Take (ie, y, z) uu tho (ioordiimtca of any oiio 

a i) c> 

(.f the ill (|UOHtioii, then in order that (.e, y, s) may belong to ouo of the 

(r-l)“ iwiles of tins Him il~p!«‘[-qy + rs~0 in regard to the onrvu aiZ + bF-l-cF = 0, 
wo muHt have 

4(af/’d-b7.|.elf) : 4(alf4-by + elF) : ^(atf -I- bF-h : (/ : r; 


or, what in tlui naimi thing, 

t= (ij.fl ! d,/fl ; dJjifl 1 

and bliOHO equatioiiH give without difficulty 

a ! b : c«.7(F, F. O) i /(F, U, fl) : J {U, F, O), 

whonco, Hubutituting in the equation ^ + jj' 'b ^ ~ 


aa the locus of tho (r-l)’ poles in question. Eiush of tho Jneobians is u function 
of tho order 2r-2, and tho order of tho locua is thus =4r-4. As tho given curves 
i7 = 0, F»=0, F«0 belong to tho single serios of curves, it is clear that the locus 
passes through the S(r~l)* points which arc the (r-l)» poles of the fixed line in 
regard to tho curves U'^0, F=0, F=5 0 respectively. 
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55. Ill the case where the given trizoinal is 

Vi (0 + X(I>) + V«t(0 + + V«(0TW) = 0, 

s = r-l, that is, where the zoraals @ + i;<I> = 0, 0 + il/(li = O, 0 + iY<I) = O are each i.f 

them curves of the order r, passing through the r intersections of the lino 41 = 0 

with the curve 0 = 0, then, taking this line <h = 0 for the fixed line XI = 0, wo havo 

J ( F, F, O) = J'(0 + M), 0 + M>, 4)) = <I) (j|f, iV}, 
ii; for .hortLSM, |Jf 6, + ar 4.,, „,| 

two jKoobiaiis, so that, attaching the analogous signiliootions to fiY. Lt anti fX, #1 the 

equation of the locus is i > j i > j. ■- 

^ , __w_ n 

IM, 

whei-e observe that each of the curves (i¥, iY) = o, (Y. /v) = 0, (Z, M} = 0 is a curve 
tie oidei 2)' 3; the order of the locus is thus =4r-6, and (as before) tliis 
octis passes through the 3(r-l)» points which are the (r-1)^ poles of the lino (I)=0 
111 regard to the curves 0-|-i;4i = O. @ + M) = 0, 0+iV(I) = O .4iLtively. 

36* In tho cas6 ?'=2, the trizomal is 

Vi (0 + /A>j + Vift (0 + M<P) + Vm (0 + _ o_ 

where the zomals are the conics 0 + M) = O, 0 + il/<I)-ft fii u Arns o i 
through the same tivo points 0 = 0, 4> = 0; t4 itl o7 iio p if oflLtm ^ 
in regard to the variable zomal, is the conic 


... j : , , n . 

{M, Yj + jAr Zi + jiTlTj-O. 


and second of the giver if Tf 'f. 

clearly miy conic through the noir^Vf ^ 'r arbitrary, the locus is 

manner to the thT Z/JnL 11 Tu “T “ 

thereof, and it would be easv to ?ivc'n. """'i the Jacobian conic 

case in hand. (See as to thi Annex No emmciation of tho theorem for tho 

with the plan adopted in the ' remainder of ao°ordanco 

points 0 = 0, 0=0 are thrlT that the 

en«nciat.l u;der a^Z f ^ 0 

of any three circles, then in the trizomal ’ > ^ - 0, (S -0 are the eqiiation.s 

VzSl“ + V infB'’ + V ?i(£“ = 0, 

«.c -c W.CK u4r.“''“r:frgr s? 
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cooffioiontH ly m, n iii‘<v not given in the iivHt instance, but are regarded na arbitrary, 
tlrcn the liiHfc-niontionod ('onic in any conic whatever through the three centres, and 
tlujro helongH to sue.h conic and the aeries of zoinala <lerivod therefrom aa above, a 
trizonml <nn've V/V(" -I- Vvn'B'’ + Vnt?" = 0, Thin ia obviously the theorem, that if a 
variulile eirchs Ima its <!eutre on a given conic, and cuts at right angles a given circle, 
then the onvtiloite of the variable circlo ia a trizoinal curve V^?r + 
wliore 91'' -- 0, 'iV'-^O, (;?'’ = () are any throe circles, positions of the variable circle, and 
I, m, 11 are (sniHtaut (|uautitit;H depending on tho selected three circles. 


I’Airr ]:L (Nea. 57 to 104). iSuhsidiahv Invkhticiation'.s, 

Article Nos, 57 and 58, Preliminary .Itemurh, 

57. Wo Ituve juat IsMin led to cousi(l(n‘ the (ionica which puss through two given 

j)oiiita. TInwo ia no real hisa of goiioraiity in taking these t<» bo the circular points 
ut infinity, or say tlio points I, every tluau’cm wliich in anywise explicitly or 

iinjilieitly ndatea to tlioai' two points, may, without tho iiocoasity of any chango in the 
Htuttiiuent tluM-col', he undesrstood aa a tlnioroin relating instnad to any two points P, Q. 
I eull to mind that a oinde ia a conic paasing through tho two points /, J, and 
that lines at riglit angles to (sach otluir are lines harmonically related to the pair of 
linos from their intersetstion to tho points I, J resjunitivoly, so that when (/, J) are 
j-cplaeud by any two given iiointa whatever, tlio expression a (urcle must ho understood 
to nntan a (sonic passing through tho two given points; and in .speaking of lines at 
right angliSH to (saesh otlier, it must be midersteed that we moan lilies hariuouioally 
I'olated to the pair of linea from their interseetUm to tho two given points respocitivoly. 
For inatams', tho theorem that the .TiKiobian of any tliroo circles ia their orthotomic 
cirele, will nn'aii that the .Taeolnau of any three conies which each of tliein passea 
thi'oiigh the tw(» given poivita is tho orthotomic conic through the aamo two points, 
tliat is, the tsoiiie such that at each of its iiitoroectioiiH with any one of tho three 
conies, the two tangents urn liarmoiiically rc'latod to the pair of linos from tliia intor- 
Hootioii to tho two given points respectively. Such extended inborprotation of any 
theorem is applicable even to the theoroina which involve distancos or angles — viz., 
terms "dislanee" and "angle” have a detorminate signifioabion when intorprotod 
I’oferenee (not to bim eireular points at iulinity, hub instond thereof) to any two 
pointa whatever (see as to this my “ Sixth Moinoir on Qualities,” Nos. 22 

Phil Trans„va\. t!XT.lx.(185()),pp. Cl— !)0; see p. 86 ; [158]. And this being so, tho tlicorom 
can, without change in tho statouiont thereof, bo under, stood na referring to the two 
given pnintH, 

58. 1 say thou that any tluHn'cm (referring explicitly or implicitly) to tho circular 
points at infinity J, J, may bo vmdoratood na a theorem roforring instead to any two 
given points. We might of courso givo tho tliooroms in tho first instance in terms 
explicitly rel’orring to tho two given points — (viz., instead of a circlo, speak of a conic 
through blu! two given points, and so in other instances); but, as just explained, this 
is not really more general, and tlio theorems would bo given in a less concise and 

0. VI. 
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fainiliar form. It would not, on the face of the investigations, be apparent tlmt in 
treating of the polyzomal curves 

Vi (0 + i4>) + (0 4- M^l^) 4 &g. = 0, 

(0=:O a conic, cl) = 0 a line, as above), that we wore really treating of the enrves I hr 
zomals whereof are circles, and therein of the theories of focn and foeofoci us ulionl 
to be explained. Aiid for these reasons I shall consider tlio two points 0 — 0, <I) ^ ^ 
to he the circular points at infinity /, /, and in the investigations, &c,, intikt,? mhh ui 
the terms circle, right angles, &c., which, in their ordinary significations, havo iniplirir 
reference to these two points. 

The present Part does not explicitly relate to tlie theory of polyzonml <survoH, hm 
contains a series of researches, partly analytical and partly geometrical, whieli will ht> 
made use of in the following Parts III, and IV. of the Monioir. 


Article Jnos. c9 to 62, 


ihe UvGular Points at Infinity; Jiectanyidar and (Jirculnr 
Coordinates, 


o9, The COOK mates made use of (except in the cases whoro the g(5iioml trilim-nr 
cooKimates («, y, z), or any other coordinates, are explicitly referred to), will bti eil.lior 

the ordinary rectanplar coordinates .i;, y, or else, ris we may term them, tlio iiiriMdi.r 

s^n ^Jtlior n.Hc I 

coordinate is b fa^rt eoordmato z, it being undoratood fclmt tlii*i 

in different iiivcanA’ retained or replaced by this its valih', 

Tein rLr?!r ™ investigation, ns mfvy for dm time 

are either the reotr'^T ' terms, wo may say that the cimrdimilrr 

by the equations (f=0 2 = 0) and fwio ^ 

in the etala, c»rii„„te, „-e (1 0 01 1 m m 7 rcepoohyoly, .lel 
.heteve, M tatoity fc fof avory |„n„t 

(«, “■« <». 1) Mltl (oiiirahir) 

the points I, J, are ' ’ ^ equations of the lines through A to 

z:-az + i(y-a'z) = 0, a,-.az-i(y-a'z)=.0 

respectively, or they are 


^“«2 = 0 


r}-ci!z=o 


respectively. These equations if (a n't nv r /\ 

equations of any two lines through the noirtra / r arbitrary, will, it is clear, bo 

6 lie points i, j, respectively. 


the 
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III, W’v have ii'iiin (‘i(hi*r i»i' lUv MijiuUinuni in {a\ //, z) 

Mf-y I (y aVy I), 

fhal \ \, lliu tVuni rjn’h fitliri' iiT any twu points (^r*, ;#/, I), uimI ((^ (t\ I.) in a 

lino lliiiMijOi I ./ i?i ' 0. Ami in |nuiinnlnr. il' ihnii — 0; thali in, ihv. 

ill'^fauf'M III’ tlio |itiinl- (m, ti\ t) imm / nr •/ \h in vnv\x ruMoriO. 

(i;?. ( -niriiilnr Inr a inniiiPiil* any l liror jinints /*, (4?, vl ; tln^ iJiapnmlitnilar (liHliinoo 

ni I* iVnni i^K^ is tvianpj*' /\!vl -Mlistanoi* ; if (j) \n\ any j)ninl> nn \>\\o lino 
lliiMvn»li A In oitlior nT (In* pninlM /, anil in piirltiailiir iT Q ho nithor of Uio ])oinlH 
•/, lliiMi (ho triauk^fln /*(//! is linito, ImiI (Im ttiMlnutto fjh'l in ^*0; ihal; in, bhu 
|if'iprni liouliu’ <li*>t!nirn nl /* Ii mih I In* Hno l>lii'iin^4i A In nil.lnn* nT l lu^ pninln /, »/, 
lha! fji. tVnni any lino l lmint.*h lallnM' nl' llioan jininl**, in j X) , llnb, uh Jual. alatod, l\\v 
liianr,h* is fniihs nr t^ay tin* 1i'ian),(loM /V;l, PJA urn oanh linii.n ; viz., tln^ 

riiHiilinali ;i (rrrianrpilin It ul /*, A lioiuit (.r, //, I), (//^ (t\ 1) nr (oii'inilar) (f, I), 

< I ), I ho o\|M o^*a*ai?i ihi’ I In* dnuhloH nl’ l lioso trianj^'h'^ roMpi'otivoly aro 


iC. 1 / , r, : 

!l » 5 

- i. 1 , 0 : 

7. 1, 0 

It, 1 1 

n, a*, 1 


I har is. I hoy aio ( n o!!mi»nhu’ moi iliimtos) ;r - uz ! 1 {// — n'c), w -- az — i i»i’ 

toiioular rniinlinaiost ft.:, »/ d ;. 

^onlin^' iho il.aihli^ an as hy /7vl, ivsporUvoly, and iho H^piUKsl diHianni* 

III fho piiiiits d. l\ hy VI, wo Imvi* 

VI (** n;?y I {if ^ 

^ ^ ( if * uz), 77 4*1 . 7 *p/4' 
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whence the equations of 

AJ, A^J are | - a 2 = 0, ^m-O, 

BJ, B,J „ ^~Bz = Q, v~a'z^ 0 . 


65. Considering any point P the cooifiinates of which are z (- 1), hit 

9(, 8, ?li, 8i be its squared distances from the points A, B, yli, P] I’espectively ; then 
by what precedes 

21 ={^-az){i]~a'z), 

8 


and thence 


\={^~az){rt-B’z), 
®) = (f - Bz) (■>? - <x'z ), 

2[.8 = 2I ,. 8 ,; 


that is, the product of the squared distances of a point P from any two points A, It, 
is equal to the product of the squared distances of the same point P from the two 
antipoints Ai, B,. This theorem, which was, I believe, first given by mo in the 
BducaUonal fimes (see reprint, vol. vi. 1866, p. 81), is an important one in tlio theory 
of foci. It is to be further noticed that we have 


21 + 8 - 21, - 8, = (a - B) («' - B') z\ = Kz^ = K, 


if if, be the squared distance of the points A, B, =-Hqunrod rlistanoe 

of points 1 • 


06. A similar notion to that of two pairs of antipoints is as follows, viz., il’ 
^om the centre of a circle perpendicular to its plane and in opposite sonsos, wo 

reTuLf 1 f of these distances 

afZill Tt ^ r n f pairs of 

sectiorof the twoire 

spieies raving their centres at the two antipoinbs respectively. 

Article No. 67. Antipoinis in relation to a Pai,^ of Orthotomio Gircles. 
and !Iy ftht T 

right angles Converselv if o • i P Wi> A), then these two circles cut at 
io S™ .SrS. th.i,™'',''’" B. thoa all the 

dtaata. a chale, !*.□' the.B 1101*1!^ "•' 

radii in the ratio 1 • i and ox t • °°’^‘^®ntrio circles ivith their 

gno angles, oi say they ai-e concentric orthotomic circles. 
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Ai'tiiihr Non. (is Lo 71. Fornm of the Eqimtioii of a Oirde, 

iiiS, In riMtliiiij'tiliu’ i‘.iii)nlinul.itH l.lu) wjualiioii of a circle, coordhiatcH of ceiifcre 

(if, I) iinil rmliiiH i-u", iw 

I’l " -- (.'« (nY • h (// ~ (ifsY — ~ 0 ; 

null ill eirculiir rimi'diiiiiliw, Uio cofiriUiiiitieH of the ceuti'o hoitig (a, a', 1), aiul radius 
ri," ns liefore, (lie ei|iml>ion is 

**1' ; 3 (^2 — a?) (»/ — a'z) — = 0. 

(HI. T iiliHerve in jm-wiiiK, tlial. the orijfhi beiuj' at the centre and the radius 

hi'iiijf !i|, (Ill'll writiiijt also 5=- I, tJui eriuatioii of the circle is fj? = l, that is the 

ciivniiir i-eordiindeH of any point of the circle, expressed by irioanH of a variable para- 

meli'i’ 0, me (^0, 1^. 

(0. (hniMiiler a eiirreiit, point I\ the (nKmliimtos tif which (rectangular) are 

. > I ), miil (eiic.nliii) are y, ^ 1), then the foregoing expression 

')(■' rrs {.« ~ acY ■ i- (,1/ ~ >l/sY - 
c"! ( ^ ™ az) (t) — a's) — 

deiiulen. it is eicar, the Hi|Unro of the tangential distance of the point P from the 
eivele ','1 ' 0. 

71., Ihit (here is aiietlier hiterin’oCntieu of this Hame function visi., writing 

ihi'i’ein a * I, and then , 

yi” (I/- «')'•■ 

we see tliat VI is the sipiured ilistanee of P from either of the autipoints of the 
i \\v\v (iMiiniM lyin^, il- will rin^nlK^nltul, out at tho piano ol the circle), and wo have 
thiiM (.he (heoivin (.hat the H.piuro of the tangential distunco of any point from the 
eiivle is etpnd to the Hi|niiie of its distaiiec IVoiii oithcr antipoint of tlio circle. 


Article Nos. 7'i l.o 77. On a Fi/Hlom of Sixleoi Poiiiis. 

72 'Pnhe {.I, Jl, 0, ,/)) any four conoyclic points, and let the antipoints of 

{.II, (I), (A, D) 1)0 (W,i Ol), (A,, ])i), 

{V, A), (il, J)) .. (O.U A,), (.Wa, Jh), 

(A, Ji), (V. l>) .. Uh. Jio), (a. A). 

then each of (lie tliree new selH (A|, Bi, 0,, A)i (Aa, Jh, Oi, (> 
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As regards the circle R, since its centre lies in BGy the circle passes tlirough 
(i?i, Oi); and since the centre lies in AD, the circle passes through Di), that is, 
the four points {A^, G\, Dj) lie in the circle R. Similarlj'^ (An, A, Oy, lie in 

the circle S, and (A 3 , B.^, 63 , Dg) in the circle T. 


74. The points R, S, T are conjugate points in relation to the circle 0 ; that is, 
ST, TR, RS are the polars of R, S, T resiDectively in regard to this circle ; and they 
are, consequently, at right angles to the lines OR, 08, OT respectively; viz., the four 
centres 0, R, 8, T are such that the line joining any two of them cuts at right 
angles the line joining the other two of them, and we see that the relation betwoon 
the four sets is in fact a symmetrical one ; this is most easily seen by considcratioM 
of the circular points at infinity I, J, the four sets of points may be arranged thus : 

A, A 3 , Ay, A|, 

B^, B , Bi, Bij,, 
a, 0,, G, G,, 

A, A. A, D , 

in such wise that any four of them in the same vertical line pass through /, ami 
any four in the same horizontal line pass through J ; and this being so, starting for 
instance with (A3, B^, A) wo have antipoiuts 

of (A, AX (Aa, A) are (A, A)> {A. A). 

» (A> Aa), {B„ A) „ (A, AO, (A, A), 

„ (A3, A), (A> A) „ (A, B), (0, D), 

and similarly if we start from (A^, A, A, A) or (A„ A, A, A). 


^ 7o. I return for a moment to the construction of (Ai, A, Ai A); these arc 
points on the circle A and (A, A) are the autipoints of (A A); that is, they are 
the intersections of the circle R by the line at right angles to BO from its middle 
point, or, what is the same thing, by the perpendicular on BG from 0. Similarly 
•I A) are the antipoints of (A, D); that is, they are the intersoctions of the 
circle by the perpendicular on AD from 0. And the like ns to (A, Z?,. (7,. A) 
and Ji^, 0}, Dj) respectively. 

stai ting with the points A, B, 0, D on the circle 0, unci construe ting 
six choTds perpendiculars from 0 on the 

the pei’pendieulars on BO, AD meet circle R in (jS,, Gi), (Aj, A). 

BD „ „ s „ (G„ A,), (A. A), 

OD „ „ T ,, 

-P' «■ * 
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77. If to fix the ideas {A, B, G, D) are real points taken in order on the real 

circle 0, then the points li, S, T ai'e eaoh of them real ; but R and T lie outside, 

iS' inside the circle 0. The circles R and T are consequently real, but the circle S 
imaginary, viz,, its radius is into a real quantity; the imaginary points (A,, 5,, (7„ A) 
are thus given as the iirtersections of a real circle by a pair of real lines, and the 

like as to the imaginary points (ils. (^a> l^a ) ; but the imaginary points (.dj, A> A) 
are only given as the intersections of an imaginary circle (centre real and radius a 

pure imaginary) by a pair of real lines. '^I’he points (A, A^) qitd autipoints of (G, .rl) 
arc easily constructed as the intersections of a real circle by a real line, and the like 
as to the points (/is, Ag) qud antipoints of {B, D), but the construction for the two 
pains of points cannot be effected by means of the same real circle. 


Article Nos. 78 to 80. Property in regard to Four Gonfocal Gonics. 

78. All the conics which pass through the four coucyclic points A, B, G, D, have 
tlioir axes in fixed directions; but three such conics are the line-pairs {BG, AD), 

(GA, BD), and {AB, GD), whence the directions of the axes are those of the bisectors 
of the angles formed by any one of these pairs of lines ; hence, in particular, con- 
sidering either axis of a conic through the four points, the Hues AB and GD are 

c(|nally inclined on ojiposito sides to this axis, and this leads to the theorem that 

the antipoints {A.„ A) (A. A,) are in a conic eoufocal to the given conic through 

(yl, Ji, G, A); whence, also, considering any given conic whatever through (A, B, G, A), 
tlui points (yli, Bu Ou Ai). (Ag, Ag, A, Ag), (A,, B„ G„ Ag) lie severally in three conics, 
each of bliem eoufocal witli the given conic. 
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ellipse we have the two points {G, Z)), then drawing the diameter Off conjugate to 
GDj and through its extremity ff a confocal hyperbola, the autipoints (Gsi Z)b) will 
lie on the h 3 ’'pei'hDla. Suppose (4, iJ, 0, D) are concyclic, then, as noticed, AB and 
CD will be equally inclined on opposite sides to the transverse axis of the ellipse — 
the conjugate diameters OFy Off will therefore be equally inclined on opposite sides 
of the transverse axis— and the points F and ff will therefore be situate symmetrically 
on opposite sides of the transverse axis, that is, the points F and ff will respectively 
determine the same confocal hyperbola, and we have thus the required theorem, vi?:., if 
(4, B, G\ £>) are any four concyclic points on an ellipse, or say on a conic, and if 
(ila, B^) are the aiitipoints of (4, B), and (Cg, Dg) the antipoints of (ff, B), then 
63 , 7 ) 3 ) will lie on a conic confocal with the given conic. 


Article Nos. 81 to 85. System of the Sixteen Points, the Aosial Case, 

81. The theorems hold good when the four points A, B, ff, 1) are in a line ; the 

antipoints (B^ 61 ) of (B, C), &c„ are in this case situate .symmetrically on opposite 
sides of the line, so that it is evident at sight that we have (Au B^, ff,, Bi), 
{A^, fffi, AX A. Gs, A)> each set in a circle; and that the centres R, 8, T 
of these circles lie in the line, The construction for the general case becomes, however, 
indeterminate, and must therefore be varied, If in the general case we take any circle 

through (J5, G), and any circle through (A, D), then the circle R cuts at right angles 

these two circles, and has, consequently, its centre R in the radical axis of the two 
circles; whence, when the four points are in a line, taking any circle through (B, ff), 
or in particular the cii'cle on BG as diameter, and any circle through (A, B), or 
in particular the circle on AB as diameter, — the radical axis of these two circles 
intersects the line in the required centre R, and the circle R is the circle with this 
centre cutting at right angles the two circles respectively; the circles 8 and T are, of 
course, obtained by the like construction in regard to the combinations (ff, A ; B, B) 
and (A, ff, B\ respectively. It may be added, that we have 


R 

8 

T 



extremities ^ 

- centre and *1 

of diameter S 

J 1 

l^of circles rji 


sibiconjugate points of involutions 


B, ff; A, A 

ff, A; 5, A 

A A 


and that (as in the general case) the chcles R, 8, T intersect each pau' of them at 
right angles ; and they are evidently each intersected at right angles by the line 
ABGB (or axis of the figure), which replaces the circle 0 in the general cose. 


82. If the points A, B, ff, D are taken in order on the line, then the jDoints 
R, 8, T are all real, viz,, the point R is situate, on one side or the other, outside 
AB, but the points 8 and T are each of them situate between B and ff; the circles 
R and T are real, but the circle 8 has its radius a pure imaginary quantity. 


83. If one of the four points, suppose A is at infinity on the line, then the 
antipoiuts of (A, D), of (.S, B\ and of (ff, D) are each of them the two points (/, /). 
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It would at first sight appear that the only conditions for the circles li, S, T were 
the conditions of passing through the antipoints of {B, G), of (G, yi), and of (A, B) 
respectively, and that these circles thus became indeterminate; but in fact the definition 
of the circles is then as follows, viz,, li has its centi-e at A, and passes through the 
autipoints of {B, 0): (whence squai'cd radius =AB,AG). And similarly, S has its 
centre at B, and joasses through antipoints of (G, A), (squared radius =BA .B(J)\ and 
T has its centre at 0, and passes through antipoints of (A, B), (squared radius 
= CA , GB ) ; these three circles cut each other at right angles. As before, A, B, C 
being' in order on the line, the circles B, T ai’c real, but the circle S has its radius a 
pure imaginary quantity. 

84>. That the circles are as just mentioned aiDpeara as follows: taking the line 
as axis of w, and a, b, o, cl for the x coordinates of the four points respectively, then 
the coordinates of A,, jf), arc 


whence, m being arbitrary, the general ecpiation of a circle through Aj, Dj is 

+ y'^ - + ['HI (« + (1) — cul] — 0, 

writing heroin 
this becomoH 


k‘ 

m = a — 5 

cl 


gfi -p tf - 2 ^ j icz + -1^- -j) = 0, 


and wo find 


viz,, for (Z=co it iH ^ „ 

(«; - azy + 2 /^ - - 0 . 

which is a circle having A for its centre, and its radius an arbitrary quantity h. If 
the circle passes through the antipoints of B, G, the coordinates of these are 

(5 + o), i 'it (5 — c), 

fc'j = [i- (6 + c) - «]“ - - o)“ = (« -&)(“- o). 

8') Keverting to the general case of four points A, B, (?, D on a line, the 
theorem ns to the confocal conics holds good under the form that, drawmg any conm 
whatever through (A., B„ 6\, A), the points (A„ B„ G„ A), and (A„ A, ^ 

in confocal conics, those conics have their centre on the line, and axes in the direction 
of and perpendicular to the line. When D is at infinity the confocal conics become 
any three concontiie circles through (A> ^i)> (^s> ^ lespec ive y. 
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■where BOB, &c., are the triangles formed by the points {B, G, D), &c, ; the analytical 
expressions are 

a : b : c ; d = 


1— 1 

; - 

0, o', 1 

: 

d, d', 1 

: - 

a, a', 1 

c, c', 1 


d, d', 1 


a, a', 1 


b, b’, 1 

di d\ 1 


a, a', 1 


b, V, 1 1 


0 , o', 1 


so that 

a +b +0 +d -0, 
aa + bi H- cc + del = 0, 
aa' + b6' + co' + dd' = 0 ; 
this being so, it is clear that we ha've 

aSr + b9}“ + cg‘’ + d2)° = 

[a (a“ + + b (6“ + 6'“ - H + c (oH c''^ - c"*) + d (d^ + d'^ ~ d"^)] = Kz^ = K, 
a constant. 


87. I am not aware that in the general case thei'e is any con'venient expression 
for this constant JjT ; it is =0 when the four circles have the same orthotomio cii’cle ; 
in fact, taking as origin the centre of the orthotomio circle, and its radius to be = 1, 
■we have 

a‘' + a'’-a"‘' = l, &c., 

whence 

7f = a + b + c + d~0; 

that is, if the circles A, B, G, B have the same orthotomic circle, then §r, S3°, 6!“, 2)'’, 
a, b, c, d, signifying as above, we have 

ar + bS8“ + cr + d2)“ = 0 , 

and, in particular, if the circles reduce themselves to the points A, B, G, B respectively, 
then (writing as usual §t, S5, S, 3) in place of SP, 58°, S°, 2)°) if the four points 
A, B, G, B are on a circle, we have 

aSI + b93 + cE + dD = 0. 

88, This last theorem may be regarded as a particular case of the theorem 

aSr + b© + cE + d2) = = /f, 

viz., the four circles reducing themselves to the points A, B, G, B, we can find for 
the constant JC an expression which will of course vanish when the points are on a 
cii'cle. Por this purpose, let the lines BG, AB meet in R, the lines GA, BB in 8, 
and the lines AB, GB in T ; we may, to fix the ideas, consider ABGB as forming 
a convex quadrilateral, R and T Avill then be the exterior centres, 8 the interior 
centre ; a, b, c, d, may be taken eeiuetl to BOB, — GBA, BAB, — ABG, where the areas 
BOB, ko., are each taken positively. The expression a5( + b© + cE + d2) has the same 
value, whatever is the position of the point P (so, y, «=!),; taking this point at R, 
and writing for a moment 

RA = a, RB = ^, RO=^y, RB=:8, 
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then 

BGD = (RGB - RBB) = ^RB {RG - RB) sin E = (7 - ^S) 8 sin R, 
with similar expressions for the other triangles ; and we thus have 


a$( -h b33 -h o(£ + dS) = . sin R 


-a)y 
+ 7^ (8 — a) /3 
I- S=(7-/3)«i 


= ^z‘‘ sin R (By — aS) (7 — /3) (8 — a), 


that is, replacing «, /9, 7, 8, by their values, and writing also 2 = 1, we have 
aSI + b© + 0® -h dS) = i sin R.(RB.RG- RA . RB) BG.AB, 
whore 4" sie R . BG , AB is in fact the area of the quadrilateral ABGB ; we have thus 

a91 + bSB + c(S + d5) = (RB . RG - RA . RB) □ 

= (8G .8A - SB .SB)D 
^(TA,TB-TG .TB)0 

whore it is to bo observed that 8 A, 8G being measui'ed in opposite directions from 
S, must be considered, one as positive, the other as negative, and the like as regards 
SB, SB, iPhis expression for the value of the constant is due to Mr Orofton. In the 
particular case where A, B, G, B, are on a circle, we have as before 

a9( + b93 + c(5 + d2) = 0. 


89. If the four points A, B, G, B, are on a circle, then, taking as origin the 
centre of this circle and its radius as unity, the circular coordinates of the four points 
will be 

(.,1,1), 

the corresponding forms of §r, &c,, being 

9r = (? - 02) ^ Mo- 


tile expressions for a, b, c, d, observing that we have 


s, 

7. 

s. 


/3-‘, 


7- ‘. 

8 - >, 



1. /3. 

1) 7> 7® 
1, S, 8» 



(ByS), &c. 


if (/378)j &c, denote (yS — 7) (7 ~ 

a : b : c : d=^a(Sy^) ■ : 7(S«/3) = 

which are convenient formula for the case in question. 
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90. If the points A, B, G, D, are on a line, then taking this line for the axis of 
A', we may write = + &c. It is to be remarked hero that we can, 

without any relation whatever between the radii of the circles, satisfy the equation 

ar + b53“+cr + d2)“ = 0; 

in fact this will be the case if we have 


a +b q-c +d =0, 

aa + b6 + cc + drf = 0, 

a («= - fO + b (5'“ - 5"“) + c (c= - c"») + d (cP - d"^) = 0, 


equations which determine the ratios a : b i c : d. In the case where the cix’cles reduce 
themselves to the points A, B, G, D, these equations become 


giving 


a +b +0 +d — 0, 
aa +hb + cc + dfZ = 0, 
aa*' + b6* 4- cc^ + dd^ = 0, 

a : b : c : d = (6cf?) : ~(cda) : (dab) : ~(abo ) ; 


if for shortness {bed), &c. stand for {b-c){o-d)(d~b), &o. ; 
have 


a9l +b93 +c(5 +d!l) =0. 


and for the.se values, wo 


^1' veiy noticeable case is when the four cii’cles are such that the foregoing 
values of (a, b, c, d) also satisfy the equation 


ar + b58“ + cr + d2)° = 0; 

the condition for this is obviously 

aa"»+b5"» + cc"« + d(i"» = 0; 

or, as it may also be written. 


“ I , c"“ 

(a - 6) (a - c) (a - d) (b- c) {b - d) (6 - a) + {i^d){e-a){o-b) - W 


Article No. 92. On a Loom eommted with the foregoing Properties. 

92 If as above, A, B, G, D are any four points, and §[, 58, (5, ® are the 
lZ7i thT lx “ 77 ^ respectively, then the 

a V9l + b VlB + c V® + d V® = 0. 

In fact the sura a§l + b58 + c® 4- d® hnq if Koc w , » 

positions of the point P; takil' P to be fh 

/I a/I-w s r ^ ® other focus, its squared distances are 

(fe-VA), &c., xvhence for the first-mentioned focus we have 

a9l4-bS8-fc®.pd2) = a(^-Vf)» + b(fc-V8)Hc(*-.V®)^q.d(Ai-V®)’‘; 
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or roooUoofcing bliiifc a -I- b H- o -t- d = 0, if. follows that wo have for the locus m qnesbioti 
IV V!)r -1-1) ViJ3 4-o =0; this locus will bo rlisGiiBSod in the sequel. I remark 

hero, that in the ease wlioro tin) four points are on a cii'cle, then (as mentioned above), 
the axes of the aoveral conics are in the same fixed directio)is ; there are thus two sets 
of IVici, those on the axis in one direction, and those on the axis in the other direction ; 
it might therefore bo anticipated, and it will appear, that in this ease the tetrazomal 
In'eahs up into two triKomal ciirvcs, 


Artielo Nos. 951 to !)M, Formnko us to ike two Sets {A, B, 0, D), and (A.,, Bi, Gi, A). 

eaoh of four Gonoyolio Points. 

9;i. (Jonsidor tlm four points A, 71, G, J) on n circle, then taking, as before, their 
circular coordinates to bo («, 1), {/3, A, 1), ( 7 . 7 '. ^)> (5- 1). condition that 

the jKiints may bo on a circle is 

1 , a, a‘, aa! |= 0 , 

1, A 0, /9/3' 

1, 7> 7 '. 77 ' 

1, S, 8', 88' 

vi/., this equation may bo written 

(/ 3 - 7 )(«~-S) : (7 ~tt){B - 8) : («-/3)(7“S) 
,«(^'_y)(a'_8') : (/-a') (A -S') : («' - A) (7' - S') ; 

or if, for shortness, we take 

/' = «'-S', 

/) =B Y - a , (/ = /9 - 8, 6' = 7' - (/ ~ff- 8', 

C“«-/3, //. '= 7 '-'S, o'=a'~0, 


and c()imo(]Uontly 


tlmn the equation is 


(I f‘Y by -k oh »» 0, af + h'g' -I- o'h' — 0, 

(t =5 (j — h, a' “ 

h ’=’h-f, h' =^h‘-f, 

0 o' 

a -1- b -k (J » 0, a' -k 8' -k c' =0, 

af : by i oh — a'/' : b'y' ; o'h'. 


f)4. Lot a, b, 0 , d, denote as before (a : b i c : d = BOB : - ODA 
thou wo have 

a : b : 0 : cl « 


0. 0> 1 

: — 

7 . 7 '. 1 

: 

8, S', 1 

J - 

« , , 1 

7. 7 '. 1 


8, S', 1 


a, a', 1 


0, 0', 1 

8. 8', 1 


«, a', 1 


0, 0'> 1 


7» 7 '. 1 
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Article Nos. 99 to 104. Fuiiker PropeHies in relation to the same Sets 
{A, B, G, B) and (A,. Bj, D,). 


♦ ■ p * p t ^}h oy 

99. It is to be shown that in virtue of these equations, and if moreover - + [-•^ = 0, 

* abed 

then it is possible to find I,, nij, n,, px, such that we have identieallj' 

- ^91 + + 7iK - p^ + ^j9l, — TOi93, - = 0. 


This equation will in fact be identicallj' true if only 

-ffl + <J(j'm-Vhh'n . -ghfnii-y'hnx =0, 

cc'm + hh'n —ffp . + c6'm, + bo'nx = 0, 

gdni ~ hh'n + ffly + gh'nii ~ ho'^h — 0 , 

cg'm ~ hh'n . + cA'wi, + bg'ih +ff2h - 0. 

From the first and second equations eliminating ?n, or 7 i,, the other of these quantities 
disappears of itself, and we thus obtain two equations which must be equivalent to 
a single one, viz., we have 


^o'ff ^ + o'g'afm + bh a'f'n + g'hff'p = 0, 
b'cffl + cga'f'm + b'hfafn + gh'ffp = 0 ; 

which equations may also be written 


,aT J'g' ^ 

and it thus appears that the equations are equivalent to each other, and to the 
assumed relation 

i+’“+2tr=o. 

abed 

100. Similarly, from the third and fourth equations eliminating m or n, the other 
ol these quantities disappears of itself, and we find 


<i9'ff\-cga'fmx + afo'ifnx-dgffpx^0, 

hh'fflx - afh’h'my + bha'f'ux - h'hff^h = 0, 
equations ^vhich may be witten 
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where we 
equation 


see that the two equations are equivalent to each other and to the 



^+^‘-i+4‘=o. 

bi Cl cli 


II) l)hus appears that the quantities lu ^hy Vu i^st satisfy this last equation. It 
is to bo observed that the first and second equations being, as we have seen, equivalent 
to a single equation, either of the quantities ??ij, ?q, may be assumed at pleasure, but 
the other is then determined; the third and fourth equations then give ii, pi; and the 

quantities ^i, so obtained, satisfy identiGolly the equation ~ 4- y-q- — + y^O. 

Ui bi Cl cli 

101. Now writing 

ffh 9 + h'nii) + h (b'n + o'ni), 


and 


wo find 


ffpi = - 0 (g'm - h'mi) + b {h'n - 

ffp = c (c'w + + 5 (6'?i + c'jq), 

ffl- = g{g'm-h'mi)+h{h'n-g'ni\ 


f\P ihh - ip) = -(i>g-i- oh) [{o'm + b'mi) {h'n - g'n^) + {g'm - li'nii) {b'n + 

= {bg + oh) {b'g' + o'h' ) - mn), 

= ua'ff' {miih - mn), 

that is 

{lipi “ ^)) = aa' {m,n, - mn) 

via., this 0 {|uatiou is satisfied identically by the values of I,, nii, n,, pi determined as 
above. 


102. Hence if mitk^nm, we have also liPi = lp, and we can determine mi, jq, so 
that mill, shall =mn, viz., in the first or second of the four equations (these two being 

1 

equivalent to each other, as already mentioned), wilting vh - 9n, and therefore m, = g m, 

wo have ^ 

“ ffi + ^*^*' ’*' “ gh'nO - g'hm g - 0> 


cc'w + hb'n — ffp + d>'n6 + bo'm g = fi. 


which are, in fact, the same quadric equation in 6, viz., we have 

—ffl + gfm + h h'n „ _ 
co'm + hb'n —ffp oh' bo' 

The final result is that there are two sets of values of li, nh, «i, pi, each satisfying 
the identity 

- M + mS3 + wS - “ miS3i - nA +p,%=^ 0, 


0. VI. 


65 
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: mn. 


and for each of which we have 

103, Consider, in particular, the case where ^ = 0 ; the relation 


here becomes 

The equation in 6 is 
viz., this is 
giving 

or else 


, ag^ all 

(cc'm + hVn) Q + cfi'v# + 6o'm = 0 , 
{gB + c'm) {\)'nB + 6) = 0, 


c 


cw 




bn 


% = 


cm 


b ’ 

_ - V Vn 

Wn' h' ’ 


om 


Since in the present case = 0, we have either ^i = 0, or else ^1 = 0, and as might 
be anticipated, the two values of 6 correspond to these two cases respectively, viz,, 
proceeding to find the values of the completed systems are 

"-3 • ...=-‘1*, y,=o, 

so that for the first system we have 

^ . «ll , A n 

^ + -^S^ + m59 + fte=-Z,$r, + OTA + nie:j. 

and for the second system 

ot'j ii\ p'l „ . , 

Cl 4 " = mn, - m + mtB + jig = . 

form if tiio foi6going investigation w'ould have assumed a more simple 

cucle ABOD „ .„g,„, fte mlb. of Ikia cWo boon put - 1 ; ,vo should bhon 
have = &c., and consequently 


/9y“’ ^ ~ya^> f^^o> f ^/, 9' = ~^g, 

symmetr 
so cleaady shown, 


^7 ya ' '' a^''" ^ ^ 

but the symmetrical relation of the circles ABOD and A B P D wnni/i k u 

so clearlv alinAun Would not have been 
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I will however give the investigation in this simplified form, for the identity 
— + m33 -h = — i|?( + Wi53 + ?iiS ; viz., in this case we have 


f i§.z..ylMz3 _ ’i (/3 - 7 ) (y - S) 
« /3(7-«)(“-8) 7 (a -/3)(a - 7 )’ 

and the identity to bo satisfied is 


j 

1 


= -h 

4- 

1 

i-r) 


H-M 


+ «i 


writing ^=oiz, — wo find mi, and writing | = r) = -z, we find Wi, and it is 
then oasy to obtain tho value of li, viz., the I'osults are 


(« - /3) (/ 3 - 7 ) , - 7 )(Y-a ) ™ 

S (7 - a) (« - ^ ) 7 * a— 

and thoroforo iniWi = inn ; it may bo added that we have 

~5"'a-s 

viz., this ia the form tussuincd by tlio equation ^ 


)ii = - m 


a - /3 

<y — ct * 


Part III. (Nos. 106 to 157). On the Theory op Foci. 

Article Nos. 105 to 110. Eceplanaiim of the General Theory, 

105 If from a focus of a conic we draw two tangents to the curve, these pass 
respectively through tho two circular points at infinity, and we have thence ttie 
generalised definition of a focus as established by Plucker, viz., m ^ any cr 
focus is a point such that tho lines joining it with the two circular P^s 
are roapoctivoly tangents to tho curve; or, what is the same thing. 1 
tho circular points at infinity, say from the points I, J, tangents 
ourvo, the intersections of each tangent from the one point with e 
tho other point are the foci of tho curve, A curve of the class n nas ouu» ... 
eeneral foci. It is to be added that, as in the conic the line joining the points 
Sf contact of the two tangents from a focus is the directrix corresponding to that 
tus sTin general the line joining the points of contact of the tangei^s from the 
focus through tho points J, J respectively is the du-ectrix corresponding 0 

ill quoBtion, - gg 2 
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106. A civcular point at infinity I or J, may be an oitlinary or a .singular 
point on the curve, and the tangent at this point then counts, or, in the case of 
a multiple point, the tangents at this point count a certain number of times, say 
q times, among the tangents which can be drawn to the curve from the laoint; tiio 
number of the remaining tangents is thus =n-q. In particular, if the ciroular point 
at infinity be an ordinary point, then the tangent counts twice, or we have 5 = 2 ; if 
it be a node, each of the tangents counts twice, or 5 = 4 ; if it be a cusp, the tangent 
counts three times, or q~i. Similarly, if the other circular point aii infinity be an 
ordinary or a singular point on the curve, the tangent or tangents there eoimt 11 certain 
number of times, say 5 ' times, among the tangents to the curve from this point ; 
the number of the remaining tangents is thus =n-q'. And if as usual we disregard 
the tangents at the two points I, J respectively, and attend only to the remaining 
tangents, the number of the foci is = {n - q) (n - q'). 


107. Among the tangents from the point / or J there may be a tangent whioli, 
either from its being a multiple tangent (that is, a tangent having ordinary contact 
at two or more distinct points), or from being an osculating tangent at one oi- more 
points, counts a certain number of times, say r, among the tangents froin the point 
m question. Similarly, if among the tangents from the other point J or I, there is 
a tangent which counts ?•' times, then the foci are made up os follows, viz. wo have 

Intersections of the two singular tangents counting as , 

Intersections of the first singular tangent with each of 
the ordinary tangents from the other ciroular point at 
infinity, as 

Do. for second singular tangent, 

Intersections of the ordinary tangents .... 

Giving together the 


foci. 


(n — q — )'') r 
(n - 5 —r)t'' 
(n~q ~ »') (n — q' — r') 


• (>*'-<?)(?» — q') foci : 

each of the points I, J include more than one singular tangent. 

108. There is yet another case to be considered ; the line infinity may be an 
01 iii«ty or a smgubr tengenl to the curve: ossiiming that it counts » time^ nmonK 
ha taugont. from erthor of the circular point, at iuiiuilj, the uurubera of Z 

trZLrTw "•<' 

maum to^l''” the two point, /, / are i-olatsd ia tiro wrno 

rrr.„rp.r',..r.ti:;z;t^^^^^ r-T'” 

Writing m-o -/! = «_„'_ » _ f character as in number. 

singula? tangLs, I shall as™ 

of the two points is =«• the number^f f if tangents to the curve from each 
corresponds a du-ectrix viz thi? ? L r ll n 1 ^" 

tangents fr-om the focus to tL two points 
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IK). (JtinMidor any two (boi A, li not in lined with oithov of the points I, J, 

I, linn joiiiiti;( thoHo with tlui piiiuts I, J, and takiiij' j'I,, ./i, the iiitoi’Hoction.s of AT, BJ 
and <if AT, lit (yl,, li, boin^' l.lun'ol'on! by a fovogoing dolinition fclic antipoints of (yl,7J)), 
tin'll ..I), II, aro, it is c.loar, foni nf tlio ouwo. Wo may out of tins p’ fooi soloct, and 
that ill 1.2../) dill'oront ways, a systoin of /) fooi muih that no two of them lie 
in lined witli oitlior of the ]H)int.H J, ./ ; and this being so, taking tlic antipoints of 

caeli of tlio i /»(/)'••’ I) liidi'H out of the ji fooi, wo liavo, inohisivcly of tho p foci, in 

all /Id- 2. i/i (/)'•' I), that is /)'•* fooi, the entire .system of foci. 

Article Nos. I l l to 117. On. the .Foci of Oonios. 

111, A conic is a curve of the class 2, and thb nnmbor of foci is thus 

Taking ns foci any two points .4, II, the remaining two fooi will bo tho antipoints 
d,. //,. In order that ti given point A may be a focus, the conic must touch tho 
lines At, AJ \ siinilarlj', in order tliat a given point B may bo a foou.s, the conic 

must touch the liin^N III, B,t\ the oipiation of a conic having the given points A, B 

for foci coiilainn therefore a single arbitrary parameter. 

112. In tile case, however, of the )mrabola the curve touches tho lino infinity; 

there is coiiseipiently from encli of the iioints /', J only a single tangent to tho 

curve, and coiiHetiuently only one focus: the iiarabola having a given point yl for its 
focus is a collie, touching the line, iniinity and tho lines AT, AJ, or say the throo 
sides id' the triangle AIJ\ its eipiatioii eontaiiis thoroforo two arbitrary paramotors. 

nil. lleturiiiiig to the general conic, there are certain trizonial forms el tlio focal 
conation, not of any great interest, but which may be mentioned. iJsing circular 

rdiimtcH, and taking («, 1) and (fi, IT', I.) for the coordinates of tho given foci 

.1, II rcMpee.l ively, the conie touches the lines f — «« - 0, i/ — a'a-0, ^ — 
i;-/Te«0; the equation of a oonie touching tho lirst three lines is 

V/ (f -W) + \/)i()/'~ == 0, 

where I., lU, n are arbitrary, and it is t;asy to obtain, in order that tho conic may 
lotieh the fourth line the condition 


IM., Ill fact, )4 having this value, tho equation gives 

I (f as) d* III (f - /9s) d- 2 I (»i - 0 iv - + (^' “ «') ^)> 

null taking ever the term 

(wi - 1) W - «') “ O - «) («‘ - 

p - a 

gives ^ 

I (I 0 g) .p (f - «f) + 2 Vim - 02) (f - /3«) == “ ^ 
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which puts in evidence the tangent — It is easy to see that the equation may 
be Avritten in any one of the four forms 

V7 (f - oa) + V m (f - ^z) + {m - 1) (»/ - q!z) - 0, 

- 00/ - /3'a)= 0, 

Vi 'Jm{i}-^z) + /^- («i - 0 (? - ) •= 0, 

+ V U^“i3'0 + -i/- 1 Oft - 0 (^ - /3^) - 0, 

containing any three of the four radicals Vf — a^, '/tj — a'z, 

Vi?-/ 32. The conic is thus expressed as a trizomal curve, the zomals being each u 
line, viz., they are any three out of the four focal tangents; tiro order of the eurvo, 
as deduced from the general expression is =2; so that there is hero no depression 

Ar AV/'lrxii 


ordinary form of the focal equation is a more interesting one ; viz., 

emg as usual the squared distances of the current point from the two givon 
foci respectively, say ” 

^l={^-az){i)~a.'z), 

then 2« being an arbitrary parameter, the equation is 


2a« + V3l + VS3 ==0, 

being curves of the 

-4’- but in the ‘•eapeotively: the general expression 2-'-*r gives therefore tho ordoi- 
-4, but in the piesenb case there are two branches, viz., the branches 

2«.« q Vsi - VS = 0, 2a«- VSi + VS’=0, 

fcVe' “''“‘f' •*» “"WnB the«fo..„ (,._0) 

J wice, and omitting this faotor the oi-der is - 2, as it alioiikl bo. 

eqiJi"' ,i.l.Tfo.r ““ -S.. 'vriting tho 


9l + SB + 2VSIB-4a%» = 0, 

ared distances of the current point from Ai, 
3153 = 31,33., 
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whoro k in tlio squared distance of the foci A, B, suppose: whence putting 

a“(1. — the equation becomes 

+ Si + 2 V^i - 46V = 0, 
lilmt is 

V2l, + V©, + 26^ = 0, 

which ia lih(! required now form. lb ia Imrclly necessary to remark that the equation 
iaz-\- V2( t' V® = 0, putting thoroin z~l, and expressing 91, 93 in rectangular coordinates 
moaHuvod along the axon, is the ordinary focal equation 2a = - aef +• j/’ + V(a; -hae)“ + y*. 

!I,1V. I remark that bho oiiuation 2a0+V2(+V93=O gives rise to 4aV + 91—93 +4a^V'9f=0j 
hut here 9( - 93 = - so that the equation contains ^ = 0, and omitting this it 

becomeH (az - ox) + v'9( = 0, a hizomal form, being a curve of the order = 2, as it should 
be; bbia is in fact the ordinary equation in regard to a focus and its directrix. 


Artichi Nos. IIH to 123. Theorem of the Variable Zomd as applied to a Oonio. 


IlH. The mpiabion 2 / 4 r.J + V9r’ + V93" = 0 is in like manner that of a conic; iu 

fact, this would be n. curve of tho order -- 4, but there are as before the two branches 

2/.W V9r — V9.V’ == 0, 2 /i;. 2 -V 9 F + ViB“ = 0, each ideally containing (^ = 0) the line infinity, 
and tlu) order is thus reduced to bo = 2. Each of the circles 91 = 0, 93 = 0 is a 
circle having double co)itact with bho conic (this of course implies that the centre of 
tile circle is on an axis of bho conic). Wo may if we please start from the form 

2/w -1* ^'^9i V’93 = 0, and then by moans of tlic theorem of the variable zomal introduce 

into tlm ecjuatioii one, two, or three such circles. 

119. It is in bills point of view that I will consider the question, viz., adapting 
bho formula bo tlio case of tho ollipse, and starting from the form 


2ae + ^(fl! - aezf + j/*' + ^(fl! + uezY + j/* = 0, 

the equation of the variable zomal or circle of double contact may be taken to be 


whore <j is an 
the equation is 


( a? - aezY + f (x + + if _ q 

1-2 l + g 

arbitrary parameter; writing for greater simplicity z^l, and reducing, 
{a;-2nc)» + i/’ = 6®(l-2®). 


120. If 2< 1, then writing 2 = sin^, we obtain the ellipse 


as tho envelope of the variable circle 

{po — ae sin OY + j/* = 6” cos* 8, 
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*.V •• <??« Hi 4 ' jiiiitir 
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ivo liuvo 

IvhonCO V. ./.>|y h, 

1). 

ni', wlinl. id |.)m. hiiiiiii tiling, 

.V’ f 



- .^..1 1 

!■ V..' , v^,.. j -„0 

ihaii wo JjHvo ilin zninril ni’ oin.l.. . r 1 .n 
/.imitu 1,1 ,.l •|.,|||,),. 

_ iH f (y ..... t/itm f m: „»( I ,..i j 

'»!’ liiiiiitiK hoivm l|,j„ 


liiU jlu: 




that mi ImvM tint lu, if,. , 

tMi ihii iiniKH* axiH (if ih{\ u rirrli kmt'nr^i iu 

Ti,i. i., i„ r;'""' ■"» — „,.i 

u'lrmsLod aL a vi^lu |n„j i„if, „ r-' '*’'‘**^ *^^****' ** !*■'"* 

mu c/i «.-}•'!? feiu, r., ... ‘ **' sW. r-n 


1114 171 

0 **• i 'p tho ccnmUou of t|„. 


•! 


(yj: (&».")}' 


r« <.> 1^. 
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Hi n,H, other oxtromity of the minor axis; from 
*' * ’ ' **"' l> ' ’"’''‘“''"•'•"iiH of liho oonsecutiivo circles are real, and give 

llir rhtilr Iriii iM'lit ih I t Jl IT'! fn A I +1. ‘ i 

# vnii u, tho circles are still real, but 

fhi> inf-i .vrfiMh- iA ♦ MM u ruhvi* i intlrn nw) iinagimuy, 

l!!,'i. il II. !li.- .'.iiiHimn ..I (In. /.ronoraling circle we interchange w, y, a, b, the 

t ' twi inn i/))'-* -i- yj = ftsi hoc'j 

will' ll I . in . i! I" I "inivati'iii Ini the Icrnior ctiuation 

t '■ ’ tt 0 »in Oy -I- y'‘ = b‘ cos 0, 

■ In i.li niiiv In iiit^; . ..!i«l.h 'll. 'i l»y iiinitiin of (,hc ()(|uatiou 

’ ' ’ I nin'i ■ thereliiro = i tan f/), tan0 — isin^, 

chi' li in .In' -ln'i. siiin-ii.iny iiiui!<r*»i iimtioii ill the theory of Elliptic Functions. 


AiSsnl'- X»'n i:.!i l«n Ftpiu uj' tho (Uroulur ('ubio and the BidroiUar Qiuirtio. 

r.?i I’.c n Mile Min., (hf nlinss is in general =0, and the number of tho 

(.H'i in ;iii, IShI! ,<i f'ji.-nnll) mi.nrHl-iiig ciuHii is that of a circular cubic, vk, a cubic 

(Ui-.??^!?) . i*» It ill. i-in'nlui' jiiiiiilH at indiiity. Hero, at each of tho circular 

jMint i n? iiannsj. ili< tniiju*, ni n! lliin point reckons twice ameng tho tangents to the 
inii 4 i: ti..iit !l(». ; Uir iiiiiiilii’i' 1*1 tlio voiiiainuig tangonts is thus =i4, and the 

iiiiitiln i ..I Ml.' |.«i '%•■> “lii. I» rnnn any two points whatever on tho curve tangents 
bn diunit i«. Mm mim.-. tli. u Mils I, wo pencils of tangents arc, and that in four 
dill. t. nli wnyvi. ||.,>,t..b.^«niia Im i nr'li othcr, viz., if tho tangonts of the first pencil are 
(1. a, :i. Mi.*. ..r ilm wcoiul pencil, taken in a proper oixlor, are (!', 2', 3', 4'), 

(Inn «.< Inn. (1. 'i, 'A. il lii.iii>>l.ig*mH with each of tho arrangements (!', 2', 3', 4'), 
Ci , r. i'. in, (11. P. I . i’). |i'. ft’, 2', 1'). And in each coao tho intersections of the 
r.,nr •’..«ni,p..nd«ng li.^ nil H conic passing through tho two given points 
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125. Hence taking the points on the curve to be the circular points at infinity, 
we have the sixteen foci lying in fours upon four different circles — that is, we have 
four teti-ads of concyclic foci. Let any one of these tetrads be A, B, G, B, then if 


Antipoints of {B, G)(A, 

oO) 

jire 

(Br, 


(^.1 

A), 

(G, A)iB, 

D) 

y> 

{0„ 

A 3 ), 

(A, 

A), 

» (A,B){ 0 , 

•0) 

i> 

(■^3) 

A), 

(A, 

A). 

of concyclic foci are 








B, 

G, 

D 




A. 

Bu 

Gu 

A 




A3, 

-So^ 

G 3 , 

A 




A3, 


G,, 

A 





Ibove ^ 

onf' ’• t V ^-'^y manner, and take the antipoints of each pair, the four 

a chr lads to th 

IS Tfa^t that iLt" -systems of four points on a circle. The tlioory 

IS in tact that already discussed anie, No. 72 et seq, ^ 

vi, If' tJisoiy applies without alteiution to the bicircular ouartic 

S "“.1 •* ->■ of “o Fi»S « S;: 

at the node 7 ' ^ of the two tangonts 

or 4 ,, ,, 

quartic the pencils of tano-onfa f J goneial theqiem tliat in a binodal 

iixteen li ^ lated homologous, the 

AUiole Nos. 127 to 129. Omtn 0/ tke amdar OtUo, mid Nodo-^Ki, ix. of ifw 

Bictroular Qiuirtio, 

by their intersection a buMtirlclTaiy from I J, giving 

tangents in question. It ig dear that fhcs^T attention to the 

the case of (he circular clb Thera ' Z ™ asymptotos_vk.. in 

and in the case of a biciroiilar quartic th« t “»agi“ai'y asymptotes of the curve, 
but it is convenient to speak of them .4 the tlng^^Zaf f-symptotes; 

which I call the centre of^ theTurw t? n-t I and J meet in a point 

asymptotes. . 2 .. tins is the intersection of the two imaginary 
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129. In the case of a bicircular qiiartic, the two tangents at I and the two 
tangents at J meet in four points, which (although not I’ecognising them as foci) I 
call the nodo-foci ; these lie in pairs on two lines, diagonals of the quadrilateral formed 
by the four tangents (tlie third diagonal is of course the line IJ\ which diagonals 
I call the “nodal axes;^’ and the point of intersection of the two nodal axes is the 
“ centre of the curve, Tlie nodo-foci are four points, two of them real, the other two 
imaginary, viy.„ they are two pairs of antipoints, the lines through the two pairs 
respectively being, of course, the nodal axes; these are consequently real lines bisecting 
each other at right angles in the centre (with the relation 1 : i between the distances). 
The centre may also bo defined as the intersection of the harmonic of IJ in regard 
to liho tangents at /, and the harmonic of this same lino in regard to the tangents 
at i7, SiDcaking of the tangents as asymptotes, the nodo-foci are the angles of the 
rhombus formed by the two pairs of parallel asymptotes; the nodal axes are the 
diagonals of this rhombus, and the centre is the point of intersection of the two 
diagonals; as such it is also the intersection of the two lines drawn parallel to and 
midway between the Imes forming each pair of parallel asymptotes. 


Article No. 130, Giroulav CnUo and Bioivcular Quartio ; tliG Amal or SymmetHcal 

Gase. 

180. In a circular cubic or bicircular <jiuirtic, the pencil of the tangents from 
I and that of the tangents through /, considered as corresponding to each other in 
some one of the four • arrangomonts, may bo such that the lino IJ considered as 
belonging to the two pencils respecbivoly sluill correspond to itself, and when this is 
so, tbo four foci, A, B, 0, 7), wlncli are the intersections of the corresponding tangents 
in question, will lie in a line (viz,, the conic which exists in the general case will 
break up into a lino-pair consisting of the lino IJ and anotlier line). The line in 
question may bo called the focal axis; it will presently be shown that in the case of 
the circular cubic it passes through the centre, and that in the case of the bicirciilar 
qiiartic it nob only passes through the centre, hut coincides with one or other of the 
nodal axes, viz., with that passing through the real or the imaginary nodo-foci; that 
is, the curve may have on the focal axis two real or else two imaginary nodr 
The focal axis contains, as has been mentioned, four foni— tbo rninaininjy twelv 
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the points 7, / is a cusp, There remain then for the circular cubic and for the 
bicircular quartic the cases where there is a node or a cusp at a real point of the 
curve; and for the bicii-cular quartic the case where each of the points 7, J is a 
cusp — in general the curve has no other node or cusp, but it may besides have a 
node or cusp at a real point thereof. 


132. I consider first the case of the bicircular quartic where each, of the points 
7, 7 is a cusp. The curve is in this case of necessity symmetrical (‘) — it is in fact 

a Cartesian ; viz., the Cartesian may be taken by definition to be a quartic curve 

having a cusp at eaeli of the circular points at infinity. But in this case, as dis- 
tinguished from the general case of the bicircular quai'tic, there is- nn essential 

degeneration of all the focal properties, and it is necessary to explain what tlieso 
become. The centre is evidently the intersection of the cuspidal tangents; the iiodo- 
foci (so far as they can be said to exist) coalesce with the centre, and they do not 
in so coalescing determine any definite directions for tlie nodal axes; that is, there 
are no nodal axes, and the only theorem in regard to the focal axis or axis of 
symmetry is, that it passes through the centre. Of the four tangents through the 
point 7, one has come to coincide with the line 77; and similarly, of the four 
tangents through the point 7 one has come to coincide with the line 77: there 

remain only three tangents through 7 and three tangents through 7, and these by 
their intersections detennino nine foci— viz., three foci A, B, 0 on the axis, and besides 
(JS„ G,) the antipoints of (B, 0): {G„ A,) the antipoints of (0, .4) and (4„ B,) the 
antipoints of {A, B). 


133. The remaining seven foci have disappeai'cd, viz., we may consider that one 
of them has gone off to infinity on the focal axis, and that three pairs of foci have 
come to coincide with the points 7, 7 respectively. The circle 0 (as in the general 
case of a symmetrical quartic) has become a line, the focal axis; the circles R, 8, T 
(contrary to what might at firat sight appear) continue to be determinate circles, vva., 
these have their centres at 4, B, 0 respectively, and pass through the points (B,, Oi), 
(C'j, A,), and (4a, B,) respectively, see ante, No. 83. But on each of these circles wo 
have not more than two proper foci, and it is only on the axis as representing tlio 
circle 0 that we have three proper foci, the axial foci A, B, G\ hi regard hereto ib 
is to be remarked that the equation of the curve can be expressed not only by 
means of these three foci in the form VM + VwSB-t- Vw® = 0; bub by means of any 
two of them in the form Vm + Vi0 + 77 = O, where TT is a constant, or, what is tho 
same thmg {z being intr^uced^or homogeneity in the expressions of $[ and S3 
respectively), in the form Vj§( + Vm® + 77>» = 0. 


134. Using for the moment the expression “twisted” as opposed to symmetrical 


1 It will appear, ptn{ Nos. 161— 164, that if stai'ting with three given points os the foci of a bioiroular 
qnar tie, we impose he oondition that the nodes at I, J shall be each of them a cusp, then either the 
quartie will be the owele through the three points taken twice, in which ease the assumed focal property of 

“ =4”.rr. SEi; ™ ^ 
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(viz,, the curve ia twisted wlien there is not any axis of syinraetiy, but the foci lie 
only on circles) — then the classification ia 

Oii'cular Gnbics, twisted. 


symmetrical. 


Bicii-cular Quarti&s, twisted, 

„ „ symmetrical. 


JOrdinary, 

(^Bicuspidal = Cartesian, 


and each of these kinds may be general, nodal, or cuspidal— viz., for the two last 
mentioned kinds there may be a node or a cusp at a real point of the curve. 


136. In the case of a node, say the point N ; fii-st if the curve (circular cubic 

or bicircular quartio) be twisted — then of the four foci A, B, 0, D we have two, 

.suppose B and G, coinciding with N ; and the sixteen foci are as follows, viz. 

B,a, A ,]) are N, N, A, B; 

Bi, Ou Aj, Bj „ N, N, Antipoints of (A, B); 

C'a, Aa, Ba, Bj „ Antipoints of (jV, A), Antipoiuts of (N, B); 

Aa, B.„ G„ Ba „ Do, do. 

viz., we have the points (A, B) each once, the node N four times, the antipoints of 

(A, B) once, and the antipoints of (if, A) and of (iV, B), each pair twice. But 

properly there are only four foci, viz., the points A, D and their antipoints, Iho 

circle 0 subsists as in the general case, and so does the circle It (BO, AD), viz., this 
has for centre the intersection of the line AB by the tangent at if to the circle 0, 
and it passes through the point if, of course cutting the oii-clo 0 at right angles : 
the circles S and 1' each reduce themselves each to the point if considered as an 

evanescent circle, or what is tlio same thing to the line-pair ifJ, ifB 

136. The case is nearly the same if the curve be symmetrical, but in the caso 

of the bicircular quai'tic excluding the Carte.sian: viz., we have on the axis the foci 
B, G coinciding at if, and the other two foci A, B; tho sixteen foci are as above— 
and the circle B is determined by the proper construction as applied to the case in 
hand, viz., the centre B is the intersection of tho axis by tho radical axis of tho 
point if (considered as an evanescent circle) and tho circle on AB as diameter; that 
is BN^-BA.BD. And the cimles S and T i-oduce themselves each to tho poi-'- 
considered as an evanescent circle, 

137. ISfoxt if we have a cusp, say tho point Jf: first if 
or bicircular quartio) be twisted — then of the four foci A 
A, B, 0, coincide with K ; and the sixteen foci are os follows, 

B , G , A , D are K, K, K, B, 

Bi, C',, Ai, Bi „ K, K, Antipoints of 
(7,, Aj, Bj, Bj „ Do. do. 

As, Bi„C' 3 ,Ba „ Do. do. 



flliO rol.V/nVJAI. i'UKVI j || ,j 

viz., \vi^ havo tilin yninl /> oni’r, rli»' |miiit /\ uiin- iuu« . juui ih- ^inf , /; 

Ihn^i (liiru^H. Uiili prnpialy iJh' puinl h iii fln’ Muly uv 'ilu i u> |. n i » ,f 

upp(uir, iuif/ (liivlp (lu'i)Ugh l\^ /^, Iml pn- iilily fhi* pni hi kil u t j^ ’r tvKi h Itr > ?)[, 

tuiMpiklal j.niiji(<*iili niuy l»i» a tii'((<>r irprr iruluMVr mI » n> l< 

llll' /l\ iV, 7' HMhirM (tutlHHi'IVi -» I'Ui'li Ih rill' pMinr A* ♦ V rUi » , i iif 

|>niiiL 

liiiS. Tho lihtt is till' i Ji's* il (Iim nn v*’ !>\ iinu- r U‘v<! |»'i? iu ft»< r % ♦ n| ili, 

hii^iiviiliir (piuiiir t^xi'lndini^ ttm (’iMhv'iiuu; rtir nt.lr if is fU, vJurl* j. 

laol 1-1 ii» (Uispidal (iin|[(ru|.. 


\l\il Fur l\u\ (Imli'jimn, if (In tv is n nt.ilr ,V, ?li< n Ui< lAb. 
Uvn, Miippivti! n ntiil rMim-iil*^ wilh A' ; tin ntin !>.* i nt. A . h . ^ V 

Ihn untipniiiln nf iV, A (win-: linr pivpnlv tin p int A i: jh: v i,i,, 

i\mv l)n a iMUip A"; llhn nl| rli,< itnv,- (,.11 J. A\ c r,on. hjOi A’; 
tnri art' A" ninn (iima; lail in limi (In tv is un piopn . 


i- i vl« //. r 
i-'u hnn-/. ainl 
? ‘ n. Ami ,( 
;?.ud ffjii nnn 


MO. A riiaular niihin t'uanut, Imw twn imdi * s tf 

airain; aial Miinilarly a hiriiriilar ipiarfin isihimt hav* tw* ^ ^ 

(ho jiMiiitu /, ,/) nnlttsa ii lnvaK np itt(M (wm i ju Sa tin 
ho ounshhavd in iUv mrrpn l in tvinivms. tn ttn< J Uvtu.u'> 


*'p ift Mnii 

I '1 i'U '5 (i < mJ iVtll-M 
jojjrd r.jMv- Viljj 



l:-.. 1 

t v-r \ih.i »• 


I,.. 

f;;vo'n. 

k '.ju 

1 1- 


1 > 

Iii i 

Uy-^ if 


Arlaiiln No, Ml. /U fn fha Awflt/fintf 7 Vos n/ /no ffio t'>.. 

I'H. ll, limy Itii hiiutiili.-il ill i.-giii.l ii,,, j),. ,, 

Mini, iillliiiii;'|i (In, iiivi'Hli_j«ii(iiiii trt v.iy hiiiiiliit |..i Jin 
Imtiiiiiiliti* t|imrlii;, yrl, (li,, r,„)ui.r nuiin.l, ii.. iI,.|m .,4 j, 

I,,,' u„, l,i,.i,, rti... „M„„ ,. ,1^ , ^ 

il /' m ir '"" "" '"■■ "■■'■■ -r-'-lv ...,„ 

, llo hm ■ '' t.";'”,”' 'f ' .... ,1.. 

Hi, lilt! lull iinili'H |•l•.‘l|M,rUvl'ly, (In- i,|tmli.iM will |„ 
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Artioli, Niw. 142 t,.. 144. Thmmj fv,r Ow rVwHl,n < . 

mtuuMnii limy bo tHkw/uHjo*^ '"** • »<«] lim ih,. funulut nnlus?. Tin- 

fv ip^ + >V}) + esfi/ f „ „ 
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is bJie same thing, 

(F? + ?»? + &z) + z° (a? + 5>? + cz) - 0, 

m. (^, y, z) being any coordinates whatever, this is the general equation of a cubic 
passing through the points (^ = 0, z = 0), = 0, z = 0), and at these points touched by 

the lines | = 0, i? = () respectively. And if (f, t;, ^= 1) be circular coordinates, then we 
have the general equation of a circular cubic having the lines f = 0, ij = 0 for its 
asymptotes, or say the point f = 0, 17 = 0 for its centre; the equation of the remaining 
asymptote is evidently -I- 5'?; + =() ; to make the curve real we must have (p, q) 

and (a, h) conjugato imaginaries, e and c real 

143. Taking in any case the points /, J to be the points = 0, z-0 and = 0, 
^ — 0 lespectively, for the Gtpiation of a tangent from J write Ozi then wo have 

07) {9z ^qi]^ez)^z {aOz 4- hpq + opz) - 0, 

that is 

{a6 + op) -h {6^ + 6(9 + bp) + ^\q0^O, 
and the lino will be a tangont if only 

{0'^ + 60 + b 2 )y -- iqO (ad + cp) = 0 , 

that is, the four tangents from I are the lines p^^Oz, where 9 is any root of this 
equation ; similarly the four tangents from J are the lines qr] ^ ^z, where ^ is any 
root of the eciuatiou 

+ aqf — (60 + cq) ~ 0, 

Writing tlie two equations under the forms 


'6, > 


^6, 

3e, 


Be, 

e’ -I* 26p - 4a(jr , 

i0, iy=o, - 

e® + 2ag' - 4ibp , i 

3e5j) — Qepq, 


SeoQ' - 6cpq, 

6bY, J 


Gay, 


the equations have the same invariants ; viz,, for the first equation the invariants av*^* 
easily found to bo 

/ = g ^ iaqy + 72 (ce — 2 ab) pq, 

(^3 _ _ iaqY — 36 (c0 — 2ab)pq (e® — 4}aq) — 2*^ ^ 

and then by symmetry the other equation has the same iuv/ 
invariant P 4- P has therefore the same value in the two ei 

equations are linearly transformable the one into the other, which is the before- 

mentioned theorem that the two pencils are homographic« 

144. The two equations will be satisfied by 0-0, if only bp^aq\ that is, if 

p — j^i ^ = I J putting for convenience | in place of e, the equation of the curve is then 

f (a^ + 6?; + ez) -f hz^ (af + 6?? + cz) - 0. 
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In tins case the pencils of tangents are a^ = k0z, h) — kOz, where 0 is determined by 
a quaitic equation, or taking the eoiTesponding lines (which by their intersections 
determine the foci A, B, G, B) to be (a^=k0iZ, brj^kOiz), &c., these four points lio in 
the line — bi] = 0, which is a line through the centre of the curve, or point f — 0, 
T} = 0: the formula! just obtained belong therefore to the symmetrical case of tlie 
circular cubic. Passing to rectangular coordinates, writing z=l, and taking y-0 for 
the equation of the axis, it is easy to see that the equation may bo written 

(«“ + if) (m -a) + k{(e-b) = 0; 

or, changing the origin and constants, 

oof + {(e - a) (x - b) (oe - c) = 0. 


Article Nos. 145 to 149. Analytical Themj for the Bicircidar Quartic. 

145. The eqtiation for the bicircular quartic may be taken to be 

k{^^- a^z^) ^ ^ + 0^ = 0, 

VIZ. (?,%«) being any coordinates whatever, this is the equation of a quartic ourvo 

riM; f r , “■> <’-»■ ‘-^y- ao «q..auor«f 

tai]ir.r !? ?r ,h { + “ = 0; oud tho .0 of the two 

= ?=0 i» tlu» tho lmra„„io of 

0 the“,M lioe i (?=«. *=0), ond „ = 0 it the hwmomc 

01 the same me a-o m togard to the tangents at (, = 0. «-0), If tt n a-11 bo 

t" -bT “I" weLi. ® »tic 

0, ^ ct 2 ? *— 0 foi on© pair, and tho hues ?? n f 

we must hL^r^ ff n • °l “°dal axes. In order that the curve may bo real 
and rio 7-m f.i ’ t nnagmaries, k, e, c real. The points (^Jo, ^-0) 

e.;, and I 1 I m!, Z"‘’ ''' “T"’ “‘'-= ^ “ 

v»o hat! r. miting in the equation of tho ciliwo {-(foe 


that i 


IS 


ka?{e^-l)(f^ ^ ^ q, ^ 0 . 


+ yz ,ea6+h, 

+ z^ -~kci‘^{d^~l) + m0 + o^O, 

and the condition of tangency is 


4ih{d^ 


■ 1) (^ - 1) _ aaB - c} + (ee + ^)' = 0 ; 
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Vi.., tho tangoiitH Iroin I arc whoro 6 is any root of this equation. Similarly. 

It WO have 

4/.' (<^» - 1) _ 1) _ _ cj ^ « J ^ 0, 

tlxo taiigontH Irom J are whoro </> is any root of this equation. 

147, Tlio two (!((uabions inaj' bo written 

- Cl’i./3, 

- 4/ro + e’, 

+3e", 

24/rV/3'-> + 24*0 -1- G ~ 

/3'‘ 

which (jquatiniiH hav(t the saitu! invariants; in loot for tho flv.st equation tho invariants 
aro found to ho as I'oIIowh, viz,, if Aw shorttiosa 0= - M/u’V/S” - 4/co + e^ thou 

I "r)7(j*V^'q-r)7()/.:W/3''+ ;i.44/,;''((t'‘aH-&'''/3‘')-h 72/(:a6 + 

J « a [riHik'a^/j* r\, i,7{)kW(S'‘ + 144/;'^ («»«'■• + i](ikeaj3 - f7^) 

- H(i4/.!''cnk'-'/9* - 21 («“«*' + - 21 Qk\t'>b\ 

and tlien hy synunotry the other (squation has the saiuo iuvariantii. iflio abaoluto 
invariant lui.4 thus tlui sinno value in the two c(|uationH, that is, tho oquabious 

Hie hnoaily traiiHlorinahle the one into the other, Avhioli ia tho beforo-incutioncil 
tluioroju that tho ]ieneils are h(itnogra|)]iic. 

14tS, 'I'lio o(|natic»nH will he satisfied by if only act = 6/3, that is, if a, 6 = «i/3, «r«; 
or hy </ = — (/) il only <ta=s-~l>/3, that is, if u, b~inl3, ~mci: the equation of tho curve 
is ill tlioao two (lasijs resjieeti vely 

* (f'' - oiV'*) (•»/•’ - {d^z'‘) -I- ez'^^7i -I- mz’^ (/9f -i- «t;) + cz* = 0, 
k {!•■' — d^z'^) ~ /3*s“) + q- mz^ (/9f — «»;) + cz* ~ 0. 

li to fi.\ tluj iih'iis wo atleiiil to the first case, thou tho etjuation in 6 is 

-• dkina^, 

- 4*0 + e“, <[<?, 1)^ = 

(l*»i«/9 + .'h/io, 

24*’a>/9M- 24*0 + ()m» j 

and wo may take as corroaponding tangents through tho two nodes respectively l^~$az, 
tho foci A, li, 0, D, which are tho intei’scctions of tho pairs of lines {^—dioz, 
0. VI. 67 


i)‘ = o, 


24*“a“/i3“, ■] 




- H*”a-'/3''- 4*0 -ho'-', 


()«« -h Go -• , 

a 

i)' = o, - 

24*0 -h(l 

; 
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'q = 6i^z), &o„ lie, it is clear, in the line /3f-ai; = 0, which is one of the nodal axes 
of the curve. Similarly, in the second case, if 6 be determined by the foregoing 
cqnation, we may take ns coi'responding tangents through the two nodes respecbivcdy 
^=d<tz, the foci (A, B, G, D), which are the intei-sections of the pairs of 

lilies (^=diC(z, r) = -dt^z), &c., lie in the line ^^ + ar)=-0, which is the other of the 
nodal axes of the curve. In either case the foci A, B, 0, D lie in a line, that i.s, 
we have the curve symmetrical; and, as we have just seen, the focal axis, or axis of 
.symmetry, is one or other of the nodal axes. 

149. In the ease of the Cartesian, or when « = (), / 3 = 0 , vk, the equation act = b/3 
is satisfied identically, and this seems to show that the Cartesian is symmetrical; it 
is to be observed, iiowever, that for a = 0 , /3 = 0 the foregoing formulra fail, and it i.s 
proper to repeat the investigation for the special case in question. Writing a — 0, /3 = 0, 
the equation of the curve is 


if V + + ■2’ (af +&»?) + cz* = 0, 

and then, taking ^=0bz for the equation of the tangent from J, we liave 

V- . 

+ 'i}z.h (ed + 1) 

4- , ubd + c = 0, 

and the condition of tangency is 


(abO + c) - {eO + 1)’ = 0 ; 


VIZ., we have here a cubic equation. Similarly, if we have = for the oti nation 
of a tangent from J, then 

4i(;Ji» {ab^ + c) - (eij} + 1)*> = 0. 


Hence 6 being determined by the cubic equation as above, we may take and 

cousequently the equations of the corresponding tangents will bo - 6bz, t) — 0a:s, vva, 
the foci 4, B, G will be given as the intersections of the pairs of lines 

^ = The foci he therefore in the line «f-6, = 0; or the curve is symmetrical, 

the focal axis, or axis of symmetry, passing threugh the centre. 


Article Nos. 150 to 158. On the Property that the l^oints of Gontaot of the Tangents 
from a Pair of Goncydio Fod lie in a Girole. 

(A seen that the sixteen foci form four conoyclic sots (A, B C B) 

We may if we please, say that any one locus is conoyclic— viz., it lies in a circle with 
sun M m eoncyclic; it is only a pair 

is. it is clear -24 TpI / f i ^ pairs 
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151. Consider tlio caso of Lho bieirculav quartic, and take as before (^ = 0j z~Q), 
and 2 = 0) for kho coordinates of the points I, J respectively. Let the two 

tangent.s from the focus A bo ^-az = (), tj — a'z — O, say for 8hortiio.sa p — 0, p' = 0, 
tlum tho otpuvtion of the curve is oxprosaiblo in the form j)jyir= y“(‘), "whero i7= 0, 
V = 0 aro each of tlioin a circle, vis., U and V arc each of them a quadric function 
containinj( the torniH z'tj, and f?;. Taking an indotorminato cooffleiont X, the 
equation may bo written 

2)p' ( U + 2X y-t- ~(V+ X2Jj/)’“, 

and then X may bo so dcUmninod that 1/ + 2xy + X“ 2 J 2 y = 0, shall bo a 0-circle, or 
pair of lines through I and J, It Is isisy to a<!0 that wo have thus for X a cubic 
oquatiou, that is, there are three values of X, for each of which the function 
f/H-2xy + X“pp' asHumes the form {^ - fiz) {ii ~ fi' z), - U<i' suppose: taking any one of 
these, and changing the value of V so as that wo may have V in placo of F-|-Xpp', 
the etpiation is pp'tpi' -I- V'^, where V= 0 is as before a circle, tho equation shows that 
the points of contact of tho tangents -p = P' — q — 0, f/ = 0 lie in this circle 1^= 0. 
The circumstance that X is dotenniued by a oiibie ocpmtioii would suggest that the 
focus 7 = 0, 7 ' = {) is one of the throe foci .W, 0, D concycdic with A\ but this is 
tile very thing whnsh wo wish to prove, and tho investigation, bhougli somewhat long, 
is ail interesting one. 

:i 52. Starting from tho form 'pp’qq' = V\ tiion introducing as before an arbitrary 
coedieient X, the equation may he written 

2y>' iwi d- 2xy -I- x^p^y) = < y -i- 7q*py> 

and we may determine X .so that yr/ -1- 2xy-|-X'''yyy = 0 shall bo a pair of lines. 
Writing .substituting for 2>P’ '/l' 

{l;-az){i]-~a’z) and (i'z), tho equation iii iiuestion is 

(1 .|. 2X/f -|. X") t-y - {/3 -I- 2X// -1- X“«) i}Z - (/9' + 2X/; -I- XV) -h (/9/3' + 2XJ1/' + X“««') = 0, 

and the required condition is 

(1 -I- 2\ll -I- X») (/3y9' -I- 2Xilf -h X^a/) = O + 2X7/ + X*«) (/S' -I- 2X77 + X»a') ; 
or reducing, this is 

(2jl7-h 277/3/3' ~2//)8~27./S) 

+ X {(a - /3) (a' ~ 13 ’) + 477JI7 - 47.7/) 

+ X« (2A7 + 277a«' - 2/y« - 27.«') = 0. 

vix., X is dotonniiied by a quadric equation. Galling its roots Xi, and Xa, the for 
e(|uation, substituting therein successively those values, becomes yz){v 
{^-Bz)iq-t'z)-() respectively, say »t' = 0 and «a-'=0. 

1 This InvoBliKfttion i« Bimllnr to that in Salmon’s Itizher Plane Curvet, p. 190, in regard to tli 
tangents ol a qimvtlo ourvo. 

( 3 , — 



532 


ON POLYZOMAL CURVES, 


[414 


153. We have to show that the four foci (jd = 0, ^ = 0), ( 5' = 0, 5' = 0), (r— 0, 
?■' = ()), (s = 0, s' = 0) are a set of eoncyclic foci; that is, that the lines p = Q, q = 0, 
r=0, s = 0 correspond homographically to the lines p' = 0, q' = 0, r'==0, s' = 0 ; or, Avliat 
is the same thing, that we have 


1, a, a', aa' 

1. A A. /3A 

1. 7. 7> 77 
1, S. S', S8' 


= 0 , 


or, as it will be convenient to write this equation, 

«— <y — S_a — 8 ^ — j 

154, We have 

= /3 + 2Xi2i + V« , A-h2Xi7v' + yg' 
^ 14“ S/fXj + >7 ^ 2/7X, -|- 

55 _/3 + 2X,7 + Xj»g .,_A + 2X,i:' + X,'’a' 
l + 2iDm-Xa»’ T+2AX3 + X,* ‘ 


The expressions of g-8, &c., are severally fi.’actioiis, the denominators of which disappear 
from the equation ; the numeratora are 

for n - 8 , = g (1 + 2X3/7 + Xj") - (/3 + 2X3/) + aX-j"), 

= «-/9 + 2Xi,(a7f-i/); 

for /9 - y, = /3 (1 + 2X,/f + X,'') - (/3 + 2X,Z + aX,"), 

= X.{2(^/f-Z)(«-/3)}i 
for 7 - 8, = + U\, + «X,“) (1 + 2//X3 + ' ' 

- (/8 + 27X3 + gy) (1 + + X,»), 

= («' - /S') {27roa/3 - 2HL (« + /3) + 2£“ 4- ^ (a - /3)“} ; 
and it hence easily appears that the equation to be verified is 


2ff=(t^-2HL{« + ^) + 2P + i(a-^)> « -^ + 2(aH - L)\, 2(/3 J7-i)-(a -/9)X, 
2FV^'-25I,'(a'4- A)4-2i'»4-i (a' - /3')> a' - /S' 4- 2 {a'lI-IJ) X, ' - X') - (g'‘ - ff) Xj ’ 


156. This is 


if for shortness 


^ ^ 4 4* B\i 4* OXj 4* JDXjXa 

S' -O' 4'T5x+ovn)^’ 


4 = 2(a-/3)(/35'-i) , ^'= 2(g'-A)(/9'77-Z') , 

B — («-^}« , 

(7 = 4 (aff - i) (/37r- L), O' = 4 (g'Jf - L') (B'H - IJ), 
i) = -2(a-/9)(g/r-i) , Df = -2{a! - 0){a'H - L') , 

the equation then is 


4B' - 4'B 4* 04' - 0'4 - (X, 4- X,) (BO' - B'O) 4- XjX^ (OB' - G'D - (BD' - B' B)). 
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166. Calculating AE-A'B, GA’-C'A, GD'-C"D, BD'-B'D, those are at once 
soon to divide by {(«/3' - a'/ 3 ) 7^ (o' - /3') - (a - jS)] ; we have, moreover, 

BG' 4s (a- BY (ctll - L') {B'H- L') + 4 («' - B'Y (alT ~ L) (jSTT - L\ 

= - {(««' - B^‘) Ii~L {a' - B') -L\a- B)] [aB^ - «fB) 77 + i (a' - /3') - i' (a - ^)} , 
via., this also contains the same factor ; and omitting it, the equation is found to be 
j(a _ (a' _ ;3') - 4 077 - X) (/3'77 - L') ] 

-2(K-^/3')77 -L{ol-0) ~L'(a-B) )(X. + 7^) 

+ {~(a-B){o^~B') + 4s(aH-L){c^H-L')\\\., = 0 ; 


viz., substituting for Xj + Xa and XiXj their values, this is 

{(« - B) («' - /3') - 4 (/377 - L) (B'H ~ L')] {M + TTao' -La!- IJa) 

- {(««' ~ |S/3') 77-7 (a' - B')] K« “ /3) (o' - B') + ^TfM - 4XX'} 

+ {-(«- ^) (o' “ /3') + 4 («77 - L) {a! II - L')\ {M + EBB' - “ i'i?} = 0. 

which should bo identically true. Multiplying by 77, and writing in the form 
{(a-/3)(a'-/3')-4(^77-X)0'77-X') ) {77ilf-iX' + (a7r- X)(a'7r-i') ) 

- ((a77~i)(a'77-7;)-(/377-X)(i9'77-7y)} {(«-i3)(«'-/3') + 4(7rJ17-XX') ) 

q, (a - /8) (o' - B') + 4 (oTT - L) {a!H - L') ]{im- LU + {BE - L) {B'E - L')) = 0, 

wo at oncG soo that this is so, and the theorem is thus proved, viz.,^ that the equation 
being the foci ( 2 ) = 0 , 2 / = 0 ) and ((jr = 0 , q' = 0 ) are concyclic. 

167. By what precedes, X being a root of tlie foregoing quadric equation, we may 

g(?' + 2 xF + X»2>2)'=77¥r', 

whore the focus r = 0 , r' = 0 is concyclic with the other two foci; but from the 
•equation of the curve Y = is we have 

5 - 5 ' + 2X VjjpW + ^’ 7 / = 77tv', 

or, what is the same thing, ^ 

X Vpp' + 4 77 V rY = 0, 

viz., this is a form of the equation of the curve; substituting for p, jj', y. 3 ', r. v' 
their values, writing also , , . 

<S.={^-yis){v-y^)> 

and changing the constants X, 77 (viz. X ; 1 : : Vm : the equation is 

Vm 4 V'fli® 4 Vtt® = 0 , 
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viz., we have the theorem that for a bicircular quartic if — 

(f — /3-2 = 0, 'i; - =: 0, (f“ 7 ^- 0 ), t; — 7 ^ = 0) be any three concyclic foci, then the 
equation is as just mentioned; that is, the curve is a trizomal curve, the zomals 
being the three given foci regarded as 0-circles. The same theorem holds in regard 
to the circular cubic, and a similar demonstration would apply to this case, 

158. It may be noticed that we might, without proving as above that the two 
foci = / = 0), ((jr-0, (jf' = 0) were concyclic, have passed at once from the form 
PP form X VpjV -f \^qq^ + iT V r/ = 0 (or V 1% = V V — 0), and then 

by the application of the theorem of the variable zomal (thereby establishing the 
existence of a fourth focus concyclic with the three) have shown that tlio original 
two foci were concyclic. But it seemed the more orderly course to eifeot the demon- 
stration without the aid furnished by the reduction of the equation to the trizomal 
form. 

Part IV. (Nos. 159 to 206). Ox Tuizomal and Tetrazomal Curves where the Zomals 

are Circles, 


Article Nos. 159 to 165, The Trizomal Gxivve — The Tcmgents at /, </, <£u 
159, I consider the trizomal 

where A, B, G being fche centres of three given cii-cles, SP, &c. denote as before, vi?,.» 
in rectangular and in circular coordinates respectively, we have 

Sr=(®-a 2 )= + (y-tt' 2 r)»_a'V, ={^-az){'q-a'z)~a"^z\ 

«8“ = (a!-j2)2+(y-i'2)2-6'V, = ~ 0z) (r) - ^'z) ~ b''^z\ 

(i’‘ = {x~ozy+(y-o'zy-o%‘‘, ~72)(,;-7'2)~o'V. 

By what precedes, the curve is of the order =4, touching each of the given circles 

twice, and having a double point, or node, at each of the points /, J- that is, it is 

we*^™*^ determinate values of tho radicals Vm, '^n, 

n , vT +Vw +V?7 =0, 

then there is a branch 

V'm‘’ + Vm^ + Vnr = 0, 

containing (2 = 0) the line infinity; and the order is here =8i vis., tho curve here 
passes through each of the points I, J and through another point a infinitr(that Is 
there is an asymptote), and is thus a circular cubic. ' ^ ^ ’ 

nointf 7 \ 1 ‘I’" of the nodal tangents at the 

I i, J’ / J®8Pe“tively ; using for this, purpose the circular coordinates (^, «, 2 = 1) 

(f-0 2 -m the rationalised equation, for finding the tangents at 

(f-0, 2-0) we have only to attend to the terras of the second order in (^ 2 ) and 
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HiiniliH’ly lor (uiiling tilio tiiitgonljH al; (7/ — 0 , ^ = 0 ) wo have only to attend to the terms 
of bin) Hoeond order in (1/, x;). But it is oasy to seo that any term involving a", h", 

or 0" will bo of (:ho third order at least in (^, z), and similarly of the third order at 

haist in (»/, s); honoo foi‘ lindiiig the tangents we may reject the terms in question, 
or, wliat is the same thing, wo may write a", b", 0" each = 0, thus reducing the three 
eiroloH to their roH|)eotive eontros. The equation thiis bocomes 

\/l (tj .... a ~) _ a'xr) .|. \/ m ~ ^z) (7/ — $'z) -I- V'W (§ — <^z) (v — y'z) - 0 . 

For linding tlm tang)))ils at (^‘“0, we have in the rationalised equation to 

abtond only to the tonns of the second order in (^, 2); and it is oasy to aeo that 

any torin involving fj', 7' will bo of the third order at least in (f, z), that is, 
wn may rodtioo //, 7' each to zero; the iirational equation then bocomes divisible 
by V?/, and throwing out this factor, it is 

Vl (^' “ az) -I- Vm (f ~ fJz) -I- V n (^' - yz) = 0, 

viz., this e(|nation which evidently belongs to a ])air of linos passing through the point 
gives the tangents at the point in quostion; and similarly the tangents 
at tin) peiiiL (7;ra(), aro given hy the tHinatwm 

Vl (7/ — tt's) -l- (7/ - j 9 'xr) -I- Vn (tj — y'z) = 0 . 

1 0:1. To complete the solution, attending to the tangents at ( 1 ^ = 0 , ^=0), and 
putting for shortness 

A, Ks I —m •" II, 

jt(. .-.-.3 -. I q- III — n, 

)/ I — m - 1 * n, 

A /'■’ -I- 7)t“ -I- /f'* “ 27 ;»i - 2}ii ” 2i?/i, 

the ratioiudised eipiation is easily loinnl to he 

r.A 

— 2 l'z (iKa -I' M/ijH -1- iii/y) 

•h (/“a'-i -I- -h nV “* 2 //W /37 - 2 >ilya ~ 2 hmfi) - 0 ; 

atid it is to bo notieod that in the ease of tho circular cubic or when Vi + Vm + V7i. = 0, 
then A « 0, so that the eijnatleii eentaius the factor z, and throwing this out, tho 
miuation gives a single line, which is in fact tho tangent of tlio circular cubic. 

!U 52 . Jleturning to tlie bicircular quartic, wo may seek for tho condition in 
that tho node may ho a cusp: the rc(iuirod condition is obviously 

A (M -h H- vtV - 2mn^y — 2nJ/^'x - 2Zm«/3) - (iX« + m/ifi + nvyf = 0, 


or observing that 


this is 


A — yj^ — - 4)»ui, &c. 

A + fiv = — 2i!x, &c. 

la* + 1110^ + 117 “ + Xi97 + “ 0 , 
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or substituting for X, fi, v, their values, it is 

i (a - ^) (a - 7) + m (/9 - 7) (j 9 - a) + n (7 - a) (7 - ^) = 0, 

or, as it is more simply written, 




^ — y y-^a ct — ^ 

1C3. If the node at (?) = 0 , z = 0) be also a cusp, then we have in like manner 

/3'-7' + 7'-«' «'-/3' 

Now observing that 

(Y-a)(«'-^')-(y-a')(a-/3), =1 «, a'. 1 

/3, /3'. 1 

7> 7 '. 1 

= («-/3)(/3'-7')-(«'-i3')(/3-7). 

= (/9-7)(7-«')-(/3'-7')(7-«). 

= fi suppose: the two equations give 

l:m w = II(^-7)(/3'-7') : ft (7 - a) (7' - «') : ft (« - / 3 ) (a - /90 5 
or if ft is not = 0 , then 


1G4. If 


or, what is the same thing, if 


ft = 


' : 

(7 

-a)(y-a 

a, 

a', 

1 

> =0. 

A 

/ 3 ' 

1 



y'> 

1 


ct, 

a', 

1 

= 0, 

b. 

b', 

1 


0, 

o', 

1 





the centres A, B, C are in a line; taking it as the axis of s), wo have cx, — a* = a, 
/3=:/3=6, 7 = 7 = 0 ; and the conditions for the cusps at I, J rospecfcivoly roctuce 
thenjselves to the single condition 

h — c o-a^ a — b ’ 

so that this condition being satisfied, the curve 

Vq(fl;-a^)^ + 2/=-a'V} + Vm{(a!~b^'+f-b"‘z^} + c,?)»+ c'V} = 0 

is a Cartesian; viz., given any three circles with their centres on a line, there ore 
a singly infinite senes of Cartesians, each touched by the three circles respectively; 
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the line of centres is the axis of the curve, but the centres B, G are not the foci, 
except in the case a" = 0, = c"=:0, where the circles vanish. The condition for 

m, n is satisfied if I \ m : — (i — cf : {c - ay : (a — by , these values, writing 

: \/m : — c : G — a : a — b, give not only Vm H- = 0, but also 

aVr+tVm-ho = 0; these are the conditions ‘ for a branch containing (;?-== 0) the 
line infinity twice; the equation 

(h — o) “ azY -\- y- - tt'V + (c “ a) V (a? — bzf q- ^ ^ ^ = 0, 

is thus that of a conic, and if a" = 0, = o'"' — 0, then the curve reduces itself to 

2 /^= 0 , the axis twice, 

165. If XI is not =0, then we have 

I : m : 7) (/ 3 ' - 7O : (7 - «) (7 - a') : (a - / 3 ) (a' - yS'), 

viz,, Z, ??i, are as the squared distances BO’^, AlP, sa}^ ns : h^\ or when 

the centres of the given circles ^ 1 , G are not in a line, then f, g, h being the 
distances BG^ ( 7 ^ 1 , AB of these centres from each otlier, wo have, touching each of 
the given circles twice, the Hvngle Cartesian 

/Vr +i/V»'‘-hAV(r = o, 

which, in tlie particular case whore the radii ii/\ V\ d* are each =0, becomes 

+ 0 VS -h /i V® = 0, 

viz., this is the circle through the points B, C, say the circle ABO^ twice. 


Article Nos, 166 to 169* Investigation of ike Fooi of a Qonic represented by 
cm Equation in Areal Cooi'cKnates. 

166* I premise as follows: Let A, J3, G be any given points, and in regard to 
the Jji'iangle ABG let the armi coordinates of a ciuTeiib point P be n, w ; that is, 
writing PBG, &c., for the areas of these triangles, take the coordinates to bo 

u ivi w^PBG : FGA : BAB, 

or, what , is the same thing in the rectangular coordinates (a^, 1), if 

(a, a', 1), (6, h\ 1), (c, d, 1)^ 
he the coordinates of A, B, G respectively, take 


II 

•c. 

w, y, z \ 


m, y , z 

i 


h, h', 1 


G, o', 1 



0, d, 1 


a, a\ 1 
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in the circular coordinates y, ^ = 1), if («, i), 1), (y^ y\ 1) be the 

coordinates of the three points resi)ectively, then 


or 


11 

<?•' 

5 a 

f. V, Z 

: 

V> z 

: 

V > Z! 


A A. 1 


y> y'> 1 


a, a', 1 


7 . 7 '. 1 


a, 1 


A /3'. 1 


167. For the point I we have 77, ^) = (0, 1, 0), and hence if its aroal 
coordinates be (?/o, Vq^ Wq)^ we have 

»o » Vq \ - y : a — 

unci hence also, (u, v, w) referring to the current point P, we find 
v,w - w,v = (7 ~ a ) [(a' - /3') _ az) - (« - yS) (^ - a'z)] 

- (a - /3) [(7' - a' ) (f - a^) - (7 ~ a ) (1; - a'z)], = Xi (| - az\ 

n = (7-a)(a'-/9')-(a-j9)(7'-«'), = 


if 


whence 


«, a'. 1 
A /3'. 1 
j, y', I 


ViW-w,v : lo^u-wu, : u^v-uv,=^^ ~ctz : ^~0z : ^-~yz, 
and in precisely the same manner, if < v,\ w,' refer to the point J, then 

: V : Wo' = /9' - 7 ' : 7 ' - a' : a' - 

% w - : Wo'u - wHo' : : 7; - y3'^ : »? - 7'^, 

168. Consider the conic 

(“> C) /j (f, V, wY = 0, 

which (;, ; f» "y giv* point the coordmntc, of 

» is wcil Wn ^ ‘I* l>»i"li i" conic fa, 

(4. -B. 0, F, 0, Hlv,w - w,v, wou - u,v - = 0 • 

consequently for the conic ’ 

(®i 0, yi /j 

A B. c,'th; HhetlT" 

(A B, 0. f, 9. f - fe, { _ .0 

nml that of the pou' of tangents from J fa 

id, B, 0, F, 9 5-yV)-.0 

these Uvo liae-pairo i„t.«ting, of eoni^, i„ «,e ,„i .f a, 
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169. In particular, if the conic is a conic passing through the points A, B, G, 
then taking its etpiation to be 


lv20 + mwu + nuv — 0 , 

the inverse coefficients are as n^, -2mn, -2nl, -2lm), and we have for the 

equations of the two line-pairs 

V? ~az) + •'/m - jS.s) + V?j = 0, 

VZ {■>) - a'ja) 4- V 7)1 (t) — ^'z) + V?i (ij — y'z) = 0. 


Article No. 170, The Theo)mi of the Va/t'kMe Zo7nal, 

170. Consider the four circles 

§r = 0, 33“ = 0, 6” = 0, 3)“ = 0 (Sl° = (w - azy + (7j- a'zf - &c.), 

which have a common orthotomic circle ; so that as before 

ar4-b3i°Hhcr + d3)^ = 0, 

where 

a ; b : c : d^BOJ) ; -CBA : DAB : - ABG. 

I consider the first three circles as given, and the fourth circle aa a valuable circle 
cutting at right angles the orthotomic circle of the three given circles; this being 
so, attending only to the ratios a : b ; c, wc may write 

a : b : c - DBG : DGA : DAB, 

that is, (a, b, c) are proportional to the areal coordinates of the centre of the variable 
•circle in regard to the triangle ABG, 

171, Suppose that the centre of the variable circle is situate on a given conic,, 
then expressing the equation of this conic in areal coordinates in regard to the 
triangle ABG, we have between (a, b, c) the equation obtained by substituting these 
values for the coordinates in the equation of the conic ; that is, the equation of the 
variable circle is 

==0, 


a2r + b93" + cr 
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then the equation of the envelope is 

- mn, - nl, - ?l”, S3°, = 0 ; 

that is, it is 

( 1 , 1 , 1 ,- 1 , - 1,-1 mw, n(ry=o, 

or, what is the same thing, it is 

+ VjW° = 0. 


172. It has been seen that the equations of the nodal tangents at the points 
7, J respectively are respectively 

Vi (^ - tta: j + Vto - liz ) + = 0, 

Vi (»; - aV) + Vfll (7J - 0Z) + V» {t) - rf'z) = 0, 

and that these are the equations of the tangents to the conic Im mwit. + imv = Q 
from the points 7, J respectively. We have thus Casey’s theorem for the generation 
of the bictrcular quartic as follows:— The envelope of a variable circle which cuts ut 
right angles the orthotoinic circle of three given circles Sr = 0, 33° = 0, S° = 0, and lias 
its centre on the conic Ivw + mwu + nuv~ 0 which passes through the centres of the 
thiee givGn circles is the bicircular quartic, or trizomal 


v/r + Vm33° + v?ig:"=:0, 

'which has its nodo-foci coincident with the foci of the conic, 

+] analytical theory, it is proper to express the equation of 

by means of the areal coordinates {u, v, w). Writing for shortness 
a +a &c., and therefore 


then if as before 


SI'" — ^2 ^ „ 2a^z - 2c(fyz - &c,, 


u : V : 


<»> y, z 

; 

y, e 

J 

X, y, z 

b. b', 1 


0, o', 1 


a, a', 1 

c, c'. 1 


a, a', 1 


b, b', 1 


and therefore 
the equation of the orthotomio circle is 


(o-az, olz^ 0^ + a'2/ - dz | = 0, 
y-Vz, U-\-Vy^^z 
(0 — Gz^ y ^ Qz^ ciT H- G*y — dz 
viz., throwing out the factor z, this is 

u (ao) + a'y - a7) + v(bx+ b'y - b'z) + w (an + o'y~ g'z) = 0, 



541 


414] ON POLYZOMAL CURVES. 

01 ’, what is the same thing, it is 

(att + + ow) to + (ft'w + b'v + g'w) y — (a'm + 6't> + c'w) z =0, 

viz., it is 

(au + bv + otvy +{a'u + b'v + o'wy —{a'u + b'v + o\v)(;u + v+io) = 0, 

that is, substituting for 5', c' their values, it is 

a"Hi^ + 6'V + o"W 

+ (6"» + c"^ ~(b- Gy - (b' - gJ ) vw 

+ (o"“ + a"= - (c - (t)“ - (o' - a'y }tau . 

+ (a"= + b"^ ~(a- by - (a' - 6')“ ) = 0, 

and it may be observed that using for a moment a, A 7 denote the angles at 
which the three circles taken in pairs respectively intersect, then we have 2b c cos ct 
= b"^ + c"* -{b~ oy - {b' - c')^ &c., and the equation of the orthotomic circle thus is 

(1, 1, 1, cos a, cos/3, cos b"v, c"w)“ = 0, 

174. Wo have in the foregoing enunciation of the theorem made use of the 
three given circles A, B, C, but it is clear that these are in fact any three chcles 
in the series of the variable circle, and that the theorem may be otherwise stated 

thus : 

The envelope of a variable circle which has its centre in a given conic, and cuts 
at right angles a given circle, is a biciroular quartic, such that its nodo-foci are the 
foci of fcho conic. 


Article Nos. 176 to 177. Properties depending on the relation between the Gonio and Circle. 

176. I refer to the conic of the theorem simply as the conic, and to the Hxed 
circle simply as the circle, or when any ambiguity might otherwise mise then as the 
orthotomic Lcle. This being so, I consider the effect in regal’d to the trizomal cuive, 
of the various special relations which may exist between the circle and the conic. 

If the conic touch the circle, the curve has a node at the point of contact. 

If the conic has with the circle a contact of the second order, the curve has a 
cusp at the point of contact. 

It the eeitee ot the etale lie on an axis of the conic, then the fom- mtei-soetions 
lie " *iL “;l°tvically in negani to thie a™, o, the ou.™ hae th« ax.e ae an 

axis of symmetry. 

If the conic has donble — " 

“f“i’nS“*rit“ lb up into two eitclee in.e»«>ting in th». wo joinh,. 
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H^orr 1 ““ 

fche 011X3111*1' points at infinitv two tnnn- i -n o^Peial ease there are at each of 
of the one pair singly to Jhose of Te correspondence of the tangents 

of circles, the two tangents to the same «-.i 

in the two foci on the axis in niiMfi ^ coiTespond to each otlier, and intersect 

are each of them the iiiterseetio^n of™’ 7^*^ of tliese, 

the other circle. of a tangent of the one circle by a tangent of 

the cUe'rr'eh'clo or mil*"'' o^'dor (this implies that 

of the conic), then the curve has at tlii-s cinvature, at the extremity of an axis 
circles touching each other and the conic tacnode, viz., it breaks up into two 

centres at the two foci situate on that axis of the 001 ! relJecSj™’ 

four intersections of the^\m'£h tnd **■ cubic having the 

*'-oc«softbe.iarabola%n::: - U 

If the oimle touch the parabola, the curve has a node at the point'of contact, 
a cusp at the point "rf contacf ^ Parabola, a contact of the second order, the curve has 

intersections are .situate in^^^aira^symurntri !a four 

has tliis axis for an axis of symmetry ^ ‘sgai'd to this axis, and the curve 

the centre lies tn^The^^ Ter^thr m of course, implies that 

contact, viz,, the curve broal!; nTint\ T' f P-*® of 

of contact, and the circle has its centre at th" 

-der (this implies 

vertex), then the curve has a tacnode vk'"it parabola at its 

each other and the parabola at the VertL th^ touching 

parabola at its vertex, and the cu'cle is fC ^ 

for its centre, and passing through the ve!7 parabola 

mdius of the ^-ing its 

four nodo-foci coincide togeth^ 'at^'the bicircular quartic such that its 

Cartesian having the cenL of Ihe I ®«^’vo is a 

of the cuspidal tangents of the Caitesian f*^'*'* for the intersection 

other circle, or say with the ortlrntmir ^ f of the conic with the 

Cartesian; vk, the antipoints of these are^Wo '‘S foci of the 

focus 18 the centre of the orthotoinic circle, 
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Article No. 178. Case of Double Oontact, Casey's Equation in the Problem of Tactions. 

178. In the case Avhere the conic has double contact with the ortliotomic circle, 
then (as we have seen) the envelope of the variable circle is a pair of circles, each 
touching the variable circle; or, if we .start with thi'ee given circles and a conic 
through their centres, then the envelope is a pair of circles, each of them touching 
each of the three given circles; that is, we have a solution of the problem of 
tactions. Multiplying by 2, the equation found ante, No. 173, for the variable circle, 
niid then for the inoinent representing it by (a, b, c, f, g, h][!t, v, wf = 0; then 
attributing any signs at pleasure to the itidicals Va, Vb, Vc, the equation ot a conic 
through the centres of the given circles, and having double contact with the ortho- 
tomic circle, will be 

(a, b, c, f, g, h][M, V, w)'' — (?tVa + «) Vb + wVc)'“ = 0, 
vif!., representing this equation as before by 

Imv + mwtt + nuv = 0, 

wo have _ _ — 

I : m )i = f-Vbc : g-Vca : h-Vab, 

that is, substituting for a, b, c, f, g, h their values, and taking, for instance, a, b, c 
= «"V2, h" o"V2, we find 

I i m \ n— {h" — 0 "^ — {b — oY — ib' ~o'y 
: {c" -a'y-ie -ay-(o' -aj 
- (a"~b'J-(a~bY-ia'~bJ, 

that is, I, m, n are as the squares of the tangential distances (direct) of the three 

circles taken in pairs, and this being so, t he e quation of a pair of circles touching 
each of the three given circles is VZ?r + V«i'S° + V»S‘’ = 0. It is clear that, instead 
of talcing the three direct tangential distances, we may take one direct tangential 

distance and two inverse tangential distances, viz,, the tangential distances corresponding 
to any three centres of similitude which lie in a line; we have thus in all the 
equations of four paii-s of circles, viz., of the eight circles which touch the three 

given circles. This is Casey’s theorem in the problem of tactions. 


Article No. 179. 


The Intersections of the Conic and Orthotomio Circle are a set of four 
Goncyclio Foci, 


179 The conic of centres intellects the orthotomio circle in four pc 
each of ’ these the radius of the variable circle is =0, that is, the points 
a set of tour encyclic foci U. B, 0. B) of the curve. 
the circle which contains them is ot coutee the orthotomic ciicle, and 
smdy infinite series of curves, vk, these correspond to the sing y m i 
conics which can be drawn through the given foci. As for a given cur 
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foul s6ts of coiicyclic foci, there are four different coiistriictions for the curve, viz., the 
orthotomic circle may be any one of the four circles 0, It. S, T, which contain the four 
sets of concyclic foci respectively ; and the conic of centres is a conic through the 
corresponding set of four coiicj'clic foci. We have thus four conics, but the foci of each 
of them coincide with the nodo-foci of the curve, that is, tlie conics are confocal; that 
such confocal conics exist has been shown, ante, Nos. 78 to 80. 


Article Nos. 180 and 181. liemavJc us to the Construction of the Symmetneal Curve. 

180. It is to be observed that in applying as above the theorem of the variable 
zonial to the construction of a .symmetrical curve, the orthotomic circle made use of 
was one of the circles R, 8, T, not the circle 0. which is in this case tlie axis; in 
fact, we should then have the conic and the orthotomic circle each of them coinciding 
with the axis. And the variable circle, qud, circle having its centre on the axis, cuts 
the axis at right angles whatever the radius may be ; that is, the variable circle is 
no longer sufficiently determined by the theorem. The curve may nevertheless be 
constructed as the envelope of a variable circle having its centre on the axis; viz 
writing r = (jc - azf + f - «' V, &c., and starting ivith the form 

VTr + ViW + v'nr^O, 

then vecim-ing to the demonstration of the theorem {ante. No. 47), the equation of 
thejariable circle is a^ + b5B“ + c6»= 0, where a, b. c are any quantities satisfying 

a'^b ***0 taking q an arbitrary parameter, and writing 

a — “ — 2, the equation of the variable circle is 

Compare Nos. 118— 123 for the like mode of construction of a conic; but it is proper 
to consider this in a somewhat different form. ^ ^ 

181. Assume that the equation of the variable circle is 

= (® - dzf + - d' V = 0 ; 

we have therefore identically 

aS(° + b53“ + c®“ + d®" = 0 , 

viz., this gives 

a +h +c =-d , 
act + bJ +cc= — dd, 

a (a® - ft"®) + b (i»® — t"®) 4- c (c® - c"®) = -' d (d® - d"®), 
ond torn obW„ ,, b, c equal r«p.uti,ely to given multiple, ofd; 

eubstituting tbete values iu «.e equation d dividos out, and w. have an 
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equation involving the parameters of the given circles, and also d, d!\ the pai'ametera of 
the variable circle; viz,, an equation determining d”^ the radius of the variable chcle, 
in terms of d, the coordinate of its centre. I consider in particular the case ^Yhere 
the given circles are i^oints; that is, where the given equation is 

VfSl + V + VnS = 0, 

The equations here are 

a q-b q-G — -d, 
aa + b6 4- CO - — drf, 
aa^ q* b6^ -h cc^ = - d (fP - 

and from these we obtain 

a (a “ 6) (a - c) “ - d ((cJ - b) (d - o) - 
b (t - c) (i - a) = - d {{d ~c){d- a)- d!”) 
c (c - a) (c — 6) = — d {{d - «) (d - i>) — d"’), 


80 that the equation - 


+ !?! + !? 
^ b 


= 0 becomes 


l{a—h){a~c) . m{Jb-c)Q) ~a) «(c-a)(c- 6 ) _q 

Z o) - rf"" '^{d- cTid - a) - (d~ a)id-b)- d"^ 


or, as this is more conveniently written, 

I 1 . m 1 I = 0 

T^'o (d - b) (d- d) ~ d'"^ ^ c-a {d~c)id-a)-d''’‘ a-b {d~a)(d-b)- d"^ 

viz., considering d, d" as the abscissa and ordinate of a point on a curve, and repre- 
senting them by os, y respectively, the equation of this curve is 

I 1 . jn 1 1 = 0 , 

F^~o Iw'-bj^aT- o)-sf 0 - a (a) - c) (a- - a) - / c- a (a}-a)(os-b) ~y'‘ 

which is a certain quartio curve j and we have the original curve 

VWl + VmS + Vn<J = 0, 


as the envelope of a variable circle having for its diameter the double ordinate of 
tliis quartio ourve. 

I sni li T Af 

Write for shortness ’ 

of the quartio curve may be written 

[(« - ay (® - 6) (« - c) - ly - «■) (2® 

viz,, this is , 

%L[as{ai~a)(fi>-h){ii>-c) 

- 2/” ^2is’-(a + i> + c)a! + (a& + «o -h J 

- a - a)(a!-t) (®- c) -t- 


0. VI. 
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•or what is the saiiio thing, the equation is ' 

(i + -h iV) [co - a) ((c - bj {w - g) — (2a?^ - (ft + & + o) /y + ab -h (ic, + bo) -h 2/^] 

- (Zft H- ilfi + i\^c) (rt; — ft) (at) — b) {(g — c) 

-f {{La + Mb + iVc) X + Z6o 4 • il^Oft + Nctb] = 0. 

In the particular case where Z^h iV^ = 0, that is, where 


6 - c c “■ ft 


+ 


ft -“6 



the quartic curve becomes a cubic, viz., putting for shortness 

. _ Lbc -h ilfcft H- Nab 
U^~Mb + 'NG ^ 

the equation of the cubic is 

^ ^ 

viz., this is a cubic curve having three real asymptotes, and a diiunotor at right 
angles to one of the asymptotes, and at the inclinations +45^ -45" to tlu) otlior 
two asymptotes respectively — say that it is a rectangular cubic. Tho roliition 

i — c 0 -^ ^ a~b ~ ^ the curve Vi^ + Vm'S 4- V^iS — 0 is a Oartosian, and 

wo have thus the theorem that tho envelope of a variable circle liaving for diamofctsr 
the double ordinate of a rectangular cubic is a Cartesian, 


I remark that using a particular origin, and writing the equation of the rootangular 
cnbio in the form = _2„ia; + a + ?™ , tho equation of tho variablo circlo in 

(v 


{to — (ly + = (P ~ 2md -I- a + 


that is 


M 
d ‘ 


iif‘ + f-tt~2d (w - m) - ^ = 0, 


where d is the variable parameter, Foming tho derived equation in regard to d, wo 

A 




and thence 


cr 


WnVi" nr'”"" of the envelope is + 16^1 (»~m) = 0, which is a 

kno^^n form of the equation of a. Cartesian, 
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Arbiclo, Nos. 182 aiid 1S3, FQ6al for the General Curve* 


182. Con.sidering any three circles centres A, B, G, and taldng ?r, &c., to. denote 
as usual) let the equation of the curve he 

then considering a fourth circle, centre D, a position of the variable circle, and having 
therefore the same orthotomic circle with the given circles, so that as before 

a9r + b2i° + crHhd3)"-0, 

the formuhe No. 47 (changing only U, 7, If, T into 91°, 2)^) are at once 

applicable to express the equation of the curve in terms of any three of the four circles 

A, Ji, a, D. ' ‘ • 

In particular, the circles may reduce themselves to the four points A, B, 0, D, a 
set of Goncyolic foci, and here, the equation being originally given in the form 

Vi9l + Vm© + Vn® = 0, 


the same formulae are applicable to express the equation in terms of any three of 
the four foci, 


188. It is bo bo observed tlmt dn this case if the positions of the four foci are 

given by means of tlio circular coordinates 1^, &c,, which refer to the centre of 

the circlo ABOD as origin, and with the radius of this circle taken as unity, then 
tho values of a, b, c, d (ante, No. 90). are given in the form adapted to the fommlie 


of No. 49, vi?'.., we have 

a : b : c ; d-c((iS78) : -iSCvSa) : 7(S«/3) : -S(ct/37), 

whore (/37S) = (yS-7)(7-S)(S-A 1 + 

I'.m: n^pai^-ryf : cr/Q(7-a)‘> : t 7(«-/3)“, (or, what is the same thing, taking the 
equation of tho curve to bo given in the form (;0-7)VpaSl+{7-“) Vff/9i8+(a-|S)VT7e = 0), 


becomes p (/3 _ y) (« - S) + <r (7 - a) (/3 - 8) + t (a - /3) (7 - §) - 0, 

vi.„ this oquntioiV considering p. r, a, y bs given, determines the position of the 

fourth focus D, or when A, B, Q, B are given, it is the relation which must exist 
between p, ^r, t; and the four forms of the equation are 

( . , V^(8-7). V^(/3-S). Vp(7-/3) )(V^.V^SB, Vij;®. 

^^(y-S), . , Vp(8-a), Va(«-7) 

V;(8-/S). Vp(«-S). ■ . V?(/3-«) 

Vp(/3“-7), Vo'(7-'a), ^^T (ot — 

viz., the curve is represented by means of any one of these four equati 

each of them three out of the four given foci A, B, U, B. 
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Article IS os. 184 and 185* Case of the Giroidar Giihic, 

184. In the case of a circular cubic, we must have 

p O - 7) (a - S) + <r (ry - oi) (;0 - S) + T (a - /9) (<y - S) = 0, 

Va/>(/9-7) +V^<r(7-C[) +V7 t(« — /3) =0, 

which, when the foci A, B, G, D are given, determine the values of /j : <r : t in order 
that the curve may be a circular cubic, We see at once that tliere are two sots of 
values, and consequently two circular cubics having each of them the given points 
A, B, Q, D for a set of concyclic foci. The two .systems may be written 

: Vo- : VT = Va8-Vy87 : V ;98 — Vyot : V7S — V^, 

VIZ., It being underatood that VaS means Va.VS, &;c., then, according as VS has one 
or other of its two opposite values, we have one or other of the two systems of 
values of p ; o- : T. To verify this, observe that writing the equation under the form 

Vap : V/ 9 o- : V7T=«V8-Va^7 : / 3 VS-Va /37 ; 

the second equation is verified ; and that writing them under the form 

p : 0- : T=-(^ + 7)(« + S) + jl/ : - (7 + «) (/3 -p S) -j- # ; - (a H- /9) (7 + 8) + ilf. 

where 

= /37 + a8 + 7a + /38 -f «;0 + 78 - 2'Ja$y8, 

the second equation is also verified. 


186. If we assume for a moment « = cos a + i sin a = 
the inclinations to any fixed line of the radii through A B ’ 
have ° ’ ’ 


&o., viz., if a, b, c, d 
0, D respectively, then 


bo 

wo 


Va 8 i V ^7 = et(®+i+e+<J)< [giln+d-Ii-cti ^ g-}((t+<l-l,_c)i| 

V«(/3-7) ) 

and thence *' 


V^(/3 7) : V^<7(7-a) ; ^Jyr{(^-^)^ cos J (a + d _ ft _ c) sin ^6 - o) 

: cos J (6 + d - 0 — a) sin (0 — a) 
or else ’ i (0 + d — a — 8) sin {a — h ) ; 

= sin J (a + d — 8 — c) sin J (i» — c ) 

: sin i (8 + d — c — a) sin |(o — a) 
Putting in these formul®, ’ ^ ~ - i») sin ^ (a - 8). 

■ then we have 5 - (7 = ^ 

^-^=Ho-a), 

). A - B =\{a~.b), 


1 / 
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Va/3 ~ y) + '^ 0a {y — a) '^yT(a — /3) = 0, 
will dopoiid on bho bw'o identical o(iuations 

Hin yl Hill (}] - G) -l- hui B sin {0 - ^l) + sin 0 sin {A - B) = 0, 

(lOH A Hill (B - 0) + coH B sin {0 — j"!) + cos (7 sin (yl - B) = 0 : 

altlioiij^h the forogoiiig HoUition for blio case of a circular cubic is the most elegant 
one, 1 will prcHCU tly roturii to the ijiioation and give the solution in a different form, 


Articlo No. 180, Bociti Formidw for the Symmetrical Curve. 

180. in till! Kyininctrical case, whoro the foci A, B, G, D are on a line, then if, 
as iiHiud, (t, b, 0, (I denote tho diBtaiiccs from a fixed iioinb, we have the expressions 
ol' (a, b, (!, d) in a form adapted to tho formnlie of No. 49, viz., 

a ; b : 0 1 d = (b - o)(c~(l)(d-b ) : - (o-d)((l-a)(a~e) : (d-a)(a-5)(6-d) : - (a~b)(b-c)(o~a), 
HO that, aHHUining 
tho oipiabion 


I : m : n= p(b — o)'^ ; <r(o-«)’‘ : T{a-by, 
I , m , n 


- + "'-l-- = 0, 

a 1> c 

boconioH ^ ^ -P <r (c - «) (& - d) H- t (« - b) (o - d) = 0, 

.and the etiuabion of bho curve may bo presented under any one of the four forms 

( . . Vr (d -0), 'Taib^ d), Vp (0 - 6) ^ (VSf, VIS, VS, VS) = 0. 

VT(o-d), . . Vp(d-(t), Va(a-c) 

^a(d~b), f'p(a~d), . . ^r(b-a} 

Vp (6 - 0 ), Va (o - «), Vt (ft - b), 

Article No, 187, Case of the Symmetrical Gircvkvr Cubic, 

187* Vov a circular cubic we must have 

p {b~o)ia-d) + a(o-a)ih - d) + T(ft- &) (o-d) = 0, 

Vp(i>-c) +V^(o-ft) +V^(«-5) =0- 

• • a/;; • Vt = 1 * 1 : 1 (values which obviously satisfy the two 

ThcBO etiualions give Vp-Vo-.VT-i.J-. \ 

•equations), or else 

Jn •. 4a : A/p=:ft+d-&-0 : b^d-c-a t o+d-ft-6. 
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lm(; Miin (ifmliaiiis iho linn (I umI ily, hu? rv.,, ,., i* ^ ^ 

iixin lifiknn thi» nnly [Mfipi’r <'nliin wiUi lie «- * n vl. // /i - , f;. r • 

'A' •r)\^VI I (♦’ > h)(/m I- T ^ 

dm <f4|iuidnii (i( whinh Im, oI niin,it\ r\|nr’ 'ihh^ m?i' li »i!! fi!-, r ^ 


Artinln iMh h» i■^ 

IMS, IlnMiniin^^v |u lllr* ^;^ifj|nial r/i n H^v rsr . -L-, hK,. ?!j, ^ 
111 h\ mid ir W(> iti'iintc liy «„ f|,„ .Svit,,,,,-, '» 

mMi...(i|,ivTly. H.. Miiii, Vv wm/,. W.I ,, ‘ ,, 

to lilu. l,rimi;(l(.N //f'/;. i’l)A. iKilt, .HU‘. v,i?|, ,,, ,, h,,,. , /.j. 

‘ 'I ‘ I :-•, OH;, Jj 


it i 


and (,]iiH lii-in^' m», |,||<> niiiini,,,,,. ^ | ^ „ ,. 

n h ii. i 

vidiioH ..r W : ^/,n : V„, vivi.. ||m ., 

S'’/ 1 v*'l/t : ,. , 

and 

"■' ■■ ’ ^’11 -^u 

('I’o Verify UdH, nliHi-ivt, lluti 1.., tlm li,„j 


-!■ I 
» ' b ' i> 


if •<. *> M. -it. 


ffl, 

i/r 

O'i, ' r 

it i,t.. 

d, i ll, 


OOr ■ ^ 

K « 

► t-. S' 

>'l , 

1 


•(> 

>1, 

o, it. 

k;, 1 - • 1. 

t-.. 

' k 

„,.. j, 

tl, ‘ 

t>, - 

»lj - »/, 




H, >«. Jj 

f, ” *.:• ■ 

«*u , 


i 

ff ?ir' 

4 


I III 

' djlS! |h,:V 
fi ii 9 


r'i ff h' 4- ■!'■..^^,■ 


Jlf 

•■■• O. l^»v 
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1<S!). 'rh(!H(s viilutJH of V/ : Vm : Vji give (lio 0 (iiiafci()H 8 of fclic two circular cubica 
with till) loci (yl, B, 0, })), the oijuation of ouch of tliom uiulcr a fourfold form, 


viz., W(! liavi! 


( . . 

Cl , 

di, 

Ci-i), ; 

)0 

0i ^ di , 

* ) 

dj ^ (ij , 

a, ~ Cl 


ill ^ ) 

(fci dj j 

* » « 

5a - (li 


/>j (/j , 

0| — ft| , 

(ij l)i , 

- 


* t ^ 

— ill, 


-5,-1- 


ill 0i , 

* > 

a, — du 

«i - 

a, 

/jf 

di — Uj, 

• > 

«i-l- 

5, 

/>! , *— 

Cj 

- (h - b>l y 

,g 



(lirali (iurvi^), 


di —iti, . , (hocoikI ouiivo). 

/>, -Oi, -C| -5i, 

Kiiiiiiarly (/VI and BJ) moot in /S', iv»d if wo doiioto by a.,, !t.j, v.j, d] tiu) 

diHtaiioos from iS' of the four {mints rosiiocbLvoly, ho biiat c^aj « Ma — I'lid, ’/S' (obsorvo 
that if ns iimuil A, B, IJ, .1) nro talccm in order on tlto circlo 0, then A, 0 nro on 

o{)|Kwit() sitlos of and Himilarly B, J) an: on o{)po.sito hkIoh of /S', so that taking 
Ng, 5.J {lOHitivo (?g, dg will ho iiogativo), wo liavo 

a I b ! 0 I d Cg (5a •*" : dg(Cg“*(ta) » *“ rta (5g *"* rf-j) : 5.j (cg Oy), 

and thoii tho oipiutimis "b {j d* Vi + Vn ---(), aro miti.sfiod by blio two sotK 

of vnliioH 

Vi ; Vva ! Vn=--! 5g“R.g : Og — : Ua~hi, 

and 

K=-5.,“Ca ’• (fg-«a : Mg -|- 5s, 

iiud tvo hiivo tin: muiatioiiH of tho rnnio two cubic curves, oudi uc|uation under ti 

fourfold form, viz., theso nro 



- Cg -t- dg, 

- dg d' 5g , 

5g •{* Cg 

|(V 9 J. ViD, Vtf, V3)) = 0 

Cg - dj, 

’ ) 

dg — Itj , 

“ Cg + tl.j 


5.J + dg, 

if>j djf 

► 1 

-• Ug -I- 5a 

((ivHt ourvo), 

5.J — Oj , 

Cj - a.j, 

ttg — 63 , 

• 


» 1 

C.J + d.j, 

- dg + 5g , 

- b.j - C.J 

)(V'X, Vs, ve, V ®)==0 

d g ~ Cg , 

• f 

Og + dg, 

Gji 


5a + dg. 

dj 

* > 

Ui H- hj 

(Hocoud curve). 

5g - 1 - Cg , 

— G’j "h Out 

- «g - 5g , 

. 



191. And again AB and Gl) moot in T, and donobing by rtg, Cj, d, tho 
difltnncoH from T of tho four points reapcctivoly, so that «j5„ >= Cgd, = rad, V/', wo havo 

a ! b I C I d — 6j (Cg “ dg) I ftg (Cg dg) : “■ dg (Wg ” 5g) » Cg (ftg ”• 5g) J 
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ami the equations ^ ^ ^ = 0, V/ + V?i=: 0, then give for Vi, V?i two sets 

of values, viz., these are 

VT : Vw : V?z = &3 - C3 : C3 - \ «s 

and 

== 63 + C3 : “ C3 - : ^3 - 63 ; 

and we again obtain the equations of the two cubics, each equation under a fourfold 
form, viz., these are 

( 


and 


• J 

- Cj + fZ„ 

- tZa + 63 , 

C3 “ Z>3 

” da + ^3 ) 

• > 

- «3 + d), 

.03 “Os 

— “b dg, 

— dg + rtg, 

* * 

Z>3 -fta 

^3 “*^3 1 

^3 “ i 

tts - 63 1 

• 

• > 

^3 — dg, 

^Zs + &3 1 

1 

1 

^3 “* i 

♦ j 

- «8 - da, 

(I3 + Cs 

— &3 — dg, 

da + ^^3) 

* ) 

&3 -tts 

h + c^, 

“ Ca - «3, 

^3 ” ^3 ) 



192. The three systems have been obtained independently, but they may of 

course be derived each from any other of them : to .show liow this is, rocollcctiiiff that 
we have 

RA^ RBy RO^ RD = au ii, Ci, 

S.d, SB. SO, SD =«„ h,. -c. -rf., 

TA.TBTO.m.a,.h,. c„ d,-, 


then to compare 
the similar triangles 

and the similar triangles 


(ai, 61, Ci, di) and &2, Ca, dg); 
BBO give &,-Ci : -cj ; i,, 

=ai-fii ! -fZ, ; Bj, 


give ftj-c!,: 0, : a,, 

RBB =b,-d,-. d,'.br, 

using these equations to determine the ratios of a,, b„ c„ d, we have 


that is 


&a ““ ^2 di' ““ + Pids — 0 ; 
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and hencG 
that is 
but 


^3 (~ ^iCi + Ci° + a^di — d^) + Ca (— iidi + Cidi + «iCi — Cidi) — 0, 

6a (Ci“ - cV) + Ca (aiC, - ti^,) = 0, 

«iCi — 6idi = j (ci^ - df), 


7 & Oj 

or the equation gives 63+^03=0, or say 5a ’• Ca = 61 ; - di, and this with 
gives all the ratios, or we have 


1" 

1 ', 


a, : 5a : Ca : da = 61 (»i - : 6i(6i-c.) : -d,(a,-da) ; -d.{ 5 ,-c 0 . 

We have then for example 

63 — Ca : Ca “ ffa : Oj - 5a = 5, — Ci : Cj — «! : fti — 5, ; &c., 
showing the identity of the forms in (cq, 5i, c„ d,) and (aj, 63, Ca, f^s)- 


fla 


Article No. 193. Trmsfoi'matim to a New Set of Goncyolio Foci 


193. Consider the equation 


ViSl + V + VnS == 0, 


,vluoh to the foci A, B. C, and taking D ft) 

tliat wo can find Wi, «i, such that identically 

- M + m53 + n® = — ZiSIi + WiSi + 


and that mini = mn. 

wo have therofore 
that is, 


The equation of the curve gives 
-M +mS3 +n(E + 2 '/«m58(5 = 0, 

- Ii9li +TOxS3i + + 2 ViUith^A = 0, 

V^C+ Vot,23x + '/ibC = 0> 


Vi.., this is the equation of the curve expressed in terms 

Ai, Ui, Cj. 


of the concyclic foci 


Article No. 194. The Tetrazmml Curve, Decomposable or Indecomposable, 
194. I consider the tetrazomal curve 

VZST +VmS3“ + ViTe^ + 

where the zomals are circles described about any gi 
0. VI. 
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There is not, in general, any identical equation aSP + b53° + q- (33)° = 0, but 

■when such relation exists, and when we have also ^d'ij‘f-”h 2 == 0 , then the curve 

breaks up into two trizomals. When the conditions in questifjn do not subsist, the 
curve is indecomposable. But there may exist between /!, p relations in virtuo 

of which a branch or branches ideally contain (^“-=0) the line infinity a certain number 
of times, and which thus cause a depression in the order , of the curve. The several 
cases are as follows: 


Article No. 195. Gmes of the Indecomposable Gn^rve, 

195, I. The general case ; I, m, n, p not subjected to any condition. The curve 
is here of the order -8; it has a quadruple point at each of the points I, J (and 
there is consequently no other point at infinity); it is touched four times by eacii of 
the circles A, jB, (7, D; and it has six nodes, viz., these are the intersections of the 
paii’S of circles 

Vmr + Var=0, Vir -h Vp3)" = 0, 

-0, 

Vir +\/^°=o, Viir 

the number of dps, is 6 + 2 , 6, = 18, and there are no cusps, hence the class ia 20, 
and the deficiency is 3. 

IL We may have _ _ 

V/q- Vm + V71 + Vp = 0; 

there is in this case a single branch ideally containing {z—Q) the line infinity ; tho 
order is =7, Each of the points /, J is a triple point, thoro is consequently ono other 

point at infinity; viz., this is a real point, or tho curve has a real asymptote, There 

are 6 nodes as before ; dps. are 6 + 2,3, - 12 ; class = 18, deficiency = 3, 

III, We may have 

Vr+Vm = 0, V?t+Vj)~0; 

there are then two branches each ideally containing {z^Q) the line infinity; the order 
is =6, Each of the points /, J is a double point, and there are therefore two more 

points at infinity, These may be x*eal or imaginary ; viz., the curve may ImvcJ 

(besides the asyn^totes^t /, J) two real or imaginary asymptotes, Tho circles 
VZSI + VmS = 0, Vii8+Vp2) = 0, each contain (; 0 : = O) the line infinity, or they reduces 
themselves to two lines,, so that in place of two nodes we have a single node at the 
intersection of these lines; number of nodes is =5, Hence dps. are 5 + 2,1, =7. Glass 
^16, deficiency =3. 

IV, We may have 

Vr : Vm : Va : Vp = ft' : b ; c : d : 
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in lii’K' It niiiKlo linuKili (imilaiiiing (2“=!0) tho lino infinity twice; the order is 
. . tJ, li;iu4i i4‘ llic iMiiiiln I, ,1 in ti double point, and there are therefore two more 
poiiitM al. inliiiity, Itml. in (bonidtin the anymptolcs at I, J), there are two (real or 
iiinipfiniiiy) iiMyiinilolfM. 'I'lni uninbor of nodon, an in the general case, is =6. Hence 
dim. luu U I 'd. l. ^ I'litHM is dolicioncy =2. 

} iiiilifis l.lni imilndinl iiurtiotdar ciino whore the circles reduce themselves to their 
rriil rt'H ; viz., wo Itavo bon’. Uio curve 

a Vi’i -I- b V^y 4- 0. Vd -1- d ViS = 0, 

wliiidi (nil' tiiilti No. !i:t) in in fact the curve which is the locus of the foci of the 

, wl.M. |.~ n... r..i.r A, II, a. n. it i. ..t p™t 0 »«m 8 d that 

i’unr nninlM iwv nol, u rirnli' ; \<\m vxm) will bo ooiiHidorcd jjost No* 199* 
bavM liV^Ah nun-liuH in Hr, HA, JW in ,S'. and AB. CJ) in T, then these points 
.S, T are three of the nix neden, In fact, writing down the equations of the two 

' *” *’ ' b V'il I- c Vd « 0, a VVI 4- d Va) = 0, 

,m,l .dmerviuK tlm' "hen the current ix.int is taken at It, wo have 83 i ® 

UHlif ■ M/.)...,.. , 1... fly SI : ® = JU- : £/;•.( W : (MO- d- : aS 

utalr. tSiiidlarly, the peiiiln .S' luid T are each ol thorn a node. 

Vie* Vll raVjJ, 

" 7 ; -r=.s-S.r-.*iSi 

is r.TT;'rr..: 

- ■'’ 1 ^' VS|.|-V» = 0, te, aontai,,. the Hm mBtiity, aad is 

.rii'...-, n." tt..l..lt«v "I- tttaloa i» tl>«f«f<>*^ ■‘‘•“t «'*'»•- ' 

eluHH i»i I4t; delh-ieitey 

A, ,i.,l„ N". lltll. ./ !/.» Mm,.,, mam C«m. H*. O.*'* 

1* \\\ I’ho OriHO wllGl*0 iibo GOIltVGB ^ 

UW, ura " \|,„ ,,.„Mrita»l»« ™ 

„„ „ .„W„K m «.al (^Jt. . « 

tMiuinm IVent a lixwl IHimt on tho lino, i cuumoia 

I. N.. H..ti.... lH.W««' “• »■ r. ^ 

II. VI + *i + V» + Vp - 0 ; ooiTMIioiids to II. “F'». 


vr+V».0. V» + V);-0, oorroapond. to III, «pra. 
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IV, Vi + Vm 4* V? 2 , -h Vp = 0, Vr+ 6 Vm + c V^t-f V^ — 0 ; corresponds to IV, supra, 
viz., there is a branch ideally containing (z^ = 0) the line infinity twice. But, observe 
that whereas in IV. supra, in order that this might be so> it was necessary to impose 
on I, m, n, p three conditions giving the definite systems of values ^/I i Vm : V?i : V^; 
= a ; b ; c ; d, in the present case only two conditions are imposed, so that a single 
arbitrary parameter is left. 

V, V/=:Vm = V?i = Vj»; corresponds to V, sitpm, 

VI, Vr 4- V?n == 0, 4- Vp = 0, a Vi + 5 V??i 4- c V?i + d V^ — 0, or what is the 

same thing, Vi" : \ V?i ; *Jp — c — cl : - c \ b - a : a — & ; the equation is thus 

(c — fZ)(V5r-V33°)-(a-&)(V?r~ V8°)^0. There is hero one branch ideally containing 
(;2:^“0) the line infinity twice, and another branch ideally containing (^-O) the line 
infinity once ; order is =6. Each of the points I, J is an ordinary point on the 
curve, the remaining points at infinity are a node (Sr = S3^ as ijresoutly 

mentioned, counting as three points, viz., one branch has for its tangent the line 
infinity, and the other branch has for its tangent a line perpendicular to the axis; 
or what is the same thing, there is a hyperbolic branch having an asymptote perpon- 
dioular to the axis, and a parabolic branch ultimately perpendicular to the axis, The 
number of nodes is ==5, vk, there is the node $[" = 33^ = just referred to; and 

the two fail’s of nocfe ((c-(Z)Vr-(a-6)V6® = 0, -(c~rf)y^4-(a-6)V^ = 0) and 

{c — d)V§( + (a — J) ViD'' = 0, (c — d)\/23° + (a — i) each pair aymmeti'ically situate 

in regard to the axis. Hence also dps. = 6; class =10; deficiency = 1. 

And there is apparently a seventh case, which, however, I exclude from the present 
investigation, viz., this would be if we had 

( 1 . 1 . 1 . 1 , Vw, •Jn, V'p) = 0, 

Ot y by Gy rf , 

l>\ cP. d^y 

a''\ h"\ o"\ d"», 

that is, a, b, c, d denoting as before, if we had 


fjl : tjni : Vn ; '\/p = a : b : c : d, and aa"® + bJ"* + co"*' + dd"“ = 0. 
For observe that in this case we have 

ar + br + cr + d2)“-0, and 4^^ + - + 2 = 0- 

abed ’ 

that is, the supposition in question belongs to the decomposable case. 


Article No. 197. The DeooviposaUe Gune. 

197. We have next to consider the decomposable ease, viz., when we have 

ar + b®° + cr + d!l)‘‘ = 0; 
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Hoo mitCy Nos. 87 ei seq.—i^. there appears that (unless the centres A, B, G, D 
a lino) tho condition signifies that the four circles have a common orthotomic 
and when wo have also 


a b c d 


are in 
circle ; 


The formulas for • the decomposition are given ante. Nos. 42 et seq. Writing therein 
SB", (S”, 33° phice of U, V, W, T respectively, it thereby appears that tho tetra- 
/oinal curve Vm“ + ViW + VulT + = 0, breaks up into the two trizomal curves 

Vpr + Vw,S° + = 0. + V m,®" + Vn.jg'’ = 0 , 


where 




Vl =Vi 


4.^ JL 

4 Vi ’ 


V-wi. = Vw - 7 + \/ bed \ 

Vk, = f " '\/b^ 1 ° 


anil whoro wo have 


a b c 



’i^ + ’i? = 0, 

b e 


Ai'ticlo Nos. 198 to 203. Oases ef the Deccmjmable Gurue, Centsee not tii a line. 
108. I «»ume, m the fmt ™U»ce, that tho coateo of the otaLt "» “»* “ * 
liao; wo Imvo tho followinB c«b: . tetraaomal i. -8; 

I, No fiuthov I'olotion if „f them U a biotaulav qiiarfe 

the owtov of oooh of tho tnzomala » th«‘ » 

II. V;>V« + *+V?.0; tho ordoo of the tot— 1 » =7. 
tho trizomals must bo = 3. 

To verify this, observe that we have ^ 

Vij-k = Vj + Vw + Vn+ 

or BitbBtitubing for V(+ V.»+ t/J the valuo - '/^this lo 
.„d for 




1 M from thl two coadilloa. ..tisM by i, 1* it h easy to deduce 
'>“■ ad,..,- 


(a^ - d Vi)- -^(c*-'' 
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and hence one or other of the two functions 

+ '/«,, VigS- V»)i 3 + V«j is =0; 
that is, one of the trizonml curves is a cubic. 


III. Vi + Vj) = 0, V?ft + '/« = 0; order of the tetrazoinal is =6; and hence order 
of each of the trizonials is =3. To verify this, observe that here 




which since a-fb'f-c + cl=0, gives ^ ^ J so 2^^’Oporly fixing the sign of the 

radical, we may write AVo have then 

=s — g- -f. == “h c) Vm ; 


which last equation, using /y/ ^ to denote as above, but properly selecting tho signi- 
fication of ±, may be written 

V vii -f* ~ ± ^ Vm. 

Hence 

^Ti + {*J'0h + Vwi) = ~ + d) Vi+ (b -h o) /\J ^ Vw| 


= ^ {Vi+.v/^V«). .0, 


viz., Vii + (V«ii+ Vi!]) with a propei'ly selected signification of the sign ^ is =0; and 

similarly V/aT(V^ + Vn,) with a properly selected signification of the sign T is =0; 
that is, each of the trizomals is a cubic. ' 


199. IV. Vi : Vm ; Vn : yp = a ; b : 0 : d Rvalues which, be it observed, satisfy 

of themselves the above assumed equation ^ + ^ + = the order of the tetra- 

zoinal 1 ^ = 6 ; and ^e or^r of each of the trizomals is here again = 3. We in fact 
have ^ = !i + d, Vmi' + Vi^ = b + c, and therefore Vir+V^ + V^ = 0; and similarly 
V/g + V Wg V 7^2 =: 0 ; that is, each of the trizomals is a cubic, 

I attend, in pai-ticular, to the case where the four 011*0163 reduce themselves to 

the points A, B, 0, D; these four points are then in a circle ; and the curve under 
consideration is 

aVf + bV®+c V® + dv^ = 0 ; 
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ill tho gonoml ease where the points A, B, G, D are not on a circle, this is, as has 

boon Keen, a sextio curve, the locus of the foci of the conics which pass through 

the four given points; in the case where the points are in a circle then the sextic 
broalcH up into two cubics (viz., observing that the curve under consideration is 
4- Vm© H- Vn{£ 'h = 0, where Vr : Vm, : Vn : Vp = a : b : c : d, these values do 

of (ihemaelvoa satisfy the condition of decoinposability ^ + ^ + ^ + | = 

locus of tliQ foci of the conics which pass through four points on a circle is composed 
of two circular cubics, each of them having the four points for a sot of concychc 
foci. It is easy to see why the sextic, thus defined as a locus of foci, must ua' 
up into two cubics; in fact, as we have seen, the conics which pass through the lour 
concyclio points A. B, G, D have their axes in two fixed directions; there is con- 
soiiuciitly a locus of the foci situate on the axes which are in one o the fixed 

(UvoctionH, and a separate locus of the foci situate on the axes which he m the othu 

of the fixed directions; viz., each of these loci is a circular cubic. 

200, A.dopbiug the notation of No. 188, or writing 

BB-=^hu R0=cu 

(and thoroforo 6|Ci = ctid,) we have 

a i 1) ; 0 : ^ o,(.a,-d,) ■ -l>, («.-<!.) ^ 

Vi; -a + d VJ.a+d, _ 

VS-c-a/?' 


and wo have 


and tlionco 


a ^ 

Vi; -(o,-A)ft-“a Vi “(".-AX 

vs; 

vs ™ (oi ~ A) (<*> “ i’ll ~~ 


that is 


Vlj : : V«x = 5i-ei = 

Vij' : Vwa ; V?i; = &i-Ci : c, 

agreeing ■with the formulce No. 188. 

The tetrazornal curve 

-Mb,- Ox) VS + Cx (a, - d,) -hioi- 
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is thus decomposed into the two trizomals 

(6t - Cl) V?l + (Ci “ rti) V 33 + {(h - by) Vs ~ 0, 

{by “ Cl) VSl -p (Ci 4- «i) Vs - (oi 4 6i) Vs = 0, 

201. Observe that the tetrazomal equation is a consequence of either of the 

trizomal equations; taking for instance the first trizomal equation, this gives the 
tetrazomal equation, and consequently any combination of the trizomal equation and 
the tetrazomal equation is satisfied if only the trizomal equation is satisfied. Multiply 
the trizomal equation by - 4 dy and add it to the tetrazomal equation ; the resulting 

equation contains the factor cty, and omitting this, it is 

(6, - c.) (- Vii + + (Oi ~ di) (M - VS) = 0, 

where observe that 61 -Ci is the distance 5(7, and ay-dy the distance AB, But in 
like manner multiplying the second trizomal equation by -^^ 4 ^ 1 , and adding it to 
the original tetrazomal equation^ the resulting equation, omitting the factor (^i^ is 

(J, - c.) (- Vsr + V®) - («! - d,) (VS - Vg) = 0 ; 

viz., it is in fact the same tetrazomal equation as was obtained by means of the first 
trizomal equation. 

The new tetrazomal equation, say 

(61 “ Ci) c- Vf + VS) + (a, - d^) (V© - Vi) = 0, 

is thus equivalent to tho original tetrazomal equation; observe tliat it is an oquation 
of the form V(§[ + V?B©H-V?i® + Vj)'i) = 0, whore 

Vi=-(6i-c,), VTO = a,-d„ Vn = (ai-dx), Vp = &i-Cu 

and where consequently Vi + Vp=0, V«i+VM = 0, that is an equation of the form 
(198) III., decomposable, as it should be, into the equations of two circular cubics. 
Writing 

-Vf+VS . Vi-Vi ^ 

Oi-rf, ’ ~ ’ 

where & is an arbitrary pai-ameter, the curve is obtained as the locus of tho intor- 
sections of two similar conics having respectively the foci {A, D) and tho foci {B, 0) 
(see Salmon, Highei' Plane Gunes, p. 174): whence we have the theorem, that if 
A, B, 0, B ai'o any four points on a circle, the two circular cubics which are the 
locus of the foci of the conies which pass through the four points A, B, 0, D, are 
also the locus of the intersections of. the similar conics, which have for their foci 
{Af D) and {B, G) respectively; and of the similar conics with the foci {B, JD) and 
(G, A) respectively; and of the similar conics with the foci {G, B) and {A, B) respectively, 

202, V, Vr=Vm==Vn = yp, The order of the tetrazomal is =6, whence those 
of the trizomals should be =3 and =2 respectively. To verify this observe that the 
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i-.inul itpii 1 ^ '' 7) ' 1^’ (I -I- + “ + j = 0, and combining with a + b + c + d = 0, 

lui' only nntiiilb’d by nini of fcho HyHtoins (a + b = 0, c + d = 0), (a + c — 0, b + d = 0), 
(0 [ il 0, b ! O ’ 0). SolocUng to lix the idea.s the firat of these, or writing 


.ii< (tint wi' liuvo idfutioiilly 


(a, b, c, d} = (a, -a, c, -c), 

iv(/l."-./r)-l-c( 0 '’-i)“) = 0 , 


lilt in|uitlinu whioh fiigitilicH (bat tins mdical axis of the circles A, B is ako the 

1 / “■ 2 /- » /-\ = i 

m.lii iil uxin of llio oiioloH 0, ./); then, writing lus we may do, y cV c’ 


liavn 


Hioi’ v'/, ( Vw, 

I rii'Kiiml 


V/. 

1 — 

V. 

Vi; = 1 - 

a 

"c’ 

V«)i 


Vwa = 1 ■ 

a 

"E’ 

Vh, 

t .l - 1 - 1 , - 2 , 

V?(a =1 

- 1 . = 0 , 


Wliilill Kivii* ono of tho KBOmsJs a cuWo, vis, this is the 

0 _ VSI" + (l + “) '/«" + 2 vr = 0. 


I i,.„lf to tho bi«ml vr + v«“. 0 , which rogaeded as a 

d. or wnlloii iiialor ll»' loim ( « ) _2 gj 

li::: ;i«::,rii i: « the — »dic., .f the 0^*0 

4 , H iiiol of I ho i-iifloit 0, I). 


Artiolo No., aiKI to 211,-.. Cum of (/« VmovoMo a»m to ffsnim in a i.«a 

t,, sides 1 " 

Iiro OM u lino; tho <MHiatnin n,l -I- ^ ^ x-4-£= 0. 

... » fj/ Wo establish as before the relation - + ^ + ^ ^ 

i-vi-r lu! tho iwbi a . h , o , a ■ 

*l*bi’ omw’H »H'(! aH follows: i k nf tviz 

J *v. «, «• order of tetrazomal ==», ot uiz 

I. No fiirtlifi' ndulioii botwcoii I, » « i j 

* , 1 -7. of trizomals =4 and 3; same 

. r / ■ ,n 0 . order of tetrazomal = 7 , oi wizomaio 

n. Vm. + vw-t-'V/'®'’' 

(i« 1 1, mtjmt . „ , 1 R . of trizomals 3 and 3 ; 

/, /- n A/.a + V« = 0; ordor of tetrazomal ==6, ot tiizo 

MI, vl + v/>*»b. + 

stnme iw Ml. <r«/u’d. 

C. VI. 
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204, IV, Vi + -h V/j := 0, a V/ -h b + c Vji + cl V^; = 0 ; order of tetrazomal 

= 6 ; this is a remarkable case, the orders of the trizomals are either 3, 3 or else 4, 2, 


To explain how this is, it is to be noticed that in the absence of any special 

_ j_ c 0 give 


relation between the radii, the above conditions combined with -4.?^-}-- + - 

a b c d 


Vi : : V?i : Vj!)^=a : b : c : d(^); when i, m, iij p have these values, the case is 

the same as IV. siiprcti and the orders of the trizomals are 3, 3. But if the radii 
of tlie circles satisfy the condition 


1 , 1 

c , cl 

^9 


= 0, 


then the two conditions satisfy of themselves the remaining condition + 


1,1, 
ft , & , 

ft'’ , 

ci'\ G^\ cr 

a^bo^cl 

and the ratios Vf : \ : Vp instead of being determinate as above, depend on an 

arb i trary parameter. 

We have 

V/>Vr+^^_, V«-^ = Vm-y^^^bVn, = + 

and between I, m, n, p only the relations 

v'r+ V«i, + Vji + Vjj = 0, a Vi+ 6 Vfli + (5 d Vp = 0. 


We find first 


V^i + Vniq + '^’b^ + Vm+ Vn 




Writing z\ # in place of Vf, Vm, V;i-, wo havo to find ;v, y, w from tho condHions 

aj + y -h z ‘h 

ax^hy^cz +rfit,=0, 


a ^ b ^ o ^ d 
where tho oonatanta are oonneoted by the relation 

aa+fib +CO =0. 

It iwdily appeavB that tho lino represented by tho first two equations mehes_ tho qundrio aurfaoo in tho point 
ai : 1/ u : io=a : b ! 0 : a, so that these are in general the only values of \/T >Jm i s/)T: v?] In the onso next 
referred to in the text the line lies in tho Burfaoe, and the vahiofl are not determined. 
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and ihoi 


whoiHtn 


and wo liavo thua 


(d — a) V? = (6 — d) Via + (c — d) Vn. 
{d ~ a) ’^p — (a - b) •Jm + (a - c) Vii, 

d Vf- a V/) = ^ (b Vij. - c Via), 

Cu “ ft 


VZi + Via, 


iiiu) hiinilavly 




V(" + V«i,+ Vn,= (^+ Vs) 


(.,l.».a-v„ m the «« not_ ....der »«ids,aUo» hV;-cV»..0, ...1 thcofore 

V/ , -1' Vi/ V -I- Va, = O , Via + Vias + Vila = 0). 

In lilio proHOnti case we have 

,,.^,,,,,a=^ib~oKo~d){d-h)^-{o-d){d-cC){a-c):(.d-a){a-^^^^ 


iiin\ thenoo 


ad {h-c f 
be (rf — O'f ’ 


i-T' y — a/ a/T* j- V*)h 4- Vi/rt is ” G, VIZ., assuaiiag 

HO thal, only ono of the two sums VZ. + V^J^j + Vii., V^+ ^ - 

V be d — o> 

wo have VzT-!* Vvjii+ V ij,- 0 . . 

Wo have thou also 

rt VZ, + h Via; + 0 Va. = « Vr + b Via + 0 Va ^ 

Vi) (aaVp /_^(ib V«-ce Vi?o[ 

+ V{tT" Vbed^ ^ ) 

VZ 

hub wo hud 7, rt /- /— \ 

and thence __ _ Vj) /b - o _ (jb Vm • 

rt, VZi + bVwi + o Vwi = ^-^^d-ft V bo/ 

rt Hence Vz;:Vii.:Vi;;.==b"0: 

in vn-fcuo of y be eZ-a ^ 1 a quai 

^ponding trieomAl to A « ^ A* 



564 ON POLYZOMAL CURVES. [414 

205. V. order of tetrazomal is =5; orders of kixomals —3, 2; 

same as V. supnu 


VI. Vf 4* = 0, + Vt^ ~ 0, a 41 ^1) G -\- d — 0 order of iiefcrajsomal 

= 5 ; orders of trizomals are 3, 2. 

We have here 

Vi; =?i±-'^vi; 
d 

V j»i = Vm + b V«t, 

Vnj = Vm + 4 ^ ° 

or writing the values of V^, V«; in the form 

V, 7 i;= Vm + y/|^Vm; 

V »! = ~ V7ft + ^ ~ Viu, 

then observing that as before if fo fix the ideas wo assuitio 

equations are 

4li = V? and similarly ^ 4 1 




tliu 


whence 


V?n]= V 7 ?i+ 2 Vi, 

V?!, =- V}B + jVi, 


Vijij = Vm — ^ Vi, 

V)ij =V 7 ;i — 


We have moreover 


Vi, +(/.«,+ vs; = 0 , V 4 -vs;-vs=o. 


d 


and thence 
so that 


6 V7?ii + c Vji, = (6 - o) Vm+— Vr 

U ’ 

ftVi; + 6 Vj«i + oV'7ii = (a_c;)Vr+(6_c) Vm= 0, 

: Vji, = 6 - c : c - a : a-h\ 


ImThTfS*'™""'' “ “0 “ »«■> tho ..ho.. 
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VII. If we have 


1 , 1 , 1 , 1 
a , 6 , c , fZ 
,b\c\d^ 
(i!\ b'\ c"^ 


= 0, and ( 1 

I (f' 


1 

b 


1,1 ) (V{, V?i, ^/p) = 0, 


G , d 


, (P 

a"\ A fP 


the tetirascomal lias a branch ideally containing = 0) the line infinity 3 times ; order 
is == 6 ; orders of the trizomals are 3, 2, We have here 


and thonco 


which give 
Moreover 


VZ : Vm ; V?i ; Vjj ==a ; b : c ; d, 
VZi“a4-d > VZg— a-f'd > 

/b"^ /— /bed 

=c+y'---. Vji,=c-a/--, 

Vii + Vfll, + V«1 = 0, ^^^4- Vma + V»la!=0. 

rt ViJ + & Vm. + c V?ii = ft (a + tl) + bb 4- cc 



and similarly 
whence in virtue of 


ft 4- b Vwa4- c V«,, = d |(ft - d) 4- (b - ; 


one of fcho two expressions is 


ad _ (b- cy 
be {d — (if ' 

==0; and the trizomals are thus a conic and a cubic, 


Article No, 206. TJie DmmposiMe Giii-ve; Trcmfonudion to a dij 

OoMyclio Foci 

206. Consider the clecomiwsable case of 

ViSl 4- Vto’S 4- 4- Vp® = 0 ; 

via., the points A, B, 0, S lio kere i» n o”*. 

Taking (A., A) the ontipoints of <^, D); <A. «) the nnlipoinl 


'en 
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Vlil)i = 9(2), S3iSi = 53S^ (No. 65) and referring to the formulae, ante, Nos. 100 et seq., 
it appears that we can find k, 2h such that identically 

- /9l + w93 + - j>J) = -- + nh% + 

and moreover that lp = li2hi — 


The equation of the curve gives 

”” ^91 +?>i53 q-?iK — “ 2 Vip9[!D +2V7?w?^(S! =0, 

which may consequently be written 


viz., this is 






V/iSl, + VwjiSSi + Vji,(S, + = 0 ; 


that IS, the two tnzomals expressed by the original tetrazoinal equation involving the 
set of coiicychc foci (A, B, 0, B) are thus expressed by a now totrazomal equation 
involving the different set of concyclic foci (yl„ B„ G,, A); and wo miglit of courso 
111 like manner express the equation in terms of the other two sets of concyclic foci 
IfV (-^a. ^3. y.. A) respectively. It might have boon anticipated tlnit 

! Ill r “ ‘■'8"* “inpoiitmt 

scpamtclj iim fi-om tlw ongraol set to a (liffciont set of coiioyclio foei, ami the two 

iZT sZr?’, “ “ “S'“ to eapable of eompmiti,,,, 

into a eagle totiKomal eqiiMaon; but the direct tmiafoiraatio,, of the totammmi 
equation is not on this account less interesting. i-ouaxoinal 


Annex I. On the Theory of the Jacobian, 


J(U, V, 

d((s, y, z) 


Consider any three curves tf = 0. 7=0, r=0, of the same order r, then writing 

(ku, d„v, d^w 

AyU, dyV, dyW 
dzU, d,V, 417 

we have the Jacobian curve J{U, 7. F) = 0, of the order 3r-3. 

oorel“Tris‘'7:lV''I'J “r. ''"»■ r-O, F-O have m.y 

double point, that is, for tile point in 7ie'7 it is a node, os 

Mil wo have also 

otde,. .■ i.o, Jf.o, i.o el of t7‘' 7*' -O oaoh of the 

each of the o*v ») which have i„ 
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(r — f)') (r — ft) points of inbcifsocfcioii of fclio curves 0 = 0, <[> = 0, each of these points i.s 
a node on the Jacobian, and lionco tliat the Jacobian must be of the form 

J {m -f 7>I>, ui.0 -I- AKy, }i0 + jV<r>) = yl0'^ + 2740<I> + = 0, 

whoro obviously the degrees of A, B, 0 must bo r -I- 2,9—0, r + a* - h s' — 3, )’ + 2s — 3 
respectively. In the particular (miho whore s' = 0, that is where I, m, n ai'o constants, 

wt! hav{> yl, = 0; the Jacobian curve then contains as a factor ((!) = ()), and throwing 

this out, the (iiirve is 7f0 + (7<[> = O, viz., this is a curve of the order 2?'-l-.s — 3 
pas.sing through oac.h of r(r — n) points of iuber.soctiou of the curve, s 0 = 0, 0 = 0. 

]u pai’tuinlar, if r = 2, .9 = 1, that is, if the curves arc the conics 0 + iitI> = O, 

0 -I- = 0, 0 -I- iV^d> = 0, pa,SHing through the two points of iiiteraGctiou of the conic 

H =3 0 by tlie line <l> = 0, then the Jacobian is a conic passing through these same 
two points, viz,, its csination is of the form 0H-XW) = (). This intersects any one of 
the given conics, say 0-|' /Ab = O in the points 0 = 0, <b = 0, and in two otlier points 
0 -1- fid) = 0, il — L = 0 ; at eack of the last-mentioned points, the tangents to the two 
curves, and the lines drawn to the two points 0 = 0, d> = 0, form a harmonic pencil. 

Althougli I, his is, in farst, tim known theorem that the Jacobian of throe circles 
is tluur ortliotomic circle, yet it is, I think, worth while to give a demonstration of 
the tlu’orcmi as above state<l in reference to the conio,s through two given points. 


'I'aldiig (c = 0, II! = 0), (2 - 0, ?/ = 0) for the two given points 0 = 0, d> = 0, the 
general e(|uation of a conic through the two points is a <{uadric cciuation containing 
terms in a''', *«, sy, iiiy, taking any two such conics 

03''‘ -I- 'ifi/z -I- ‘i(/2iii + ihiey — 0, 
ds'y -I- iFi/z 4- 2(}za! -I- ‘2Hwy = 0, 


these inbu'sect in the two points (w~0, z-O), (y-0, z = 0) and in two other ^points ; 
let (rt!, y, s) be the coordinates of either of the last-mentioned points, and take {X, T, Z) 
as currtmt (soordinatos, tlio e(|nations of the lines to the llxed points and of the two 
tangents are 

^ X 2 -Zw = 0, Vz-Zy =0, 

{hy -I- yz ) {Xz - Zai) + {hai -vfz )iYz~ Zy) = 0, 

{Hy -I- Oz) (Xz - Ziz) 4- {Jloi 4- Fz) {Yz - Zy) = 0, 


whemeo the (iondition for the harmonic relation is 


(liy 4- yz) (JJiu 4' Fz) f (luo Afz) (Hy 4- Oz) = 0, 

(/(t yF) z'‘ 4- {hF 4- fll) yz 4- {yll -I- hO) zto 4- 2hEo}y = 0, 
but from the otiuations of the two conics multiplying by J/t and adding, avo have 
•J^ {oil -h hO) z^ 4- QiF A f 11) yz 4- {yll 4- hO) zx 4- l^hllay = 0 ; 
viz., the condition is thus reduced to 

0l^^-hG-2{fOAyF)|^Q, 
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SO that this condition being satisfied for one of the points in question, it 'will bo 
satisfied for the other of them. Now for the three conics 

+2/ yz’^' zx q- 2ft (cy = 0, 
cV + 2/' yz + ^g^zx 4- ^h'xy = 0, 
cV + ^f^yz 4- 2y'^/j? 4“ "Hfxy = 0, 

forming the Jacobian, and throwing out the factor Zy we may write the equation in 
the form 

Gz^ 4- 4 %(jizx 4 = 0, 

where the values are 

0 = (J ifo" -fo') + o' (f’o -fc " ) + f/' (/o' -f'o), 

H^g {hr - h"f) + / {h"f - hf") + g" (hf - h'f), 

2F =h (/c"-/"o') + A'(/'o-/o") + r (/o' -fo), 

2G = h {o'g" - o’'g') + h' (c"g - eg" ) + h" {eg' -e'g)-, 
and we thence obtain 

cE + /ta = - (// -f'g) {o"h - oh") + {f'g -fg") {eh' - c'h) 

= 2{fG+gF), 

viz., the condition is satisfied in regard to the Jacobian and the first of the throe 
conics ; and it is therefore also satisfied in regard to the Jacobian and the other two 
conics respectively. 

I do not know any general theorem in regard to the Jacobian which givoH the 
foregoing theorem of the orthotomic circle, It may bo remarked that tlio use in the 
Memoir of the theorem of the orthotomic circle is not so great as would at first 
sight appear: it fixes the ideas to speak of the orthotomic circle of tl'ireG given civcloH 
rather than of their Jacobian, but we are concerned with the orthotomic circle loss an 
the circle which cuts at right angles the given circles than as a circle standing in 
a known relation to the given circles. 


Annex II. On Casey’s Theoi'em for the Girole which touches three given. Circles. 
The following two problems are identical: 


1. To find a circle touching three given circles. 

2. To find a cone-sphere (sphere the mdius of which is =0) passing through 

three given points in space. / wuoitgn 

be r ® ^ (which may 

be -0) then taking a and i{.-a") for the coordinates of the centre and for the 
radius of one of the given circles; and similarly 6, 6'. c. o', 
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obhex’ two given circles; and S, S', i{z — S") for the required circle; the equations of 
the given circles will be 

{x - ay + (y- a'y + (^ - a"y = 0, 

{x-hy-\-{y-h'y + {z-v'f^Q, 

(» - c + (y - c' )■- + (^ — c" )’ = 0, 

and that of the required circle will he 

{x-sy-{-{y-s'y + {z-s''y=^. 

In order that this may touch the given circles, the distances of its centre from the 
eontre.s of tiro given circles must be i (S" — a"), i {S" — 6"), i {S" — c") respectively ; the 
coirditions of contact then are 

(8 - ay + {S' - a'y + {S" - a"y = 0, 

{s ~ by + {S' ~h'y+ {8" ~ b"y = o, 

(fif - c)= + {S' -c'y+ {S" - o" y = 0, 

or we have from these equations to determine S, S', S". But taking {a, a', a'), 
{h, h', h"), (c, o', o") for the coordinates of three given points in space, and {8, S', S’) 
for tire coordinates of the centre of the cone-sphere through these points, we have the 
very same o(i[nations for the determination of {S, S', S"), and the identity of the two 
problems thus appoai'B. 

I will presently give the direct analytical solution of this system of equations, 
lint to obtain a solution in the form required, I remark that the eqimtion of the 
cone-sphere in question is nothing else than the relation that exists between the 
coordinates of any four points on a cone-sphere; to find this, consider any five points in 
space, 1, 2, 3, 4, 6 ; and let 12, &e. denote the distances between the points 1 and 2, &c. ; 
then 'wo have between the distances of the five points the relation 

1 = 0 ; 


wo have 16 = 26 ^ 


0, 

1, 

1, 

1, 

1, 

1 

1. 

0, 

— 2 

12, 

2 

13, 

2 

14, 

2 

16 

1. 

— ~.o 

21, 

0, 

Yi, 

Yi, 

<> 

26 

1, 

2 

31, 

— i 

32, 

0, 

— a 
34, 

— a 
36 

1, 

. O 

41, 

— a 
42, 

— i 

43, 

0, 

,, — Q 

45 

1, 

3 

61, 

— a 
62, 

— g 

53, 

6^ 


a centre of the 

cone-si 


0; and the equation 

b( 



0. 

2 

12, 

2 

13, 

T 



— a 

21, 

0, 

— a 

23, 

2 



2 

31. 

2 

32, 

0, 

3 



2 

41, 

— a 
42, 

43*, 
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which is the relation between the distances of lany four points on a cone-sphere ; this 
equation may be written under the irrational form 


23 . 14 + 31. 24-1-12.34 = 0. 

Taking^ (a-, a', a")» (b, b\ t'''), (c, c", c"), z) for the coordinates of the four points 

respectively, we have 


V(6 - cf + {b’ - dy + (b^c"y, ii = ^/{cc - af + {y- aj + (^ - a")“, 
31 = -/(c - af + (c' 24 = 4(m - by + {y - &')» + (^ - 5")^ 

12 = ^{a-hf + (a' - b'f + (a" - h'J, 84 = V(« - c)’ + (y - c7 + (^ - 
or the symbols having these significations, we have 


23. 14 + 31 . 24 + 12. 34 = 0 

for the equation of the cone-sphere through the three points; or rather (since the 
rational equation is of the order 4 in the coordinates («, y, z)) this is the equation 
of the pair of eone-8phere.g through the three given points; mid similarly it is in 
the first problem the equation of a pair of circles each touching the three given circles 
respectively. 

In the first problem the radii of the given circles were i (z - a"), i{z~ I"), i (z - o") 

respectively; denoting these radii by a, y, or taking the equations of the given 
circles to bo is 

(to - ay + (y - ay - = 0, 

(to-by+(y-by~j3^=.o, 

(to-oy + (y~oy-y^=^0, 

the symbols then are 

23 = V(o^ c)» + (b' -oy-(/3~y )•>, U=^/(^'ay + (y-ay~-a\ 

31 = V(o - ay + (o' - ay ~(y-a )», ^ - by + (y~by~ /3\ 

12 = V(a - ay + («' - oj - (« _ v'(« - of + iy - o' )» 

and the equation of the pair of circles is as before 


23 . 14 + 31 . 24 + 12 . 34 = 0 ; 

where it is to be noticed that 23, 31, 12 are the tangential distauoes of the circles 

L? ;u ""f ^ respectively; viz., if a, y are the mdii taken positively, 

then these are the direct tangential distances. By taking the radii positively or 

all^Sf T tangential distances b^ing 

all direct as above, or else any one is direct; and the other two are inverse; we have 
thus the four pairs of tangent circles. 

The cone-spheres which pass through a given circle are the two spheres winch 

thl ‘r ““I”'"*’ *''« Biven oirole; and it » emy to sea 

that the tmegoing rnyMtigalion gwe, the follomng (imaginaq.) constoualion of the 
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tangent circles; viz., given any three circles A, B, G in the same plane, to draw the 
tangent circles. Taking the antipoints of the three circles, then selecting any three 
antipoints (one for each circle) so as to fortn a triad, we have in all four conipleinentary 
pairs of triads. Through a triad, and through the complementaiy triad draw two 
circles, these are situate symmetrically on opposite sides of the plane; and combining 
each antipoint of the first circle with the symmetrically situated antipoint of the second 
circle, we have two pairs of points, the pioints of each pair being .symmetrically situate 
in regard to the plane, and having therefore an anticircle in this plane ; . these two 
anticircles are a pair of tangent circles ; and the four pairs of complementary triads 
give in this manner the four pairs of tangent circles. 

I return to the equations 

(w ~ sy +(y- sy +(z - sj = 0, 

+{a'~sy + (a" 

(b-sy +{b' ~By+{b" ~8‘y^o, 
io-sy +(c' -sy+io" -sy=o-, 

by eliminating (S, S', S") from these equations we shall obtain the equation of 
the pair of cone-sphoros through the points (a, a', a"), (b, b', h”), (c, o', c"). Write 
a}~8, y~S', z-8"=X, F, Z, then we have A'’"'* + 7“ + = 0, and, putting for shortness 

91 = (a - ttiy + (ft' — yy + (ft" — zy, 

^ = {b - coy + (// — yy + (b" — zy, 

(S = (o -«)**+ (o' - yy + (o" - zy, 

tlion, by means of the equation just obtained, tiro other three equations become 

91 -I- 2 [(ft - aj) X + («' - 2/) 7+ (ft" -z)Z] = 0, 

^ + 2l(b~(o)X + ib'~-y)7+{b"-z)Z] = 0, 

(E+2[(o-ce)X + (o' -y)Y+{o"~z)Z] = 0. 

These last equations give 

A" : 7 : 7= \9l +/*93 +v g 

: V9[ +v'S 
: X"91 + /i"S3 + n"g, 

where 

X = b'o" ~ h"c' -via' -b')z- (c" - b") y, 
fi = o'ft" - c"ft' + (a/- o' )z - (a" - c" ) y, 
t, = a'b" - a''b' + ib' -a') z- {b" - ft") y, 

X'«5"o -bo" +(c"-r)®-(o -b )z, 
ft! = o"a — oa" + {a" — o") « — (ft - c )z, 

' v' = a'b - ab" + ■{¥' -a!')ai -{b -a ) z, 

V's ho' —b'o + (c —h )y- (o' - b' ) «, 
lj!'=oa' —o'ft +(a —0 )y~(a! —o' )(>;, 
v' = ab' —a'b +{b —a )y — {b'—a')m\ 
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and the result of the elimination then is 

(X9( + + vS )» + (X'91 + /t'93 + v%y + (X"9l + + v'%y = 0. 

But substituting for 91, 9}, S their values, and writing, for shortness, 

- i = h’c" - 6"c' + cV' - cV + a'b" - a% 

—j =6"c — ic"+c"a —ca" +a"5 —a h", 

-k = lo' —h'o + c o! - o' a + a h' - a' 6, 

A = tt {b'c" - h"o) + ft' {b"c - bo") + ft" {bo' - b'c), 

-p= {h'o" - b"o') {u? + ft'» + «"») + (o'ft" - c"a!) {¥ + b'^ + 5"») + {a'b" - ft"5') (c“ + o''* + o"% 

- 5 = (i"c - bo " ) (ft* + ft'^ + ft"**) + (c"ft - Oft" ) (6’ + b'^ + b"^) + {a"b - ah" ) (o** + o'^ + o"% 

_ r = {bo' - b'o ) (a“ + ft'» + ft"») + (ca' - o'a ) {l^ + 5 '> + 6"^) + (ft&' - ab' ) (o'* + o'*> -I- o"“), 

-I ={c -h )(«** + ft'** + ft"'') + (ft -0 )(6H&'*‘ + 5 "’) + ( 5 -ft ) (c^ + c'** -I- c"'*), 

- = ( c' - 6' ) (ft» + a'2 + ft"») + ( ft' - c' ) (6» + b'^ + b"^) + {b' ~ a' ) (o’* + o'** + o"0, 

- « = ( c" - J" ) («= + ft'^ + ft"») + ( ft" - c" ) (6’ + 6'“ + n + ( &" - ft" ) (c--* + c'^ -I- c"**), 


wc find 

X9( + /ii93 "h 

= — + 

+ 2t (.'b” + + £:’) - 2a; (w + jy + 1;^;) — 2 A® + Jij/ — me - p, 
with similar expressions for X'9l + ;it'93 + v'g, X"9l + /« + k"®, and the result is 
(t {a? + + i!’‘) — 2® (i® +jy + /b^) — 2 A® + — pY 

+ {j («’ + yH 2’) - 2y (t® +jy + kz) - ji® - 2 Ay + Iz - g 
+ {i (®» + y’ + 2 ®) - 2« (a® + jy + hz) + )n® — iy — 2 A 4 f - r )“ — 0, 

viz,, this is 

(fl!“ + y’ + z^Y (»’ + j** + A-’) 

+ («*“ + y*“ + (4A {ks +jy + *^) + 2 {i {mj - inz) +j {Iz -m) + k {nw - ly) ) 

+ 4A*> - 2 {ip Jr jq, + hr) + {P + + Ji**)] 

- (^® + my + aiz)** + 4 (ii® + jy + hz) {pso + jy + rz) 

+ 4 A {px + jy + r«) ~ 2 [p {ny - m) + 5 - - nx) + r {mm - ly)) 

+y'‘ + 2'‘ + }-» = 0, 


fiinM' ' rational form the equation of the pair of cono-sphores. 'I’lie 

itrm of “ is °lear, be save to a numerical factor the 


V(6-c)» + (6'-c')H(6"-o")^ . V'(^.a)H(y-ft')’ + (^-ft")» 
■i" - ft)” + {o' - aj + (0" - a")a , V(^ - 6)2 + (j, _ 5')a + (^ _ ft" )!i 

'*^(« - by + (ft' - 1' 7 + (a" _ h"f . VC® - of+{f~ 7 y + {z~ 0" )“, 
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■ll'l] - - 

l.lut iiumuridiil Hmtoi' of l-hu oxymsHHion in quoation is in fact =-4, that is, the 

tmnn ia 

== - ■{> (ii;‘ + f q- {i^ -l-.f - 1 - /i!”) + &c. ; 

!io Ihiit attoiiding mily l,n tin* hifflnmfc powovs in (<«, y, z) wo ought to have 

I /ii''*), 

II. ia 1 ‘tiay to aoo that tho norm is in liuit coinpoaccl of tho terms 

2 (// ~ (/ )■•■ ( {l> - c)' - (o - ay - {a - b)% 

• 1 - 2 (o' - «'>' (“ {b - of -I- (c - ay - (a - by\, 

2 (a - b' y (- (!) ~ oy - (o “ ay H- {a ~ 5)”}, 

a, Ml of tho. ai.oilur tonna (a, b, o), (a", //', o"), ami in {a\ b\ o'), {a", b", o") ; the above 
(uriiiK arn ; - - 1* into 

(// - ()')•' (ft b) (ft - o) I- (o' ~ ft')’ (5 “ c) (5 - It) + (<t' - b'y (c - Cl) (c - b), 

(«'•' {b •- fi)'' b'^ (o - ay -I- (/’ (ft - by 

2//fi' (ft - b) (o “ ft) q- 2o'ft' (6 - o) (ft - 6) q- 2«'5' (o - «) (b - c), 

jft' (I) -- fj) q- b' (o ~ ft) q- o' (ft “ b)Y 

an.i tho Vftlno of tln» norm ia thna - Mt’ + j’ q- ^ us it should ho. 

An.v.;x m. 0« 11,0 ^■(l,-.)Vl.|‘.K.-..)V*P+(»-WVf, »/« tk, a„um 

are in n JAne. 

Tho I' V(/.| VK.l-VlK ifl 

-(1, 1, 1, -1,-1. -iJff. r. vy. 

.viu.n,». ..r ''(/+ K' + Vr+ ■» 

», < 1 , 1 , 1 , - 1 ,- 1 , -15 ff. r, irr 

<i,i,i,-i,-i,-i5ff', r-, ID' 

.^ni. i, i,-i,-i,-i5ff. r.FSff, F, r), 

wlua’u tho hvHt tonn in into 

U^f^U- V- lf)+ V'h 17+ V- W) + r (- u- F+ W ) ; 

WTW is obviously composed 

and tho norm of VI/+ U + W + v r q- r -r 
iti n similar manner. 
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Now, applying the foi’nnila to obtain the norm of 

(6 - c) V -f ^ + a + (c - a) + /3 -I- (a - b) 


the expression contains six terms, two of which are at once seen to vanish | 
writing for shortness („) in place of (1, 1, 1, -1, -1, -1) the remaining terinn an 

(») ((i - cy a, (c - ay $, {a - by 7)= 

+ 2 („) {(6 - cy a, (c - ay / 3 , (a - by yj(b - o)» a\ (0 - ay (a - by c”) 

+ 2 ^ („) ((b - oy a, (c - ay / 3 , (a - by y'^(b - o)'" , (0 - ay , (a - by ) 

+ 2^ („) {(b - (0 - ay h\ (a - by - oy , (0 - «)^ , (a -by ) ; 

the finst of these terms requires no reduction ; the second, omitting tho factor 2, is 
(b -cya[ (b- cy a!‘ - (c - «)« - (« _ by 0^2 
+ (c - ay /3 [- (6 - oy + (0 - ay b^ - (a - c*] 

+ (a~byy [-(6-e)’>a“-(c-a)»ii» + («- 5 )“o»] ; 

= 2 (a- 6) (6 _ c) (0- a) [fie (5 - c) « + ca(o-a) /3 + (a~b) y]. 

Similarly the third term, omitting the factor 20 , is 

(b - c)= a [ (b- oy - (0 - ay - (a ~ 6)»] 

+ (c - ay /3 [- (6 - c)s + (0 - ay -(a- 5 )’] 

+ (a - by 7 [- (5 - oy - (c - ay + (a~ 5)“], 


which is 


which is 


2(«-5)(J_c,)((,-a)[(6_c)a + (c-«)/3 + (rt_5)y]^ 


cled«eod therefrom by writing 

= -^(a-by(b-cy{o-ay. 

aence, restoring the omitted factors, and coileotiug, we find 
Norm {(i - c) 0 + ct + (c - a) 

0 ) {0 a) [ (6-c)«+ (c~a)0+ (a~b)y] 

+ 4 (a (^- 0 ) (o~a) [bo(b~o)a + oa(o~a)j3 + ab(a-b)y] 

-40(a-by(b-oy(o-ay. 
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lii'Hli writiiiff h~~iv, o — .h in pliiwi of 41, h, n; |.|n!ii ((tr 0 , aiul 

(in- («, [i, 7 ); uml (tiially 3 Tor huiuo^^Miuiiliy, wo find 

Nnnn 1 •.v'-’ </,) v',, i- (a- /)) \^,! 

{{h - oy a"* •(• ((! ™ ,iyh"* I- (a by o"* 

-- 2 (fi -• (f.)“ (u by /•"» (/'•■' - - 2 ((/ - by {b - (1 )'J (>"“ ((/'■•' ' - 2 (b ^ - «)' (0 -- ay <t"» 

- 4(/' 0 ) (,) - a) (a - b) 1 ; (A - <! ) »."“ •(■ (o • • a) b"> ■(• (a -• b) (j"-j 

4 (b -■ 0 ) (« ™ a) {a - b) | (A • - n) (/,"» (c’' Im •- .*,/! (A I- c ) •(• 

■f- (« •• • a) b"'^ (x:'' (n ■[■ a) l- , (.•■') 

(a • ■ A) t;"' (x:'' ab -• zi< (a •(• A) I- .i:')] 

- 'l l/ (A - (ly (0 ay (a by, 

HU I,lu) i‘i|iml,iuti (A- u) \A,'(- A) \/(V ' ^ ^ 0 , in il,H I'dliuiKvIiHud lunn, 

liunliuiiH (s'-’i -O) liliii linn iiiliiii|.y t.winu, ntnl ( lin oiirvu in (jIiiim n uoniu. I f • 0 '''^ k'‘‘, 

l/liuii film ux])ru.MHiini uf tJui nonii In 

! i S'* ilifu — •I* {a - by (b ■ ■■ «)‘ {(! ‘ ay (ry 3 > ), 

viz,, wliuii iJui iJii'uu uiruli'H Imvu (muiIi of iJnuii Mn* h-iihu mdittM k", Miu uiii-vu Ih I, ho 
pair of parallul liiiun ly ■ ■ 3 '* ntnl in |>uiiii!ului- wlion /c" i(), m- t,|iu oirolnn nulmto 

lli(5niHi>lvi-M naoh fu a puinl., ihiui (Int «!Hi-vu is //’ Ml, l,lio iixin f.wit-o. 


Anni:x IV. (In Ihii Trisiamif. (btrium V/fZ-i' V«i I' i- v«ll''i .1 0, w/mh ham <i (fiai{>, or 

iiiiii 


lirizuiniil tutrvo Vff/ P VniK-l- ViilV^O, Itiin nnl. in |i(unnrul niiy nudun <iv (iimpn! 
iu fills piiriiniilar (Wi* wlioru I, ho zniiiul oumsH lu-o csirulos, wn htivu huwuvor Konn how 
tlui I’lUiim I m \ II. limy ho ihitni'iiiiiioil ho fhiil thn onrvn Hlmll ai;i|niru a ikhIo, liwn 
nodi'H, or a oohj); viz,, rofjiirdini,' a, h, ii iih miiTiml an-iil ^•llll^linnll^'H, wn havo lioro a 

citnio d‘ |j hi Uui loi’iiH Ilf iho (ii'iitroM of this viuiahlo oiiislu, and Iho milnfion 


iloiKiiidH on (•HfcahHKliinf' a rulatioii hotwoim iJiin (iunio and tlio urlliuljiniiiu nii-nli! or Janobian 
of thn thi'tio givitn niiiiloH. T. havo in my jiapor ** liivri,nti)i{atiiinH in iiomnxiUon witli 
Ciwisy'H ISiination,’* (inarL Malh. lour. vnl. viir, (IHGT), pp. !i:t4 [.'tf)i1] fjivon, aftor 

IVofimHor (Jronnina, a Holutinn of the ^oni'ral ipnwlion to (itid llin nnmhor of tho om-voH 

+ Vmi)^-P ValVca 0, whioh havo a oimp, or whinli havo two nodiiM, and I will hoi'i!i 

roproduco tlui Inuitin^ jiointa of dm itivimkigatiiui. I romarh, that although oim of tho 

looi involvoil in it is the aaitu! aa that ocearriiig in tho caso of tlio throo ciroioH 

(viz,, wo have in oaoh ca«o tho Jacobian of tho glvi.'ii ciu-vch), thu othor two loni 
S and A, whicli i>nf««nt thoirmolvoa, sooin to have no rtdnlion to tlm conic of conti-os 
which i« nmdo use of in tho [mvtioulav enso. 
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\V(i him* Mm nnvcH // (), I' 0, 11' .(», .urh tlir i.um,' in.rl .•..it- 

Hiiloriiijc n )iiiiiil. lint wli.-ivi.l’ lov {f, w, n). wi. ivi-ani u- i,. 

UiiH [Hiinli Min nnrv.. I' | v'<r U' (I. ,.,,y (,.i i.li..) ti.. •. .. (». |„ ini. 

alinvo II tiin'vn nl' ;!/•, Imviii}' < ' i-.mia. ir, vviih . a.'li d,,, . niv.M 

Fid), II' (), All Iniijii IH Mi.« (/, m, ») i- uil.ihaiy. l|i.^ niiv.' ii 1,„ , 

liny iindn, iinil in niilnr Mint. I.liin ninn nmy Imv.. a nod.-, n' ,|i.* 

|Miiiili (/, w, n) iihidl lin nn u l■(■llllill nnn.- ,\ ; lliiii li. tni- < ili,- s,..,)., it i , , ,,,y 

l;n Him. lin nn Mm miivn ./, Mm .Imoliian ..f Mir il,,... f.ivm .lui. -,. «u.| Mn . um,', 

./ and A will (n ,.imli nMi'r |iiiini u, |i,.tni, vi.-, (dam; i..* d. m. nj am 

IMiinl, wlia(.nvnr nn Mm ntnv A. Mm ..invr {• will Inur a u.-l. a? -.a... 

nl' ./; and nniiv.-mnly. in nidnr Mini, Mm JJ ,„av Im a .a.a l.aviim a a) 

a^ ^dvnn pninl. nf ./. Mm |.niu|. (/. m. a) n.nM l.r ai .‘..a,,. A, 

Tim niimi A limi, Imwnvnr. imrlrn and rii,.|..,; ,..,.1, (^. iy.„ 

nl ./, viz,, Inr (/, III, II) III. II niidn ..|' A. Mir tun,. IJ i,. a ).inr,|»l „ |..,d. 

Ill, nimli nf Mm i!..iivi.|mndin),( |i..iulM ; , ...1, r„ ij. mI , -u. Im 

cniimidniil, iminlii nl viz. Inr (/, ai „ ,,j \ ^ j 

II"* nnirn.MiH.ndin,- |.ninl. nl' Tim nun,).., M,„ . hi •! Mm- . ....1 

"I A. mu miiMl I Mm . n;,j.,.|al . , n ,, . , 

I in nniiilicf nl Mm l■n^|l.l nl A; mid Mm .pi. ai,.,, i„ („.,l M,,. i..nnl.. ..» ..| 

Mm niii vn A. Hum l'|•n|■.•-.^..|■ tV. im.im m . ,| m a .. .v .nmi. maum v. In 

ilin cuiVM A mlu i>MiuM \iMn wirli i >; v . I 

m..' u md.'i, ami Mjr n,v„l! auin.d 
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( M) II 1 1 !*:( !TI ( INS AND ADI DTK )NS ) Ti 1 1 *: M 1 ^M< ) 1 Ti 
TIINOIIV (IK UKtMIMUK^Ah SDUKACIKS {PhU. Tnms. 


ON 

v<il. 


TIIK 


UMX. 


I |lii» l*hihtstiph{rtit ttf ifti' Stwicij/ of Jttnuhfn, vi»l, tNiXll, (fur iho 

yimv l-SV5>l). |»|», Nil hV. Itrrfivitl .Inly i!2, Nimnnlan’ l(i, 1H7I/| 

1, 1 AM iuili’lihil hi Dr Xrailhi'H U»r ihi* rmiurk iJuUi 4dl.hmij,(li tlin “ tiirpoinln " 

iinil *’nir pliuii ’V rxpliitiN il ill flh- miMmar, n\v nail hinmilariUim, fhry iwv nub Ilia 
Miny^iilui if ii^Ni Im wliii^h llii’ ifl. O' hI' tin* i'Miiniiltn ri’lnr, TIu) iuohI, nimvuninnii way al' 
ihU vh tij niiiiii all Ilia with 0, O' \\h iUoy Hliuit!, hul U\ wrila 

(ii. fii' li»r tin* niiiuliMr nl iniiii!?!*’ wuA nlV-phuiaM " ri*H]n*rtivi^ly j vix, \v'i> tlina huv<* 

tt\ I *11'! M 1111 1 M, 

tnii*\|ttaiuiMl ^iik|^Mliir 

(Mill 

fiA nir |llu!li'f<, 

0\ nin*xpluiinal niii^uhir phuuia, 

Ilia iMiiMiihn UN thf-y lukiiii} mriMiimt nl‘ tins uiM’XpluimNl Hliij^niluntiaM 0 and ( 

hwl aar tahiiiji any iM’naaat ul all id* tUo iill-puinU and ulV-pliuira ra, r./. Tlia (ixUaii? 
fiaiaulin in whadi thn-M* an’ Inkni iiiln airuiuii am: 

fi (ri -- 2) AT // I p I doj, 
b ( M. p 'h 

0 (a 2) 2flr f \ y i' 6 + 

a (ii Si (a - H) 2 (S - (' - Urn) M (no - Ho* •*^) ^ 

6 ( a - 2 M'a - i\) 4A; I (tih - 2p - j) -H H {bo - 5J/S - 87 

c* (1, - 2) (n - :i) ^ Gh (m - Her - X 2 (io -- Jl/S - 87 

wliicli mplwer’* 8atmau*H arigirinl farnuilti^ (A) uud (B). 

0. VI, 



COIIIlWri'KlNH ani» ADIUTKINM TU TIIM MKMOIU 

2. In I, Ini iiinniilin 

V • :J/i; ;i 7 . lie, 

<'■' n t!// 

i‘,“ 1 , 

”"7"'“' iimt. I.,,/,.' 

Hii'l no Mini, i.mury f., 

iiM mim{ I,, (,l,„ j ^ ■ 

III. wii limy lalct! Ili,> riii'iiiiil,|. nnimattlhi irit.*' vi.« ./ „„u- I i , ' 

>' ■"* i" „r-,i,„ 

1. "I" «’..i...i..v .... .... 

(n- /».^r)(„-. 2 ) .. (*. /;, ,, , a,.,). ,j,„, 

.V tl-r .1; 


nnu nnli.sl.iiiitiiiji' |.|n'!iii in (it . Ii , 

■nf,/. n os <1 1 • an. I „• i, 

(t(« I Iv, wti liuvt', itH II) tliii iiiKiinii)., 

«' »Mn ir »(■//, f U!.-) I U,’ ( .s/) , ti,.- , j.v 

nh I i.s/'M lo-y , 1 1 , 

■“ 2 r.' ..‘I//... :w»; 

viz. Ml , >111 in III, I,, 111 , i„ 


vuliin 


‘-'‘'I'ln 

,,1 . I.V., 

n,h iiy Hi 

« (■ ■ in .|. (i) .. ,IA .. . .. , . , ^ 




u’ ~ )ia « a (« O) I 4 (v //) ,r .... >2; 11^ ... rj,,,. 

2/, .U> .. a (iy 1 1 2; ;ii‘ i. 2ft - j. 
fin’ ». 2.! m h H)/» 4. iO .. 2 ,’ .|. ,v 

Wril.in(( ill iln* liwi, ,if Uii'xii 2a '»a i , i i i 
by |"«,.» Ilf ti«. V,.I,I... I,,,;,,;;'' "‘ii».' »>■. 

n' 20 - -Ui » « -. a - 2 J - Ux ~ flw. 

2 l/ 'h 0 4 JJl .f J m 2 p, 

Hr 4 - c 4« 2i 4* 0 ’H) f «, 
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Tlio I’ociprocal of tho (ivab of those is 

= «-« + «' - 2/ - 3^' “ 21/ - 47/ - 3ft)' ; 

vk writing u = n(n- :i ) ami « = .%(»- 2) - 06 - 8o, bliis ia 

a' = 4n (91 - 2) - 86 - :i.;io - 2y' - 3;^;' - 21/ 4.7/ - iW ; 

and it bhns appears tlmt tho order o-' of the apimide curve is rodueod Iw 3 for eaoli 

oflf-plniio ft)', 

4’. Ah to tI\o othor two 0(|nati<)iiH, writing for p, tr their viiliie.s, those becftme 
i -h Cl 4- 37 + 5/3 -(- 07 = b (%n - 4) - 27. 

2% 4- 3w -1- 47 4- J 8/3 4- 07 = 0 (tnt — 12) ~ 0>‘ 4- 30, 

eijtiatioiiH wliioh admit of a geoinotrieal iiiterprothtioii. In fact, wlieu there is only a 
nodal curve, tho first etiuation is 

j 4- 01 /) (2 h — 4) — 27, 

which wo may verify when the nodal curve is a oomploto inboaHootion, 1^ = 0; 

for if tlie o(iuabion ol' the mu-fneo is (A. H, G^P, f2)'^ = 0, whe-ro the dogrefis of 

A, Ji, 0, 1\ Q are 99 — 2/ i'e.speotively, tlieii the piiHsh-jioiiits are 

given by tho mpiation.H P^{), Q = 0, AO~]P=^Q, and the jiuiuhor ,/ of piiieli-poiutH 
is thuH 

=/// (299 - 2/’- -iy), ^ (299 - 4)/7 “ (/4- cj - 2) ; 

but for tiio ciu’vo 7^=0, 1^ = 0 wo liavo <=3 0, aixl its order and claHn am h<^fy, 
<1 ^fO (/-I* 0 ~ 2), or tho formula is thus verified. 

Hiiuilariy, when there is only a cuspidal tuirve, the socoiid o<inatii)n Ih 

2% 4- 3ft) 3= 0 (599 “ 12) — fi9' 4- 30, 

which may bo verified wlien tho cuspidal eiirvo is a oomploto iutorBoetioii, ./'■=<), f^=a0; 
the (Kiuation of tho surface is hero (A, 77, O'^P, whore AD- //« = A/i' + iVl»j, 

and the points to are given as tins interseotionH of tho curve with the surface 
(A, 77, Dpr, ~A7)’ = 0. 

Now AH- 77“ V9ini8hing for 7^=.0, <2 = 0 wo must have A = Aa»4 -A', 77 = Aa/3 4- 77', 
17=3 A/3’ 4-0", whore A', 77', 17 vanish for 7^ = 0, <2=0; and fchouoo TIf = AjF 4- Jlf', 
N^KN'-vN", whore ^If', N" vanish for P==0. <2=3 0. Tho equation 

(A. 77, GIN, -ilO’-O, 

writing therein 7^ = 0, <2 = 0, thus bocomos A» (jV'« - ilf /9)’ = 0 ; and its inborHcctionH with 
the curvo 7^ = 0, <2 = 0 are tho points 7^ = 0, <2 = 0, A = 0 each throe tiinos, and the 
points 7'’ = 0, <2 = 0, J7'a( — jlf'« = 0 each twice; visj. thoy are Oho points 2j^4-.3ftj. 

Bub if the degree of A is =X, then tho degrees of TV", M‘, a\ a/3, /3’ am 29i - 8/- 2f/ - X, 
299 — 2f-~ 8t/ — X, 91 — 2/— X, 99 ~f— </ — X, n — 2g — X, whonco tho dogroo of A® (i\'''« — M'fi) 
is =591-0/~G/7, and the niimbor of points is \h. this is 

=/0 (5a - 12) ~ Q/g {/+ g - 2), 

or it is = 0 (699 — 12) — O9' ; so that 0 being =0, the oquablon is vorified. 
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a. It was also pointed out to me by Dr Keuthen that in the value of 24it given 
in No. 10 the term involving x should be — 6;^ instead of + 6%, and that in eon.sequeneo 
the coefficients of ^ are erroneous in several others of the formulas. Correcting those, 
and at the same time introducing the terras in a, and writing down also the terms 
in d as they stand, we have 

— 2^ + 30— 3co, 

24i = 6;(;+ 9^— Dm, 

2<r = ... — d~ o), 

8p = ...+ 6p(;— 9d + 9 q ), 

8 «=...- 6x+nd-25a), 

2S = ... + ex- 9i9 + 16<», 

8?i'=...-30;)(; + 21(9 -45a, 
c ”... — I2p^ -|- 10^— 20ia. 

The equations of No. 11, used afterwards. No. 63, should thus bo 

= ( on - 12) c - 18/9 - 67 - 2;^; -j- 30 - 3®, 

- 24t - 85 + 18r = (- 8n + 16)6 + (Ha - 36) 0 - 34/3 + 87 + 47 - 6^ + 90 - 9® ; 
and from these I deduce 


44j + Sfr = (44a - 88) 6 + (iffi a - 63) c - /9 - y _ 132 f _ 87i -^2j-^x 'I* ¥ 

6. In No. 32 we have (without alteration) 0 = 16; but in the application (Nos. 40 
and 41) to the surface FP'^ + QR^Q^^O we have 0 = 0. and there are o>^f 2 }q ofT-points. 

J'=:0, P = 0, Q=0, and x=m close-points, 0 = 0, P = 0, Q = 0. The now OfiuatimiH 
involving ® are thus satisfied. 


7. I have ascertained that the value of /8' obtained, Nos. 61 to 64 of tlio memoir 
IS inconsistent with that obtained in the "Addition" by consideration of the doficioncy. 
and that it is in fact incorrect. The reason is that, although, as stated No. 63, tlio 
values of two of the coefficients P, E may be assumed at pleasure, they cannot, in 
conjunction with a given system of values of A, B, G, bo thus a8,sumed at pleasure ; 
VIZ. A, B, a being = 110, 272, 44 respectively, the values of P, E are really doter- 
mmate. I have no direct investigation, but by working back from the formula in tho 

MScUnts^then am^* ^ = 315; tho values of the romainiiig 

n. fw . • = = / = -1.98; 

or the formula is * 


(S' = 2ft (tt- 2) (11)1 -24) 

- (110ft— 272) h + 44j 
-(ii|i,i_316)c + aj^,. 


+ H^/3 + aJ^7 + 198< 


— hO —gB —id —\j —g/x ~vB — /w 

- h'O' -g'F - di' - V/ - /ly _ v'6' -fW ; 

but I have not as yet any means of determining the coefficients /, f' of the 


terms 
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From the several cases of a cubic surface we obtain as in the memoir; but 
applying to the same surfaces the recipi’ocal equation for /3, instead of the results of 
the memoir, we find 

h' =- 4 , 

Z + lfiv =-198. 

<)f'+ 2 /a= 45, 

9 + 9 ' = 18 . 

\ =5 

(so that now \ + X' = - 2, as is also given by the cubic scroll), And combining the 
two sets of results, we have 

A = 24, 

X. — 

= ^ + \ 9 > 

V =-¥- + -Ar?. 

h' =- 4 , 

9 ' = 18 -£/, 

=- 7, 

= fi-4'/. 

v' - 

but the coelficients y, ai, a/, f, f are still undetermined. To make the result agree 
with that of the Addition, I assume ® = — 86, a)'= — 1, (7 = + 28; whence we have 

/3'=2n(?i-2){lln-24) 

-(110n-272)6 + 44(]r 

_(i|z,i_315)c + i^r 

4.i|&73+ii^<y + 198t 

~240'-28ii + 86i-5j + - f (o 

+ 4(7' + 10Jl'+ t' + 7/+ 8x'- 

and if we substitute herein the foregoing value of 4% + ^ r, we obtain 

/3' = 2a(?i-2)(nfl-24) 

+ (— 66a + 184) b 
+ (— 93«. + 252) G 
+ 163/3 + 937 + 66f 
-24(7 -285 --i -27y- 38x + ' 

+ 4(7' + 105' + i'+ 7i'+ 8x'“ 

whioh, except as to the terms in to, to', the coefficients 
agrees with the value given in the Addition. 

Dr Zeuthen considers that in general i' = i ; 1 1 pres 
verified it. 
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ON THE THEORY OF RECIPROCAL SURFACES. 


[FublMed as Addition by Prof. Cayley m Dr Salmon’s Treatise on the Analytic 
Geometry of Ihree Dimenmns, 4th Ed, (8vo. Dublin, 1882), pp. 692—604.] 


620. In further developing tlie theory of reciprocal surfaces it has been found 
necessaiy to take account of other singularities, some of which are as yet only imperfectly 


% order of the surface. 

«, order of the tangent cone drawn from any point to the surface. 
6, number of nodal edges of the cone, 

K) niuaber of its cuspidal edges, 

р, class of nodal torse. 

<r, class of cuspidal torse. 

6, order of nodal curve. 

h, number of its apparent double points. 

fy number of its actual double points, 

ty number of its triple points, 

jy number of its pinoh-points. 

g, its class, 

с, order of cuspidal curve. 

hy number of its apparent double points. 
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6y number of its points of an unexplained singularity. 

Xi number of its close-points, 

0 ), number of its off-points, 
i\ its class, 

/ 3 , number of intersections of nodal and cuspidal curves^ stationary points on cuspidal 
curve, 

7 , number of intersections, stationary points on nodal curve. 
iy number of intersections, not stationary points on either curve. 

Oy number of cnicnodes of surface. 

By number of binodes. 


And corresponding reciprocally to these t 
class of surface. 

a! y class of section by arbitrary plane, 

S', number of double tangents of section. 

Kf, number of its inflexions, 
p\ order of node-couple curve. 

<r\ order of spinode curve, 
b'y class of nodo-couple torse. 

Jc\ number of its apparent double planes, 

/', number of its actual double planes, 
t\ number of its triple planes. 
j\ number of its pinch-planes. 
q\ its order. 

o', class of spinode torse, 

h\ number of its apparent double planes. 

number of its planes of a certain unexplained singularity. 

X\ number of its close-planes. 

0 )', number of its off-planes. 
r\ its order, 

/ 3 ', number of common planes of node-couple and spinode torso, stationary planes of 
spinode torse. 

7 ', number of common planes, stationary planes of node-couple tor 
number of common planes, not stationary planes of either torse 
O', number of cnictropes of surface. 

B'y number of its bitropes. 

In all 46 quantities. 
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621. In part explanation, observe that the definitions of p and a- agree ^vifch tho, 4 o 
given, Art. 609: the nodal torse is the torse enveloped by the tangent planes along 
the nodal curve ; if the nodal curve meets the curve of contact a, then a tiingonfc plane 
of tlie nodal torse passes through the arbitrary point, that is, p will bo the uumbui' 
of these planes which pass through the arbitrary point, viz. the class of tho torse. So 
also the cuspidal torae is the torse enveloped by the tangent planes along the cuH])i(lal 
curve ; and a- will be the number of these tangent planes whicli pass through the 
arbitrary point, viz. it will be the class of the torse. Again, as regards p' anti tr' : tho 
node-couple torse is the envelope of the bitangent planes of tho sui’faeo, and the node- 
couple curve is the locu.s of the points of contact of these planes; similarly, tlio 
spinode torse is the envelope of the parahoUo planes of tho surface, and tho spinodo 
curve is tlie locus of the points of contact of these planes; viz. it is tho ctirvo UIl 
of intersection of the surface and its Hessian ; the two curves aro the roeiprociUs of 
the nodal and cuspidal toraes respectively, and tho definitions of p', cr' corro.siJond to 
those of p and ey. 


622. In regard to the nodal curve b, we consider Jo the number of its apparout 

double points (excluding actual double points) ; / the number of its actual double 
points (each of these is a point of contact of two sheets of tho surfaco, and there is 
thus at tho point a single tangent plane, viz. this is a piano and wo thus liavo 
/ ^ fbs number of its triple jjoints ; and j the number of its pinch -pel n(:.s-— 

these last are not singular’ points of the nodal curve per se, but aro singular in regard 
to the curve as nodal curve of the surface; viz. a pinch-point is a point at which 
the two tangent planes are coincident. The curve is considered as not having any 
stationai’y points other than the points <y, which lie also on tho cuspidal ourve; mid 
the expression for the class consequently is q = b‘‘ — b--2k — 2 /’- — 6 {. 

623. In legaid to the cuspidal curve c we consider h tho number of its apparent 
double points ; and upon the curve, not singular points in regard to tho ourvo per tio, 
but only in regard to it as cuspidal curve of tho surface, cortain ijointa in number 
e, X, a respectively. The curve is considered as not , having any actual doublo or otlier 
multiple points, and as not having any stationary points except tho points / 3 , whicli 
he also on the nodal ciirve ; and thus the expression for the claas is »■ = c“ — o — 2h — 3 / 3 , 


624. The points 7 are points where the cuspidal curve with the two shcots (or 
say rather half-sheets) belonging to it are intersected by another sheet of tlio surface; 
the curve of intersection with such other sheet belonging to tho nodal ourvo of tho 
surface has evidently a stationary (cuspidal) point at tho point of intorsoction. 


As to the points /3, to facilitate the conception, imagine tho ouspidal curve to be 
a seini-ciibical parabola, and the nodal curve a right line (not in tho piano of tho 
curve) passing through the cusp; then intersecting the two curves by a sorioB of 
parallel planes ai^ plane which is. say, above the cusp, meets the parabola in two 
lea points and the line m one real point, and tho section of the surface is a curve 
with two real cusps and a real node; as the plane approaches tho cusp, these 
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uppnuuih luul, wlujii t-lin piano puss(*.s lilirough tiui onsj), unito into n Hing'nlnr 

])oint ill IrlHi natui'o of a triph^ point iiocio -h two (;uhj)h) ; and whon tho piano paHHos 
bolow tlin mH\), tho IpWo oiiHps of the wiotion booonio innifrinary, and tlio nodal lino 
ohtin/^<;H from (nninodal ti> uonocliiL 


025, At it |U)inlj i tho nodal (UU‘V<i oiushoh tho (UiHpidal onrvo, boiup^ on thu nidt^ 
away from tln^ two lialf-HimotH <d* tho Hurfado aonodnl, and on tli(i nidci of tho two 
hiilf-HloKM.H o-riinoilal, vh. thii two hair-HhootH iiitornotit oaoli otiior along thin portion of 
tlaj nodal (tuiwo, Thc^ro in at tho point it miiigh^ tangonb plaint whhdi in a piano i' \ 
and Wi5 tlum lutvo i-ii\ 


(12(5. Ah aliTiidy nnmtioiuul, a onionodo (J ih a point whom, iimtoad of a tangont 
plains, wo hav(? a tiuigont ipmdric^onu ; and at a tunodo /i tho i[nadi i<ioim clogonomtoH 
into a pair of plani% A (miotrojio in a iihinn toiudiing tho Kuriaoo along a (!onio; 
in tlnj (^aHo of a hiiropu ]i\ tlu‘ (uniio (hjgonoratoH into a flat oonio or piiir of poiiitn, 


(127. In tiui original I’onnuhu for ir — 2), — 2), o (a — 2), wu have to wribo /r. — 

inatiMid of and tiui forninho aro lurthor inodiliod hy roaHon of tho HiiignhiribioH 0 
and ra, Ho in tho original forinulio for o (a — 2)(?i. — d), — 2) ('a — *i), o (n — 2) (a — 

wo Imvo inahrad of ^ bo wrihs 8 — f/ — Hm; and to mibnliituto now (ixjn’OHHiouH lor 
[ah'V [i/o], |7>o], viv:. bluiHij aru 

[ab] 2|f> — 

\tio] ca rfo 

(>i] 


Tln> wlniltJ HorioH of (MUiationa bliiiH in 

(!) 

( 2 ) /-/. 

(M) 

(4.) a n (vi — 1) — 26 — Ma. 

(5) 

((I) 8' i a (n -- 2) (n^ -- SI) (n^ -- « - 0) (26 no) d- 26 (6 •-* 1) d- (!6o d- |jo (o 1). 

(7 ) (t (a - 2) — « 7/ d" f} d* So* d" n(o, 

(H) 6 {n ^ 2) « p d' W d- 

( 0 ) — 2)— 2cr'h'l'/3-h y-\^0-\-<Oi 

(10) a {71 -- 2) {n - 2) 3w) d- » {no - .‘Icr *^^*0 d- 2 {nl> - 2/> -j ). 

(11} 6 (n - 2) (n H) == 4* {ah -- 2p j ) -h a {ho iV 

(12) 0 (n -- 2) {n - 3) ^ d-- {ao - Her ^ ^ 3«) d^ 2 (6o -- 3/3 i). 

(13) 2Ar 2/^ ny -- U. 

(]il) 0-26 -3/9. 

0. VT. 
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Also, reciprocal to these 

(15) a'= 

(16) /e = 3tt'(«'-2)-66'-8£!'. 

(17) S = («' - 2) (»'» - 9) - (« “ - n' - 6) {%' + 3c') + 26' (6' - 1) + 66'c' -h ^ (c' ~ I). 

(IS) a’ (n' - 2) = «' - iJ' + p' + 2ff' + 3w'. 

(19) 6'(«'-2)= p'+2y9' + 37'+3«'. 

(20) c' (?i' - 2) = 2<r' + 4;9' + 7' + (9' + <o'. 

(21) a' (ji' - 2) (?i’ - 3) = 2 (S' - (7' - 3 m') + 3 (a'o' - 3<r' 3»') + 2 («'6' - 2p' - j'). 

(22) 6' («' - 2) («' - 3) = #' + (a'6' - 2p' -/) + 3 (6'o' - 3/3' - 27' - i'). 

(23) c' («' ~ 2) {n' - 3) = 6/t' + {a'c' - So-' - - 3w') + 2 (6'o' - 3/9' - 27' - ?!'), 

(24) (/ = 6'^ - 6' - 2k’ - 2/' - 37' - W. 

(25) }■' = c'“ - c' - 26' - 3;8', 

together with one other independent relation, in all 26 relations botweeu the 46 «]uantitios. 

028. The new relation may be presented under several different forms, o([iuvaloiit 
to each other in virtue of the foregoing 26 relations j those are 

(26) 2 (m - 1) ()i - 2) (?i - 3) - 1 2 (» - 3) (6 + c) + 6(/ + 6r + 244 + 42/3 -I- 867 - ; 

(27) 26a-12o-4a-105 + /3-7jf-8x+id-4M = 

in each of which two equations S is used to denote the same function of the aecontod 
letters that the left-hand side is of the unaccented letters, 

+ \6'— 2n (n — 2) (1 Iw — 24) 

+ (-66)1+184)6 
+ (-93)1 + 262) c 
+ 22 (2/3 + 87 + 3() 

+ 27 (4j9 + 7 + ^) 


Or, reciprocally, 
(29) 


- 240 - 285 - 27y - 38;^; - 73a) 
+ 40' + 105'+ 7/+ 8;^:'- 4a)' 

/9 + 4(9 = 2n' ())' - 2) (11»' 24) 

+ (-66)1' + 184) 6' 

+ (-93)i' + 252)c' 

+ 22 (2)3' + 37' + 30 
+ 27 (4^' + 7' + ^ ) 

+ /5' + 4^' 

- 240' ~ 285' - 27/ - SSpjj' - 73a)' 
+ 40+105 + 7j + 8x- 4a). 
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'I'lid rtin!|roiti^i' (2(1) iu lucL o.xih’ohhoh Ijliiili l.lu! HUi’liuH) iind its ra'.iproortl havn 

('ho HiLiiio ([(d'Kiioimy ; vi'/, tlin oxiiroHHioii for (ilio tloliiuoiKiy in 

(.SO) 'I )(!(u!ioii(!y {ii - I )(» - 2)(». — :t) - (m - ?!)(/» -I- o) -I- -J (f/ + r) 4- -I- -I- 07 ■(■ i ~ hO, 

I )(H'~2)(«'-il)~ &,?. 

020. 'I’lx! o(|uii(.mn (2^) (<li»! (.o I'rof. Oiiyloy) (h (.Ik; ooi'i'tiO(i lurm of ait ('XitroHHian 
for {•}', (ii’Hl; olO'iiiui’d liy hiiu (\vi('li sonui <!IT()I’h in l.ho tinimnioiil (!oidll(!ioid.H) rnmi 
iiiiU'jmndoitl. ('.iinsidiniiliionK, lm(. wliioli in l)o.s(. ()I»(.iuiM(il by iiiriutH of l;ho oi(ua(.ioii (2(i)i 
and (27) in a rolai.ian proMi'nlin/jf ilmdf in l;lia inYtml-igafioa. In liud;, conaidnriii^^ ft an 
fd:aiidinj.' Ibr ifn vatna n(yt™ I) !b), wo Iiavo from ilia (irali 2.0 iMiuatioiiH 


0 

ft 




V 
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•i-x- 
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and iatill'i|dyiii^ (In’Ho aiiualioiiH by ilia nunibai'H aat. opjtoHiUt tin bliaiu ramioc.tlvaly, and 
adding;, wo liad 

2if' d 1 2)f- I" 4« •) h( I 2h - :iH) -I- 0(1 2/t - ‘IH) 

. . (i./ (!/ lb' • I ()// »• •Id /I - lUly - 2 I.A ~ 7/ - 20 - 4w X, 

and milling lliaialo (20) wo liavo llm I'linaliou (27); luid from liliia (2H), nr by a lika 
jiroaobH, (2it), in al)|,aiiifd witlionl; iniiab diHidulty. Ah In Urn H 2J-oi(naU(niH or HyiaaiofrioH, 
oliHi'iva Utal. (Iia (ioil, lliiol, foiiHli, and lifth nra in liial; iiKilmlial amon^' Uia original 
oi|aalionH (for an l•.xllr^■.sdon wliioli vuhihIioh Ih in fuot wo hava IVoin l-liani 

maraovor lla - « vs ;bi' - w'. and ihoiaia :bi - c - k » On' - « - wliiah in la- wa havo 
llniM (lia .•^aoinid ai|iialian; but. Ilia aixlli, Havanth, and oiglitli aiiualiioim hava yot to 
ba cilitainod. 


01)0. 'I'lia iM|nn(ioiiH (l'»), (Hi), (17) glvo 

,t(ff ►~ l)». 2 S™!k. 

(!' i;..: Da (ff - 2 ) - 08 -- Hk. 

h' 7m J(i((/ - 2 ) (it* ™ 0 ) - ((t* “ <» - (i){28 4 - D/f) + 28 (8 - 1 ) + (i 8 « -h ^* (« - 1 ) ; 

from (7). (Js), (0) wo liava 

(tt„. c)(».~- 2 ) =« K-U - ()/3~ 47 ~l:U~(?-t- 2 w. 

(« ~ 28 - Dc) (n - 2) (n - H) « 2 (8 - (') ~ Hk - IH/t - 08a •)• 4 X 27 + Gt - Cai, 
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and substituting these values for k and S, and for a its value =n(n ~ 1)— 2b ~ Sc 
we obtain the values of n', c', b ' ; viz. the value of n' is 


n' = n (ii — ly-n (75 + 12c)+ 45®+ 85+ 9c® + loo 
- 8 /i - 185 + 18/9 + 127 + 12 f - 9 j: 

-2G-3B~Sd. 

Observe that the effect of a cnicnod© G is to reduce the class by 2 , arid that of a 
binode B to reduce it by 3 . 


631. We have 


(n - 2 ) (ji - 3) = n® - w + (- 4« + 6 ) = a + 25 + 3o + (- 4>n + 6 ), 


and making this substitution in the equations (10), ( 11 ), (12), which contain (n - 2) (n - S) 
these become 


a (- 4n + 6) = 2 (S - 0) - a®- 4/9 - 9tr - 2j - 3^ - 15<», 
5(-4a+ 6) = 45-25®-9/9-C7-3t-2/3 -j, 
c (- 4a + 6 ) = 6 /t - 3c® - 6/3 - 47 - 2 i - 3cr - - 3 <a, 


(the foregoing equations (0) Salmon p. 586); and adding to each equation 
the corresponding equation with the factor (n-2), these become 


tiino.s 


(t^-^a = 2(B~G) + 4>{K-B)-<r-2j-3x-So>, 
25® - 25 = 45 - + 67 + 12i - Si + 2p -j, 

3c® - 2o = 65 + 10/3 + 4d - 2t + 6 <r - + <a. 


Wilting in the fli-st of these a®- 2f{ = tt'+ 2S + 3«- 
means of the values of q, r, the erprations become 


a, and reducing tlio other two by 


n'-a 2G~4!B + ie-a--2j~Sx~S(a, 

2<7 + /9+3t+y =2p, 

3?' + c +2f+p[;= oa- + ^ -f. iO + ( 0 , 
which give at once the last three of the 8 S-equations. 

The reciprocal of the first of these is 


or heroin a,. 3, 

.r' . to (n - 2) _ 8 ii - lie - 2/ - El,(' - 20' - IB' _ 3 „', 
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({|>2, IiiHliuul (if nbtainin^^ tiu'. muMnul and third cH|U(itiotiK as above, wo may to 
lln^ vnliH» of /)(— 4» *|‘(>) add \,\y\m thn valium of 6(?i — 2); and to tAvi<u^ the value of 
0 'I'// . h (I) add three tini(‘H tile value of f;(u — 2), thuH obtaining <it[iiutionH free from 
() and (T roMpeetively ; tlu'Hii ( 5 <|uatioiiH are 

a Hn ‘f (I) Uh - -by- -l- IW - lUo, 

ei|natiriim whi(‘h, introdinang tlnnein the valm^H of q and i\ may uIho be written 


h (2n — 4) f 2// I* 5/:^ '!■ {}y l- (!i lU f j f 4/1 
V {bn - 1 2) I- no r. (ir h I S/^i I- by h 4z ‘f 2^ 'h Sw. 

( JiniHidming m givmi, n the «n*der of tlu^ Hurlhe<^ ; the mnlal enrve with itn mngidaritieK 
bi J\ l \ Ibo miMpitlal (mrve jtnd its hingularitit*s a, h\ and tlu^ i|inintitiivs y, ?! which 
relate tr> tlu^ int<s‘S(sitions of the nodal and cuspidal eiirvcH; tim lirnt of th(\ tw(> 
e(ptationn gives j, tln^ number of pimdi-points, bidng singularitic's ol' the nodal curve 
upload the surfa(*n ; and the Hceond ispiatioii estubliHlics a V(datiou bctwism 0^ co, the 
unmberM of singular piunts i»f tlu^ eus|udat iuirvit ipmatl the aurliKUs 


In the iNou* of a nodal e>urve only, if this be a csnuplctt^ interHeetion ./* — <), Q'~‘0, 
tin? ispiation of the mirface is (vl, /{, (*0/\ Qy -O^ and llu^ (irst ecpiation is 

^( -2a (-2)' : 17.' 2/f^ t (l^ • j ; 

iir, UHsuming / I), say / ■ 2(a * • 1 ) /j * 2/V’ 1-17', whi(^ll may bn vts'ilicd ; and ho in the 

case of a misphlal curve only, whmi this is a eonipletu inl,ersc(dion the 

efptaiiiiM of Iht’ smhu^e is (vl, = where and tim 

Nrasind eipmtiou is 

(1 ( on P (i) - 1 2A ^ (lo^ 2;^ P no - :tw, 

or, say 

*JiX I 'ha J 1 (on d)(! *P 1 2A 4' 

which may also Im verilied, 

liMJl We may in the limt iiiHtams* out of the 4li ipiantilics conHider as given 
\\\[\ 14 ipmntilics 

n ) A, A\ Jt t\ (?, A, Oi X ♦ y* 

then nf the 2li rehdionH, 17 tlelcriniim the 17 fpiuntities 


tl, ht K i fi i (T] jt q ; Tt 0) i 

H ; n\ S', K ; //, ; (f \ 

Hint there rciuiiiii the \) (sjuatioim 

(IS), (lil), (20), (21). (22), (23), (24). (25), (2H), 

cgnmauiiig the lo ipiuniith'S 

f>\ cr'j k\ t\ j\ q\ h\ o\ X. 7 ; 
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Taking then further as given the 5 quantities j\ <»', G", B', 

equations (18) and (21) give p’, a', 
equation (19) gives 2/9' + 87' + 3^', 

-> (20) „ 4^'+ 

» ( 28 ) „ B' + W, 

80 Jhat taking also t' as given, these last three equations determine /3', 7', 0' ■ and 
equation (22) gives k', 


(23) 

(24) 

(25) 


„ h', 

» q', 
» r\ 


vir,. taking as given in all 20 quantities, the remaining 26 will be determined. 
n = 71 , 


a = 
S = 
« = 
»' = 
a' = 
S' = 
k' = 

b' = 
k' = 

t' = 
</ = 
p' = 
c' = 

h'-- 
r' = 

a-' - 

B'= 

7' = 

the 


= »(«-!), 

Jj!(w-l)(tt-2)(tt-3), 

71 (71 - 1) (71 ~ 2), 
n (71 1)2, 

n(ji-l), 

i?i(«-2)(n2-9), 

3rt(}i-2), 

(71 ~l)(7i~ 2) (a* - n® 4- n - 12), 

i«(«-2)(«'»-Ca2 + i6n2-64ii2 + 164««-288n» + 647a^-1068,i2+1068n2-i214n+1464), 

itt (n - 2) (n^ _ 4,16 ^ ^ ^ ^ 

w(m-2)(«-3)(ji!> 4 2n-4), 
w(?i-2)(ji2-»2-).n-12), 

= 4}!,(?i-l)(n-2), 

= (n - 2) (16»* - 04w» 4- 80ft2 _ 108ft + 166), 

^ 2ft (ft -2) (3ft -4). 

4ft(ft-2), 

^ 2ft (ft -2) (lift -24), 

4ft (ft - 2) (ft - 3) (ft» - 3ft + 16), 

remaining quantities vanishing. 



II G 


ON 'rill^ TMKOllV OK MUItKAOKrt. 


50! 


(1115* ^riio of hm hmu (toimidnrnd inuliu' ii. unm) poiTii- 

<>r viow hy Zniifplani, in I'-lin uuaiioii* “ Ki'alu^rcha ihn Hiiii^uliivitus <|ui imi, m|>}) 0 ]’(; !\ \m\ 

druiOi ninl(pi|)li) mirlrMti',*' M(Uh, Afinaknt 1^, iv. 1 20, LSVL lU) iiUrilHiU'S (,u 

llin Murliirn: 

A nuinhnr <>!' Hin^jular iHiiiiirH, vi^ iioiuts al. any ouo <»!' which (dm form 

ii vnw of the onliir /i, juhI otims wil-h // l ^ donhlc IJim'h, of wliioli ;?/ arn (jiiiL(oi)fs 

Id hninnlH^M fho iiinlat vmvw thnmi^Gi Idu^ pniiili, and HOtlinuruy liiM‘s, whor<^<)l‘ 

V aw liin^oiiOi 1,0 hnuMtlii’s oi' (Jio cimpidal curves lrliroUji(h Uio ])nini,, ami with n doiihlo 
IplanoH aiul v Ml.aldunary pianos; mnnaivor, Ihv.wt pcinl.s liava only iJui ]adp(n*l;ii^s whmli 
arc fhn innaf in lln^ am\ of a Hinima? n^ifurdial ns a liaaia ty\' i)oiiiis; and 

donohut a ainn rxfondinjif l.o all anoh poiidH. |Tho Ihrii^rtiinif j**»niora! (loilnilmni iiadiuloH (dn‘ 
i'liimindoH (/<. - i a i ^ 2, '!/ • ' V ■ ' ' ' G)i | also, hut nol. projiurly] l.lui hi nodes (/t ^ j t! , 

/; vl , a ' >// 5 &c. : HI), [if iiadmlos iilsit Iht^ idV poiiiis (/t > ^ a — I), xr wj I , ^ ()y|.| 

Ami, rnrllmr, a uunihor *»!’ Hini^nlnr planes, viz. plHm^s an}^ mat of which jdmdms 
jilonj^^ a rurvn af the el ass ji/ aiul nidor i>\ wiMi //*d‘V dunhh^ lanf((aits, of wlu(dii y* 
ixw j.(eneratiii^( lines of tin’ innlc-isa\ple imat?, Htjifionarv tanfft'nl.s, of whicli ^ ai'(^ 

ffemnal-ini; liia*a id' tho npinmtn u* douldo poinfs ami v' tamps; if is, morcovci’, 

raipposed that I hose planes have only ( he propertiiis which arc the nioHt LfianaNil in 
the case i»|’ a Hiirface rej^anhsl ns an envelope oj' i|s lanj^eut phnms; and ii' iltaniltss 
a mu\ extemling to all wnch plancH. \T\u\ delinition inchitles tln^ taiiotropc-H 
y* - y ^ it* ‘ a' • 0), and |alHo, lint not prapi’vly | tlnr hitropes (/a' 2, y >r i 1 , 

i*" y* VH 0), j it inchides also the olV-plunes (/d ; e =JI, ^ ‘ I, // ' * i/ ^ ■ 0)].) 

(lilil, 'riuH luan^^ HO, and wrilrin,i{ 

ir V I' 2?; i- Mf, *i/ = = p I- I- 

the tninaUnns (7), (H), (!l), (10), (11), (12). enniain in respect of the new sinjpdaiitiert 
iidtUtionul teeiiiH, viz. these nw 

a (/( - 2) - • . , I* ii |> (/X - 2) ■ y - 2f |, 
h (a - 2) = ' . . . I I // (p - 2)|, 

c (a - 2 ) I ii \c {fi - 2)], 

a (a 2) (n — G) ... p il | d^x d- 7 ) p 2i; P t^J, 

h {n — 2) (u — !i) , . . P i) [;// (— +/x + H) | IS' (4a/ a* .’h/), 

a (n - 2)(a ^ «) 4^ ii |> 4/x d- «) | S' (2w'), 

and there ave of eeinxt* tin* rtsapreeivl terms in the reeiprmsil lupiutionH (IH), (If)), (20), 
(21), (22)i (20). These rovimihu uni ^iveii without dm nniisi, ration in the iitomuir jiiHt 
refernKl to: the prln(fi|ail ohject of the nnaueir, tw ahown hy its tith?, is the ('uiiHuler- 
atioii nut; of smdt sin^^ndar pnhits mid planes, hut of iliii iimltiple liaoH oi a 

jiurface; tuid in rei^aid to thcKu, the memoir should In^ cniiHidted. 
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384 The conclusion arrived at Nos. 27 — 30 that the translbnned curve of the 

order i) + l depends upon 4Z)— 6 imraineters is at vni'ianco with llieraaun’s theorem 
according to whicli the number of parameters is 3p-3, (p lliemann -D Cajdey), = 3D — 3, 
and this last is the correct value. My erroneous conclusion is referred to in the 

preface to Clehsch and Qordan’s Theorie der Abel'schen Functiomi (Leipzig, 18C6), 
"Unter den von lliemann behandelten Theilen der Theorie haben wir die Frago nach 
der Anzahl der Moduln einer Klasso von Abel’sclien Functiouen nusschliessen zii niUsseu 
geglaubt. Diese Frage ist durch die Bcharfsinnigen Betrachtungen des Herrn Cayley 
Gegenstand der Controverse geworden ; sie i.st Uberhaupt wohl zunftelist nur dureli tiofe 
algebraische Untersuchungen endgllltig zu enbscheklon, flir dereai Schwierigkeiten die gogen- 
wnrtig bekannten Methoden nicht inehr anszureichen sclieinen.” In the case D (or 2>) == 3. 
iny value is 10, Riemann’s is 9: that the latter is correct was shown by a direct 

proof in the paper Brill, "Note bezuglich der Zahl der Moduln einer Klasse von 

algebraischon Gleichungen,'’ MaHi. Amu, t. i. (1869), pp. 401—406 : the explanation of 
my error is given in the paper, Cayley, “Note on the Theory of Invariants,” MiUh. 
Ann., t. m. (1871), pp. 268—271. 

400, The question here considered, viz,, the expression of a binary soxtic / in 
the form v and u a cubic and a quadric respectively, forms the basis of 

the very interesting investigations contained in the Memoir, Clebsch "Zur Theorie 
der binaren Formen sechster Ordnung und ziir Dreitheiluug der hyperelUptischon 
Punctionen,” Qott Abk, t. xiv. (1869), pp. 1— .'iO, Considering / as a given sextic it is 
remarked that the number of solutions, or what is tho same thing the nuinh 
the functions u or v, although at fii’sb sight = 45, is really = 40 ; supposing tha*- 
is a given solution u, v, or that the sextic function is in tho first instance gi 
the fonn — then if any other solution is we have wnere 

v', u' are functions to be determined: there are in all 39 solutions, a set of 27 and a set 
of 12 solutions: viz. writing the equation in the form (u+w)(j?-'y')==(i{~jt')(j<-eii')(^i_6V), 
e an imaginary cube root of unity, then either the v + v' and the v-v' ooutam eacli 
of them as a factor one of the quadric functions tt—vf, u — eit', u — e^u' (whicli gives 
the set of 27 solutions) or else the v + 1 / and the v ■— v' are each of them the product 
of three linear factors of the quadric functions respectively (whieli gives the set of 12 

c. VI. 75 
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solutions). It may be added that the 27 solutions form 9 groups of 3 each and that 
these 9 groups depend upon Hesse^s equation of the order 9 for the determination of 
the inflexions of a cubic curve; and that the 12 solutions are determined by an 
equation of the order 12 which is the known resolvent of this order arising from 
Hesse^s equation and is solved by means of a quartic equation with a quadrinvariant 
= 0. As appears by the title of the memoir, the question is connected with that of 
the trisection of the hyperelliptic functions, 

401, 403. On the subject of PascaFs theorem, see Veronese, “ Nuove teoremi sull' 
liexagrammum mysticuin,^’ It, Acccul dei Linoei (187() — 77), pp, 7 — 61 ; Miss Christine 
Ladd (Mrs Franklin), " The Pascal Hexagram/’ Matk i7owr., t, II, (1879), pp. 1 — 12, 
and Veronese, Interpretations gdomdtriques cle la thdorie des substitutions de n lettres, 
particuli^rement pour 71== 3, 4, 5, en relation avec les groupes de I’Hexagramme Mysti- 
que,” Ann. di Maiem,) b. xi. 1882 — 85, pp. 93 — 236, See also Richmond, A Sym- 
metrical System of Equations of the Lines on a Cubic Surface which has a Conical 
Point,” Quafl Math Jbun, t, xxii. (1889), pp, 170—179, where the author discusses a 
perfectly symmetrical system of the lines on the cubic surface and deduces from them 
equations of the lines relating to a Pascal’s hexagon : there are of course through the 
conical point 6 lines lying on a quadric cone and these by their intersections with the 
plane give the six points of the hexagon : the interest of the paper consists as well 
in the connexion established between the two theories as in the perfectly symmetrical 
form given to the equations, 

406, 407. A correction was made by Halphen to the fundamental theorem of 
Chasles that the number of the conics (A, ^Z) is = a/a -I- he finds that a diminution 
is in some cases required, and thus that the general . form is, Number of conics 
{Xy 4^) = a/t-i-/9?^“r: see Halphen’s two Notes, Oomptes RendnSy 4 Sep. and 13 Nov., 
1876, t. Lxxxiii. pp. 537 and .886, and his papers ‘'Sur la fheorie des caractdristiques 
pour les coniques P7m Lond. Math SoG,y t, ix, (1877 — 1878), pp. 149 — 170, and Sur 
lea nombres des coniques qui dans un plan satisfont.i\ cinq conditions projectives eb 
ind4pendantes entre elles,” Proe. Lond. Math Soo.y t. x, (1878 — 79), pp, 76 — 87 : also 
Zeuthen’s paper "Sur la revision, de la'’ thdorie des caractdrisbiques de M. Study,” 
Math. Ann., t. xxxvii, (1890), pp. 461—464, where the point is brought but very clearly 
and tersely. 

The coiTection rests upon a more complete development of the notion of the 
line-pair-point, this degenerate form of conic seems at first sight to depend upon 
three parameters only, the two parameters which determine the position of the coincident 
lines, and a third parameter which determines the position therein of the coincident 
points: but there is really a fourth parameter. (Compare herewith the point-pair, or 
indefinitely thin conic, which working with point-coordinates presents itself in the first 
instance as a coincident line-pair depending on two parameters only, but which really 
depends also on the two; parameters which determine the position therein of the vertices,} 
As to the fourth parameter of the line-pair-point the most simple definition is a 
metrical one; taking the semiaxes of the degenerate conic to be a and 6 (a==0, 5 = 0) 
then we have two positive integers p and q prime to each other such that the ratio 
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ivS finite ; and this being so the fractional or it may be integer number j) • q 
is the fourth parameter in question. But it is preferable to adopt Halphen’s purely 
descriptive definition, viz. we consider a conic 1° in reference to three given points 
y, t on a given line, and take os, (c for the intersections of the conic with the 

lino : we take a = (y, z, t, w) — (y, z, x*) for the difference of the corresponding anhar- 
monic ratios of the three points with the points x, x' respectively; and 2° we consider 
the conic in reference to three given lines F, Z, T* through a given point and take X, X' 
for the tangents from the given point to the conic; we take b—(Y, Z, T, X) — (F, Z, T,X') 
for the difference of the corresponding anharmonic ratios of the three lines with the 

lines X, X' respectively f observe that these values are a = — - — - — 7-5 — - — and 


X — X' F •*“ y \ 

1) ^ ^ Z -- Y Z XTfj * when the conic is a line-pair-poiut, x^od and 

X = X', where a = 0 and 6 — 0, but we have as before the integers and q such that 

is finite, and we have thus the fourth parameter p : g. 


Halphen’s correction ia now as follows, starting from the formula number of conics 
(X, 4?^/) — wq may have among the conics line-pair-points any one of 

wliich if wo disi'ogard altogether the fourth parameter is a conic satisfying the five 
conditions, but which unless the fourth parameter thereof has its proper valuo is an 
improper solution of tlie problem and as such it has to be rejected : if the number 

of such solutions is == P, then there is this number to be subtracted, and the formula 

tjocomes, Number of conics (X, 4^) = a/t + - P, 

It may be asked in what way the fourth parameter comes into the question at 
all: as an illustration suppose that a, h denoting bho semiaxes of a conic, or else the 
above mentioned descriptively defined quantities, then p, q, h denoting given quantities 
{p and q positive integers prime to each other) the condition X^ may be that the 
conic shall be such that -h 5^ = h ; this implies ctP : finite, and hence clearly if the 

system of conics (X, 4^)- contains line-pair-poiuts, no such line-pair-point can he a 

proper solution unless this relation 6^ = k is satisfied. . 
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and assuming the correctness of Zeuthen’s values it would seem to follow that tho 
four forms of surface have 

12 , 6 , 12 , 1 

actual double planes respectively. 

413. In the equation No. 3C, a = AP + BQ + GR + .. = 0, it is implicitly assumed 
that the number of terms P, is finite, viz. the implied theorem is that any 

given /t-fold relation whatever (k of course a. finite number) thei-e is always a finite 
number of functions P, Q, R,... such that every onefold relation included in tho /c-fold 
relation is of the form in question fl, =^AP + BQi-GR + =0: this seems self- 
evident enough, but I never succeeded in finding a proof: a proof of tho theorem lm.s 
however been obtained by Hilbert, see his papeis “Zur Theorie der algcbraischon 
Gebilden (Erste Note),” OoU. Nachr. No, 16, (1888), pp. 450—457. 


411, 415, 416. The first and second of these papei-s precede in date Zeiithen’s 
Memoir of 1871 referred to in 416, but I ought in that paper to liave referred also 
to his later Menioii’, “Revision et extension des formulos numdriques do la thdorio 
des surfaces reciproques,” Math. Ann. t, X. (1876), pp. 446—546. I compare tho 
notations as follows, viz. for the unaccented letters we have 


Cayley. 

n, a, 8, «, p, cr 

b, q, k, t, 7 

c, r, h, /3, 6, <a 

i. X 
G, B 

23 lettere in all. 


Zeuthen. 

n, a, 8, K, p, tr 

b, q, k, i, 71 s 

c, r, k, /3 ; m 

3 > % 

B, U,0 
f, i, d, (j, e 
27 letters in all. 


Here for Zeuthen’s k, h, I have written k, h, viz, these numbers represent tlio 

Pluckerian equivalents of the number of double points for tho nodal and cuspidal curves 
respectively. Zeuthen considers also the general node, say S (/i, v, y + 11, si + m , ■«), 
see 416, this includes the cnicnode 0 and off-point < 0 , and accordingly ho includes 
under it and takes no special notice of these singularities, but it does not properly 
include, and he takes special notice of, the binode P; it does not extend to tho 

case where the tangent cone breaks up into cones each or any of them more than 

once repeated, and aecoi-dingly not to the case of a unode U where tho tangent 

cone is a pair of coincident planes. He introduces this singularity, and also tho 

singularity of the osculating point 0 which is understood rather more easily by means 

of the reciprocal singularity of the osculating plane O', this is a tangent plane 
meeting the surface in a curve having the point of contact for a triple point; and ho 
disregards my unexplained singularity $. The letters s, m do not denote singularities ; 

s is the class of the envelope of the osculating planes of the nodal curve, m the 
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class of the envelope of the osculating planes of the cuspidal curve. Finally cl denotes 
the number of stationary points (cusps) of the nodal curve, exclusive of the points 7 
which lie on the cuspidal curve; and g and e denote, g the uiimber of ordinaiy 
actual double points of the cuspidal curve, e the number of stationary points (cusps) 
of the same curve, exclusive of the points yS which lie on the nodal curve. 

Moreover with Zeuthen, the nodal curve has 

30'+ S' double points 

(A = /(3 + +/ + 30' + S', if k denotes, as with me, the number of apparent double points 

of the curve), and it has 

7 + + S' stationary points. 

The cuspidal curve has 

+ 6 %' + 125' + O' + 40' + S + 2 ' double iDoints 

(A = /i + ^ + 6 ;^' + 125'+ Z7' + 40' + S + S', if h denotes, as with me, the number of 
apparent double points of the curve), and it has 

/3 + 0 + 20' stationary points 

and the nodal and cuspidal curves intersect in 

3^ + 27 + i + 120 ' + S + S' points ; 

where I have written S and S' to denote sums (dilferent in the different equations) 
determined by Zouthen, and depending on the singularities ® and (£' respectively. 

For comparison of my formula with Zeutheii's it is thus proper in my formul^B to 
write 0=0, w = 0, ^ = 0 (but in the first instance I retain 6) and in his formulas to 
write 0=0, 0 = 0 , d = 0 , ^ — 0 , e = 0 , S = 0 , S' ~ 0 , Doing this the last mentioned 
formulas give as with me 3^+/ double points and 7 statiouaLy points for the nodal 
curve, but they give for the cuspidal curve 6 ;\^'+ 12 / 9 ' (instead of 0 ) double points and 
stationary points; and the two curves intersect (as with me) in S/3 + 2y + i points. 
There is a real discrepancy in the number 6 ^' + 12/3' of double points on the cuspidal 
curve, 
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I compare his (6 + 26 + 1 =) 33 relations : 

(1) « = d = d'. 

/=/'. 9 = 9'- 

i =zi', h~k', 

( 6 ) «(»- l) = « + 2 i H-Sc. 

(7) tt((t — 1 ) = )i + 28'-)- 3/t^ 

(8) c “ /c^ = 3 (w — «). 

(9) 6(6-l) = 3+2i5 + 37 + 3ri + r. 

(10) [3 (6 - 5) = 7 + fi - s + S', detorniinos «]. 

(11) 0 (c “ 1) = ?’ + 2/t + 3)3 ^ 60' + 3Ci 

(12) [3(o-»')=:/8 + e-?)i + 20' + S', dotorminos ?«]. 

(13) rt(ii-2) = K-il + p + 2(r -l-S. 

(14) 8 (h — 2) = p + 2/8 + 87 + 3i +90' -h S. 

(16) 0 (« - 2) = 2<r + 4/3 -I- 7 + 8x' -I- 1671' H- 120' -I- 1. 

(16) «(»'-2)(w-3) = 2(8-30)+8(«o-3o--x)H-2(«/<-2/i ■ ,/'), 

(17) 6 (« - 2 ) (ft - 3) = 4 (i' - 31 -/) + {ah ~ 2p ~j) + 3 (hi) - U /3 27 

(18) c (n - 2) (n - 3) = 6(ii-0x'-127j' - O'' - 40' - //) + (,w - Ihr - x) 

with the like reciprocal equations (6) to (18); 

(19) <r + w - r -• /3 - 4/ - 3x' - 140' + S' 

= <7' + /S' _4j -Mir+S, 


-/'M iliifr .( >: I 

I- U(/ll! '■■■ .‘l/l « 27 
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and my (3 + 22 + 1 =) 20 relations as follows: 

(1) = 

( 2 ) /=/' 

(3) i = i\ 

(']-) a — n(n~l)~2b- Sc. 

(5) «' = ;i?i (?i - 2) — (lit - 8c. 

(0) = 

(A) (13) (j =.b^~b-2!i~2f~S'y-a 

(B) (14) ?’ =0="- 0-2/1 -3/3. 

(0) (7) (t (it — 2) — /tf — 71 + ^ + 2ff + 3w, 

(])) (H) /)(yi-2) = /; + 2/3 + 37 + 3(. 

(IS) (!)) 0 (n — 2 ) = 2(r + 4/3 + 7 + d H- <a. 

(IS) (10) a in - 2) (a - 3) = 2 (8 - 6' - Sw) + 8 (ao - 3ff - - Sw) + 2 (a& - 2/5 -j ). 

(0) (11) i!»(»-2)(H-3)= ' 4/tf + {ub~2p~j ) + 8 (/>c -2/3-27 ~i). 

(H) (12) o(»i-2)(5i-3)= (ih + («e~3<r-%-3<o)+ 2(6o -3/3-27-i), 

with the like reciprocal equations (4) to (14); 

(,I) (20) 2(71 -l)(?i -2)(71 -3)-12(71 -8)(& +o) + 65 +6?' + 2*t +42/3 + 307 -¥■ 

= 2(n' - l)(7r' - 2)(7t' - 3) - 12 (77' - 3)(/»' +c') + 65' + O?-' + 241' + 42/9' + 3O7' " 


/■; + 3/+31 + 30' + 2. . 

k + (j + Qx' + 1 271' + (/' + 40'- + S + 2'. 
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Substituting for k, h their values we have instead of {B), {0), (D) the 
equations 

(^') =ry + 2 ^!+ 2 /’+ 6 iS + eO' + 37+3S + X + S'. 

{B') 0 --C =r + 2h + 2g + J2x+2iB' + 2U' + 14!0'+S^ + Se + '2 + l'. 

(G') h (m - 2 ) (n - 3) = ih + 210' + (al - 2p ~j) + 3 ( 6 c - 3/3 - 27 - i) + 2 + S'. 

(H') c (n - 2 ) (n - 3) = Qh - 300' + (oc - :3cr - >;) + 2 (bo - 3/3 - £7 - i) + 2 + S'. 

Writing as before 0=0, w = 0 ; U—0, 0 — 0, d — 0, g — O, c = 0 , and neglecting the 
terms in 2, 2', the two equation-s {E) become 

Zeuthen c (« - 2) = 2a + 4/3 + 7 + 8 ^' + 1 673', 

Cayley c (a- 2) = 2 a + 4/3 + 7 + 

which can be made to agree by writing ^ = 8;;^' + 16/3'. But we have 

Zeuthen {F) c*’-c =r + 26 + 3/3 + 12 %' + 24/3', 

Cayley (J3) e=-c =}* + 2 /i + 3 / 3 , 

values which differ by the terms 12x' + 24B', or if 6 has the value just written down, 
the term 


I le&ain from a comparison of tlie two equations (I.), and of the expressions for 
the doRciency given by these two equations respectively — but I notice here the 
expression for tlie deBciency obtained by Zeuthen in the last section (XIV.) of liis 
Memoir, viz. this is 


24 (/) + 1) = c' - 12a + 2in + /3 + 3}' - 15c + 2a + 6% + 12^' + G// + 9c 
+ 8S+ 24/3' + 18it/+ 6C/' + 60' 

+ 2 (3v + 3z + 8»j + 13?) + 2'(6?). 


The problem is a very difficult one, and it cannot be held that as yet a complete 
solution has been obtained. Take in plane geometry the question of reciprocal curves: 
here using throughout point-coordinates, we start with a curve represented by the general 
equation Ob. y, _ 0 , such a cum has only isolated singularities, viz. the line-singularities 
0 e in exion and the double tangent, we know the expression in point-coordinates of 
any such singularity (inflexion or double tangent as the case may be), viz. we can at 
once write down the equation of a curve of the order n having a given stationary 
anpn and point of contact therewith, or a given double tangent and two point.s of 
contact herewith Returning to the general curve (<b, y, ^)«= 0 . we know that the 
recji-ocal curve has other isolated .singularities, viz. the point-singularities ivhich corre- 
pond to these, the double point (or node) and the stationary point (or cusp), and wo 
know the expression of any such singularity (node or cusp as the case mi^o). vl! 
we can at once write down the equation of a cuiwe of the order « having i a given 

E/.+n tangent. And then stating 

uj a cuive 0 the order n having a node or a cusp we obtain the effect 
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thereof as regards the line-singularities of the inflexion and the double tangent. We 
are thus led to consider as ordinary singularities in the theory the above-mentioned 
four singularities of the inflexion, the double tangent, the node and the cusp; and we 
know further that any other singularity whatever of a plane curve is compounded in 
a definite manner of a eertain number of some or all of these singularities. 

But in the theory of surfaces, starting in like manner with the general equation 
(flj, y, z, ?y)” = 0, such a surface has torse-singularities, the node-couple torse, and the 
.spinode-torse ; each of these is in general air indecomposable torse of a certain kind 
(but there is the new cause of complication that it may break into two or more 
separate torses), but we do not know the analytical expression of these singularities, 
nor consequently the analytical expression of the curve-singularities which correspond 
to them, the nodal curve and the cuspidal curve. Thus if we attempt to start with 
a surface {w, y, z, = 0 having a nodal curve, we can indeed write down the equation 
in its most general form, viz. if the nodal curve has for its complete expression the h 
equations P = 0, Q == 0, P = 0, &c. (viz, if the curve is such that every surface whatever 
through the curve is of the form fi, =AP ■>>- BQ-\-OR + =0) then the most general 
equation of the surface havmg this curve for a nodal curve is {A, B, G, ...JP , Q, R, ...)'* = 0, 
but this form is far too complicated to be worked with ; and if for simplicity we take 
the nodal curve to be a complete intei-seetion P = 0, Q = 0, and consequently the 
ciiuation of the surface to bo (^1, B, G^P, Qy=0, then it is by no means clear that 
wo do not in this way introduce limitations extraneous to the general theory. The 
same difficulty applies of course, and with yet greater force, to the cuspidal curve; 
and even if we could deal separately with the cases of a surface having a given 
nodal curve, and a given cuspidal curve, this would in no wise solve the^ problem ^ for 
the more general case of a surface having a given nodal curve and a given cuspidal 
curve. It is to bo added that the general surface of the order n has no plane- or 
point-singularities, and thus that such singularities (which correspond most nearly to 
the singularities considered in the theory of reciprocal^ curves) present themselves in 
the theory of reciprocal surfaces as extraordinary singularities. 
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